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In this paper, the linear propagation characteristics of the exponential optical pulse with initial linear and nonlinear

frequency chirp are numerically studied in a single mode fibre for β2 < 0. It can be found that the temporal full width at

half maximum and time-bandwidth product of exponential pulse monotonically increase with the increase of propagation

distance and decrease with the increase of linear chirp C for C < 0.5, go through an initial decreasing stage near ζ = 1,

then increase with the increase of propagation distance and linear chirp C for C ≥ 0.5. The broadening of pulses

with negative chirp is faster than that with positive chirp. The exponential pulse with linear chirp gradually evolves

into a near-Gaussian pulse. The effect of nonlinear chirp on waveform of the pulse is much greater than that of linear

chirp. The temporal waveform breaking of exponential pulse with nonlinear chirp is first observed in linear propagation.

Furthermore, the expressions of the spectral width and time-bandwidth product of the exponential optical pulse with

the frequency chirp are given by use of the numerical analysis method.
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1. Introduction

Laser pulses are extensively applied to optical

communication, ultrafast optics, and so on, and gen-

erally have frequency chirp which has great effects

on characteristics of the pulse.[1−20] The previous re-

search on exponential optical pulse is limited to the

case of T ≥ 0.[21−23] The double exponential pulse in

the case of −∞ < T < ∞ has proven very difficult to

analytically investigate and is little known. In this pa-

per, we numerically study propagation characteristics

of the double exponential pulse with initial linear and

nonlinear frequency chirp in a single mode fibre for

β2 < 0, compare with those of a Gaussian pulse, and

give the expressions for the spectral width and time-

bandwidth product of the exponential optical pulse

with the frequency chirp.

2. Characteristics of chirped ex-

ponential optical pulse

The normalized incident field of exponential op-

tical pulse with linear chirp is given by

U(0, T ) = exp(−|T |
T0

) exp(− iCT 2

2T 2
0

), (−∞ < T < ∞)

(1)

where T is the time, T0 is the half-width at e−2-

intensity point, C is frequency chirp parameter. Then,

the full width at half maximum (FWHM) in place of

T0 from Eq.(1) is given by

∆T = ln 2T0 ≈ 0.693T0. (2)

The pulse phase is

φ = −CT 2

2T 2
0

. (3)

Equation (3) shows that the phase of pulse is zero for

T = 0, the frequency chirp parameter C is two times

in magnitude as many as the phase at T = T0. The

frequency chirp

δω = − ∂φ

∂T
=

CT

T 2
0

(4)

is called up-chirp or positive-chirp for C > 0, down-

chirp or negative-chirp for C < 0. It is called the lin-

ear frequency chirp that the instantaneous frequency

linearly changes from the leading to the trailing edge.
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The frequency spectra of linearly chirped expo-

nential pulse is given by

U(0, ω) =

∞
∫

−∞

U(0, T ) exp(iωT )dT

=

∞
∫

−∞

exp(
|T |
T0

) exp(− iCT 2

2T 2
0

) exp(iωT )dT.

(5)

Integrating Eq.(5) for unchirped exponential pulse

(C = 0), one obtains

U(0, ω) =
2T0

1 + ω2T 2
0

. (6)

The spectral FWHM of unchirped exponential pulse

∆ν0 =

√√
2 − 1

πT0
≈ 0.205/T0, (7)

which is given from Eq.(6). From Eqs.(2) and (7),

one obtains the time-bandwidth product of unchirped

exponential pulse

∆T · ∆ν0 = ln 2T0 ·
√√

2 − 1

πT0
≈ 0.142, (8)

which is much less than 0.441 of unchirped Gaussian

pulse or 0.315 of unchirped hyperbolic secant pulse.

We obtain the frequency spectra and expressions

of the spectral FWHM of exponential pulse with dif-

ferent chirp by numerically solving Eq.(5). Figure 1

shows that the spectral FWHM of exponential and

Gauss pulse varies with the chirp. In the figure the

x coordinate is the frequency chirp parameter C, y

coordinate is spectral FWHM normalized to 1/T0.

Fig.1. Variations of spectral FWHM of the exponential

and gaussian pulses with frequency chirp parameter C by

numerical approach, the solid curve is that of exponential

pulse, the dotted curve is that of Gaussian pulse.

