
Vol 15 No 8, August 2006 c© 2006 Chin. Phys. Soc.

1009-1963/2006/15(08)/1843-06 Chinese Physics and IOP Publishing Ltd

Accurate evaluation of lowest band gaps in

ternary locally resonant phononic crystals∗

Wang Gang(� f)a)b)† , Shao Li-Hui(
wz)c),

Liu Yao-Zong(4�m)a)b), and Wen Ji-Hong(§-õ)a)b)

a)Institute of Mechatronical Engineering, National University of Defense Technology, Changsha 410073,China

b)Photonic/Phononic Band Gap Research Center, National University of Defense Technology, Changsha 410073,China

c)Astronaut Center of China, Beijing 100094, China

(Received 16 September 2005; revised manuscript received 29 April 2006)

Based on a better understanding of the lattice vibration modes, two simple spring–mass models are constructed

in order to evaluate the frequencies on both the lower and upper edges of the lowest locally resonant band gaps of the

ternary locally resonant phononic crystals. The parameters of the models are given in a reasonable way based on the

physical insight into the band gap mechanism. Both the lumped-mass methods and our models are used in the study of

the influences of structural and the material parameters on frequencies on both edges of the lowest gaps in the ternary

locally resonant phononic crystals. The analytical evaluations with our models and the theoretical predictions with the

lumped-mass method are in good agreement with each other. The newly proposed heuristic models are helpful for a

better understanding of the locally resonant band gap mechanism, as well as more accurate evaluation of the band edge

frequencies.
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1. Introduction

In recent years, a great deal of work has been

devoted to the study of the propagation of elastic

or acoustic wave in periodic structures composed of

different materials,[1−16] which are referred to as the

phononic crystals (PCs)[1] by analogy with the pho-

tonic crystals[17,18] for electromagnetic waves. Be-

cause of the periodicity in such structures, there exist

frequency ranges in which elastic waves are forbidden.

This phenomenon can be of real interest because of

the rich physics of elastic system, where the wave can

mix longitudinal modes with transverse modes and a

large contrast between the elastic parameters is al-

lowed as well. A well-known example is the locally

resonant (LR) PCs consisting of very soft rubber[2,5]

(with an elastic constant of five orders lower than that

of common solids) and other components. These new

materials are most likely to obtain the low-frequency

gaps with structures of small dimensions, leading to

promising applications such as low-frequency vibra-

tion/noise insulations.

The lumped-mass (LM) method is employed

in the study of two-dimensional (2D) and three-

dimensional (3D) ternary LR PCs in this paper, firstly

proposed in the 1D form[9] and recently extended to

two-[11,13] and three-dimensional forms. The method

is based on the idea of the discretization of the con-

tinuous system. It has been concluded[11,13] that the

LM method converges faster than the traditional tech-

niques and its convergence is insensitive to the sharp

variation in elastic constant on the interfaces inside

PCs. Moreover, it can be easily used in the band

gap calculation of PCs with complex lattice struc-

tures. These advantages are unique in comparison

with the other work[5,14] on the improvement of tra-

ditional methods.

Several analogous models have been used in the

research of the mechanism of low-frequency band gaps

in the LR PCs.[5−7,12] A simple mechanical model of

mass and spring was first used by Goffaux, et al
[5,6]

in order to fit the transmission spectra near the first

resonant peak and the edges of the first band gaps

in a 2D ternary LR PCs. We also establish a similar

model in order to clarify the origin of the LR band

gaps in 2D binary LR PCs.[12] However, the param-

eters of these models[5,6,12] are given, not calculated

with a reasonable method based on physical insights.
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Hirsekorn used a different simple model[7] to evaluate

the frequencies on the lower edges of the band gaps in

2D ternary LR PCs, and a reasonable derivation of the

parameters in the model is given. However, the thin

rubber layers in arc shape are treated as simple equal-

thickness flat layers in his model,[7] and the model can

be used only to simulate the lower edges of the band

gaps with slight mismatches. But Hirsekorn’s work[7]

does motivate the present study.

Here, in order to study the origin of the LR band

gaps more sufficiently, we restudy the lattice vibra-

tion modes that are related to the formation of the

lowest LR band gaps of typical[2] ternary PCs with

the LM method. An additional analogous model is

constructed to represent the vibration modes on the

upper edges of the LR band gaps. The parameters of

the two models are calculated based on a clear under-

standing of the physical insight. The two models and

the arithmetic of its parameters are verified with the

LM method by changing the structural and material

parameters of the ternary LR PCs.

2. Lattice vibration modes of the

ternary LR PCs

Figure 1 illustrates the band structure of typical

3D ternary LR PCs[2] that is composed of simple cu-

bic arrays of coated Pb spheres immersed in epoxy.

Figure 2 illustrates the lattice vibration modes corre-

sponding to points L1,2,3, L4,5,6 and L′
4,5,6 in Fig.1.

Fig.1. The band structure of typical 3D[2] ternary LR PCs

calculated with the 3D LM method. The shadowed region

represents the lowest band gap.