The solid curve is the variation of spectral FWHM

of exponential pulse with chirp C by numerical ap-

proach, which is well fitted by

∆ν = (0.001|C|3 − 0.0203|C|2 + 0.2779|C|+ 0.205)/T0 (|C| ≤ 8); (9)

the dotted curve is that of the Gaussian pulse, which is

in accord with ∆ν =
√

ln 2(1 + C2)/πt0. It is shown

from Fig.1 that the spectral FWHM of the exponen-

tial pulse is less than that of the Gaussian pulse for

|C| ≤ 0.3, it is greater than that of the Gaussian pulse

for 0.3 < |C| ≤ 3.52, and less than that of the Gaus-

sian pulse for |C| > 3.52. The larger that the value

of |C| is, the greater the difference between the spec-

tral FWHM of the exponential pulse and that of the

Gaussian pulse.

From Eqs.(2) and (9), one obtains the time-

bandwidth product of exponential pulse with chirp

parameter C,

∆T · ∆ν = 0.0007|C|3 − 0.0141|C|2 + 0.1926|C|+ 0.142, (|C| ≤ 8). (10)

Comparing with ∆t · ∆ν = 2 ln 2
√

1 + C2/π of the

Gaussian pulse, we know that the time-bandwidth

product of exponential pulse increases more slowly

than that of Gaussian pulse with increase of |C|.
Equation (10) gives a new method to estimate the

temporal waveform of the pulse.
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3. Effects of initial linear fre-

quency chirp on propagation

characteristics

We numerically study the linear propagation

characteristics of the optical pulse by use of the split-

step Fourier method according to the normalized lin-

ear propagation equation

i
∂U

∂ζ
+

1

2

∂2U

∂T 2
= 0, (11)

where U is incident field, ζ is propagation distance

which normalized to the dispersion length (LD), T is

the time which normalized to T0. The input exponen-

tial and Gaussian pulses are respectively

U(0, T ) = exp(−|T |) exp(− iCT 2

2
) (12)

and

U(0, T ) = exp(− (1 + iC)T 2

2
). (13)

3.1.Variations of temporal width and

time-bandwidth product of the

pulse with propagation distance

Figure 2 shows that the temporal FWHM varies

with the normalized propagation distance. The solid

curves (1–3) are for the exponential pulses with C = 0,

1 and −1 respectively. The dotted curves (4–6) are for

Gaussian pulse with C = 0, 1, and −1 respectively.

Fig.2. Variations of the temporal FWHM of two pulses

with the normalized propagation distance for linear chirp.

Solid curves (1–3) for the exponential pulse with C =

0, 1,−1, dotted curves (4–6) for Gaussian pulse with C =

0, 1,−1.

It can be found from the numerical results that

the temporal FWHM of exponential pulse monoton-

ically increases with the increase of propagation dis-

tance and decreases with the increase of C for C < 0.5,

goes through an initial decreasing stage, then in-

creases with increase of propagation distance and C

for C ≥ 0.5. The larger the value of C, the more

the temporal FWHM initially decreases near ζ = 1.

This indicates that the initial positive chirp can in-

duce compression of the exponential pulse.

Variations of temporal FWHM of the exponential

pulse with propagation distance and chirp are faster

than those of Gaussian pulse for C < 0 or C ≥ 0.5, and

slower than that of Gaussian pulse for 0 ≤ C < 0.5.

The broadening of pulses with negative chirp is faster

than that with positive chirp. This shows that the

effects of the negative chirp on temporal width of the

two pulses are greater than those of the positive chirp.

The variations of time-band product of the two

linearly chirped pulses with propagation distance are

similar to those of temporal width because the fre-

quency spectra of the two pulses are unchanged in

propagation.

3.2.Variation of the pulse peak with

propagation distance

Figure 3 shows that the peaks of the exponential

and Gaussian pulse vary with the normalized propa-

gation distance in the cases of different linear chirp.

In the figure the y-coordinate is the peak of temporal

waveform. The solid curves (1–3) are the results of ex-

ponential pulse studied numerically for C = 0, 1 and

−1 respectively. The dotted curves (4–6) are those of

Gaussian pulse for C = 0, 1, and −1 respectively.

Fig.3. Variations of two pulses peaks with the normalized

propagation distance for linear chirp. Solid curves (1–3)

for the exponential pulse with C = 0, 1,−1, dotted curves

(4–6) for Gaussian pulse with C = 0, 1,−1.

It can be found from the numerical results that

the peak of exponential pulse monotonically decreases

with the increase of propagation distance and in-
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creases with the increase of C for C < 0.5, goes

through an initial increasing stage, then decreases for

C ≥ 0.5. The larger the value of C is, the more the

peak initially increases near ζ = 1. The change of the

peak of exponential pulse is faster than that of Gaus-

sian pulse for C < 0.5, as shown as curves 1, 3, 4 and

6. It indicates that the exponential pulse is not ap-

propriate to linear propagation. The initial increase

near ζ = 1 of Gaussian pulse is higher than that of

exponential pulse, as shown as curves 2 and 5.

3.3. The evolution of temporal waveform

of linearly chirped exponential opti-

cal pulse

The temporal waveforms of the exponential pulses

with the initial linear chirp C = −1 and 1 after prop-

agating over 6LD are shown in Fig.4. In the figure

the x-coordinate is the time which normalized to T0,

and the y-coordinate is the normalized intensity of the

temporal waveform.

Fig.4. Waveform of the linearly chirped exponential pulse at ζ = 6 for C = −1(a) and C = 1(b). Solid curves show numerical

waveform of exponential pulse. Dashed curve shows waveform of exponential pulse with the same temporal FWHM as the

numerical curve, the dotted curve shows that of Gaussian pulse, the dash-dotted curve shows that of hyperbolic secant pulse.

Fig.5. Waveforms of linearly chirped exponential pulse in the case of C = 0.5 during propagation at ζ = 1(a), ζ = 3(b),

and ζ = 6(c). The coordinates and legends are the same as those of Fig.4.
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It can be found from the numerical results that

exponential pulse with C < 0 and C ≥ 1.4 evolves into

a near-Gaussian pulse with dispersive waves at ζ = 1,

it always maintains near Gaussian pulse for 1 < ζ ≤ 6.

The solid curve in Fig.4(a) is the waveform of the ex-

ponential pulse at ζ = 6 for C = −1.

The pulse with 0.7 ≤ C < 1.4 evolves into near

hyperbolic secant pulse at ζ = 1, it becomes near

Gaussian pulse with dispersive waves at ζ = 3, then

remains for 3 < ζ ≤ 6. Figure 4(b) shows the wave-

form of exponential pulse at ζ = 6 for C=1. The

longer the distance propagates, the larger the value of

|C| is, the stronger the dispersive waves are.

The exponential pulse with 0.4 ≤ C < 0.7 evolves

into a near-Gaussian pulse at ζ = 1, it becomes a

near-hyperbolic secant pulse at ζ = 3 and evolves

into a near-Gaussian pulse at ζ = 6, as shown as

the solid curve in Fig.5. The exponential pulse with

0 ≤ C ≤ 0.3 evolves into a near-Gaussian pulse at

ζ = 1, it becomes a near-hyperbolic secant pulse

at ζ = 6 and evolves into a near-Gaussian pulse at

ζ = 11.

The Gaussian pulse is the analytic solution of lin-

ear propagation equation (11) and a stable transmis-

sion mode, and remains unchanged in profile during

propagation, which is consistent with the numerical

results. However, exponential and hyperbolic secant

pulses are not analytic solution of linear propagation

equation (11), cannot stably propagate, and finally

evolve into a Gaussian pulse.

4. Effects of initial nonlinear

chirp on temporal waveform of

exponential optical pulse

Waveform breaking is firstly observed if a pertur-

bation of nonlinear chirp near the edges of the expo-

nential pulse is added during linear propagation. We

numerically study the variation of temporal waveforms

of the pulse during linear propagation with initial non-

linear chirp (the corresponding nonlinear phase:

|T | ≥ 2.1875,Φ = 3; |T | < 2.1875,Φ = −CT 2/2,

(14)

where the temporal window is 80, the number of sam-

pling is 256, the time interval of sampling is 0.3125,

the edge of pulse is at |T | = 7 × 0.3125 = 2.1875).

The temporal waveforms of the exponential pulses

with the initial nonlinear chirp described by Eq.(14)

for C = −1 and ζ = 6 are shown in Fig.6 (a). The

coordinates and the legends are the same as those in

Fig.4.