Fig.2. Lattice displacement vectors in three perpendicular cutaway interfaces inside the 3D ternary LR PCs corre-

sponding to (a) L1,2,3, (b) L4,5,6 and (c) L
′
4,5,6 in Fig.1 respectively. The direction and the length of each arrow

represent the direction and amplitude of the displacement vector at the starting point of the arrow. The shadowed

region, the inside and the outside represent the coating rubber, Pb core and epoxy host respectively.
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Similar to the case of 2D ternary LR PCs,[10]

Fig.3(a) illustrates a clockwork-like torsion LR mode

that cannot generate a gap.[10] However, The lowest

LR band gaps in 3D ternary LR PCs are generated by

the 4–6th LR modes L4,5,6 that are combined together

and illustrated in Fig.2(b), where the core vibrates as

a rigid sphere and the coating acts as springs. Dy-

namic balance of the whole system is insured by the

fixed delay in phase of adjacent lattices. As to the

other three vibration modes at points L′
4,5,6 in Fig.1

that are illustrated in Fig.2(c) (on the upper edge of

the lowest band gap), the host media vibrates with an

opposite phase to the core. The synchronous vibration

of the whole system insures the dynamic balance.

Fig.3. Analogous models corresponding to vibration

modes on the (a) lower and (b) upper edges of the lowest

LR band gap.

The corresponding lattice vibration modes of the

2D LR PCs have been discussed partly before.[10] As

the lattice vibration modes are similar to those in the

corresponding 3D case, they are elided in this paper.

3. Analogous models and the cal-

culation of relevant parameters

Based on the above discussion, we can conclude

as follows.

1) The vibration modes on the lower edges of the

lowest band gaps in both the 2D and the 3D LR PCs

correspond to the mass–spring model illustrated in

Fig.3(a). In the model, particles m1 represents the

equivalent mass of one oscillator and spring k repre-

sents the equivalent stiffness of the oscillator.

2) The vibration modes on the upper edges of

the lowest band gaps in both the 2D and the 3D LR

PCs can be described with a new ‘mass–spring–mass’

model illustrated in Fig.3(b). In the model, the new

particles m2 represents the equivalent mass of host

media in a lattice.

As the phenomena in the 2D and 3D ternary LR

PCs around the lowest band gaps can be easily de-

scribed with the sample models in Fig.3, they may

be used to evaluate the frequencies on the edges of

the lowest band gap. This evaluation is very help-

ful for the simplification of the design of the LR PCs.

However, accurate evaluations need the correct cal-

culations of the parameters in the analogous models.

Here, three calculation methods are used and com-

pared in the evaluation of frequencies of the lowest

band gaps in 2D and 3D ternary LR PCs.

Based on the detailed vibration modes illustrated

in Fig.2, we can see that only rubbers in region

A (illustrated in Fig.4) are mainly compressed and

stretched when the core vibrates up and down. So

stiffness k in Fig.3 can be calculated with parameters

in region A.

Fig.4. (a) The cross sections of the 2D and 3D ternary

LR PCs. (b) and (c) Sketch maps explaining the cal-

culation methods of parameters in the analogous models

corresponding to 2D and 3D ternary LR PCs respectively.

Firstly, Hirsekorn’s method[7] is used as method

I in this paper. In method I, the m1 and m2 in Fig.3
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are calculated with the mass of the core and epoxy

host in a lattice respectively, and the rubber in region

A is treated as two layers with equal-thickness ∆r for

simplicity. Thus, for the typical 2D ternary LR PC,

we have

m1 = mcore = ρcoreπr2
core, (1)

m2 = mhost = ρhost(a
2
− πr2

ext), (2)

k =
4C11rcore

rext − rcore
, (3)

and for the typical 3D one,

m1 = mcore =
4

3
ρcoreπr3

core, (4)

m2 = mhost = ρhost(a
3
−

4

3
πr3

ext), (5)

k =
2C11πr2

core

rext − rcore
, (6)

where C11 = λcoating + 2µcoating; λcoatingand µcoating

are the Lame constants of the rubber in the coating

layer.

With the two models illustrated in Fig.3, the fre-

quencies on the edges of the lowest LR band gap can

be evaluated with

f1 =
1

2π

√

k

m1
; f2 =

1

2π

√

k(m1 + m2)

m1m2
. (7)

Using method I and the model in Fig.3, we eval-

uate the frequencies of the lowest band gap of the

typical 3D ternary LR PCs with different structural

and material parameters (dotted lines in Figs.5–9)

and compared them with that calculated with the LM

method (solid lines with dots in Figs.5–9).

Fig.5. Frequencies on the edges of the lowest band gaps in the

typical 3D ternary LR PCs at several densities of the core.

Fig.6. Frequencies on the edges of the lowest band gaps in the

typical (a)2D and (b)3D ternary LR PCs at several densities

of the host material.

Fig.7. Frequencies on the edges of the lowest band gaps in the

typical (a)2D and (b)3D ternary LR PCs at several densities

of the coating material.

Fig.8. Frequencies on the edges of the lowest band gaps in the

typical (a)2D and (b)3D ternary LR PCs at several radiuses

of the core.
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Fig.9. Frequencies on the edges of the lowest band gaps in

the typical (a)2D and (b)3D ternary LR PCs at several outer

radiuses of the coating layer.