Fig.6. Waveforms of exponential pulse with nonlinear chirp described by Eqs.(14)(a), (15)(b) and (16)(c) at ζ = 6

for C = −1. The coordinates and legends are the same as those of Fig.4.
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It can be found from the numerical results that

there is a symmetrical structure with dispersive waves

of waveform breaking at different distance during lin-

ear propagation of the exponential pulse with differ-

ent nonlinear chirp described by Eq.(14), as shown

as the solid curve in Fig.6(a). An asymmetrical struc-

ture with dispersive waves of waveform breaking is ob-

served for an asymmetrical nonlinear chirp described

by

T ≤ −2.1875,Φ = 3; T ≥ 2.1875,Φ = 2.5; |T | < 2.1875,Φ = −CT 2/2, (15)

the front peak is lower than the back one, as shown as solid curve in Fig.6 (b). The temporal waveform is split

into another asymmetrical structure with dispersive waves for an asymmetrical nonlinear chirp described by

T ≤ −2.1875,Φ = 2.5; T ≥ 2.1875,Φ = 3; |T | < 2.1875,Φ = −CT 2/2, (16)

the front peak is higher than the back one, as shown

as solid curve in Fig.6(c). The larger the value of |C|
is, the longer the distance propagates, the stronger

waveform breaking and dispersive waves are.

Figure 7 shows that the frequency spectra of ex-

ponential pulse vary with different nonlinear chirp de-

scribed by Eqs.(14), (15) and (16) for C = −1. In the

figure the x-coordinate is the frequency which nor-

malized to 1/T0, and the y-coordinate is intensity of

frequency spectra. It can be found from the numer-

ical results that the nonlinear chirp changes the fre-

quency spectra such as spectra breaking with oscil-

latory structures near the edges (Fig.7), pedestal, or

other distortion. The frequency spectra of the pulse

change strongly with the increase of |C|.

Fig.7. Spectra of exponential pulse with nonlinear chirp described by Eqs.(14)(a), (15)(b) and (16)(c) during

propagation for C = −1.

The temporal waveform breaking of exponential

pulse in linear propagation is induced by frequency

spectra changing. Although the frequency spectra of

the pulses remains unchanged in profile during propa-

gation from the numerical results, it is changed by the

nonlinear chirp when the pulses input into the fibre.
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It can be found from numerical results that the Gaus-

sian pulse with nonlinear chirp described by Eqs.(14),

(15) and (16) remains almost unchanged in profile dur-

ing propagation for −1.7 < |C| < 2.3 because the

temporal waveform of the input pulse decreases more

quickly to zero than that of the exponential pulse near

|T | = 2.1875 and the effect of nonlinear chirp on fre-

quency spectra is much less than that of exponential

pulse. Waveform breaking of Gaussian pulse with the

nonlinear chirp is obviously observed for C ≤ −1.7

or C ≥ 2.3 because the effect of nonlinear chirp on

frequency spectra increases with the increase of |C|.

5. Conclusion

The expressions of the spectral width and time-

bandwidth product of the exponential optical pulse

with the frequency chirp are given by use of the nu-

merical analysis method. The linear propagation char-

acteristics of the exponential optical pulse with initial

linear and nonlinear frequency chirp are numerically

studied in a single mode fibre for β2 < 0. It can be

found that the temporal FWHM and time-bandwidth

product of exponential pulse monotonically increase

with the increase of propagation distance and decrease

with the increase of linear chirp C for C < 0.5, go

through an initial decreasing stage, then increase with

the increase of propagation distance and linear chirp

C for C ≥ 0.5. The broadening of pulses with nega-

tive chirp is faster than that with positive chirp. The

exponential pulse with linear chirp gradually evolves

into near Gaussian pulse. The effect of nonlinear chirp

on waveform of the pulse is much greater than that of

linear chirp. The temporal waveform breaking of the

pulses with nonlinear chirp is firstly observed in lin-

ear propagation. The larger the value of |C| is, the

stronger waveform breaking and dispersive waves are.

Although pulse broadening, waveform breaking

and dispersive waves induced by chirp can lead to er-

rors in an optical communication system, the exponen-

tial pulse with initial linear chirp evolving into Gaus-

sian pulse and waveform breaking induced by nonlin-

ear chirp give us new methods on research such as

waveform converting.
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