From these figures, we can see that the frequencies

evaluated with method I are higher than the theoret-

ical ones, especially on the upper edge of the band

gap. The analogous models with parameters calcu-

lated with method I match with the 2D and 3D LR

PCs basically only on the lower edges of their band

gaps. These mismatches are due to the underestimate

of stiffness k, i.e. the equivalent stiffness of coating

layer in region A in Fig.4. Hirsekorn’s simplification,

where the rubber is treated as a layer with an equal-

thickness ∆r, is not accurate because the thickness

(along the direction of wave propagation) in the coat-

ing layer is ∆r only at the centre of region A and

longer than ∆r at other parts in region A. In method

II, we improve it by regarding each slender bar along

the direction of wave propagation in region A as a tiny

spring, and stiffness k as the sum of the stiffnesses of

all these tiny springs in parallel connection. Thus, us-

ing the integral technique, we have the new effective

stiffness k for 2D case as

k = 4C11

rcore
∫

0

dx
√

r2
ext − x2

−

√

r2
core − x2

= 2C11

[

rcore
√

r2
ext − r2

core

+
πr2

core/2 + r2
extarcsin(rcore/rext)

r2
ext − r2

core

]

, (8)

and for the 3D case as

k = 2C11

∫ ∫

(x2+y2)≤r2
core

1
√

r2
ext − x2

− y2
−

√

r2
core − x2

− y2
dxdy

= 2C11

2π
∫

0

rcore
∫

0

rdrdθ
√

r2
ext − r2

−

√

r2
core − r2

=
4πC11

3(r2
ext − r2

core)

[

r3
ext + r3

core − (r2
ext − r2

core)
3/2

]

. (9)

Using method II, we evaluate again the frequen-

cies of the lowest band gaps in 2D and 3D ternary LR

PCs with different structural and material parameters

(dashed lines in Figs.5–9) and compare them with the

calculated with the LM method (solid lines with dots

in Figs.5–9).

We can see that the frequencies evaluated with

method II are much more accurate than those evalu-

ated with method I. However, there still exists a large

mismatch according to the upper edges of the band

gap. Especially in Fig.7, when the density of the coat-

ing layer changes, the evaluated frequencies should re-

main unchanged according to methods I and II while

the actual values decrease obviously in the inverse pro-

portion to the density. This is due to the fact that the

density of coating layer is not taken into consideration

in the calculation of parameters in models illustrated

in Fig.3.

We can find that when the LR PCs vibrate as

they are modelled in Fig.3(b) (on the upper edge of

the band gap), there exists a standing point that is im-

movable in the corresponding vibration modes. Thus

the mass of the coating layer in region A can be di-

vided into two masses and they are added to m1 and

m2 in Fig.3(b) respectively. Based on the detailed vi-

bration modes illustrated in Fig.2, we can see that the

coating layer in region B vibrates as the attachment

of the host layer does, which means that the mass of

region B can be added to m2 directly. Thus in method

III, the expressions for the calculation of m1 and m2

are changed into

m1 = mcore + mA
α

1 + α
,

m2 = mhost + mB + mA
1

1 + α
,

(10)

where

α = m2/m1 =
mA + mB + mhost

mA + mcore
. (11)

For the 2D case, the mass of the coating layer in region

A and that in region B, respectively, are
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mA = ρcoatingπ(r2
ext − r2

core) − mB,

mB = 2ρcoating

rext
∫

rcore

2
√

r2
ext − x2 dx = 2ρcoating

(

arccos(rcore/rext)r
2
ext − rcore

√

r2
ext − r2

core

)

. (12)

As for the 3D case, we have

mA =
4

3
ρcoatingπ(r3

ext − r3
core) − mB ,

mB = 2ρcoating

2π
∫

0

rext
∫

rcore

√

r2
ext − r2rdrdθ

=
4

3
ρcoatingπ(r2

ext − r2
core)

3/2. (13)

The frequencies evaluated with method III and

illustrated as solid lines in Figs.5–9 match well with

the theoretical results on both the upper and the lower

edges of the LR band gaps.

As for the 2D ternary LR PCs, we can obtain sim-

ilar conclusions. By using the method III, we can also

evaluate the frequencies on both the lower and upper

edges of the first band gaps of the 2D ternary LR PCs

successfully.

4. Conclusions

The vibration modes on the lower and the up-

per edges of lowest band gaps of the ternary lo-

cally resonant phononic crystals can be described with

the ‘mass–spring–fixture’ and the ‘mass–spring–mass’

models respectively. The parameters of the models

are given in a reasonable way based on the physical

insight into the band gap mechanism. The analytical

estimations with the models and the theoretical pre-

dictions with the lumped-mass method are in good

agreement with each other, especially for the upper

edge of the locally resonant band gap. The proposals

of these models are heuristic and helpful for a bet-

ter understanding of the locally resonant band gap

mechanism as well as accurate evaluation of the cor-

responding band edge frequencies. The latter makes

it possible to make a simple design of locally resonant

gaps in phononic crystals, which is important for their

applications in low frequency vibration/noise shelters.
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