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We present a theoretical model to analyse the propagation of a Gaussian laser beam through double-sided nonlinear

media. This model is based on the Huygens–Fresnel diffraction integral method. This theoretical model is not only

consistent with the cascade structure model for a small nonlinear phase-shift but also can be used for a large nonlinear

phase-shift. It has been verified that it is suitable to characterize the double-sided nonlinear media compared with the

cascade structure model. A good agreement between the experimental data and the results from the theoretical model

is obtained. It will be useful for the design of multi-sided nonlinear materials.
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1. Introduction

The Z-scan technique introduced by Sheik-Bahae

et al can be used to measure both the nonlinear re-

fractive coefficient and the nonlinear absorption coef-

ficient of a sample.[1] Its simplicity makes this tech-

nique particularly useful in researching third-order

optical materials. The simplest analysis of the Z-

scan technique is under the assumption of a Gaus-

sian TEM00 beam and a sample that is thin com-

pared with the Rayleigh length of the beam.[1,2]

Since the Z-scan technique was introduced, many

theoretical models have been proposed, including

the Huygens–Fresnel (HF) formalism,[3] the Fresnel–

Kirchhoff diffraction theory,[4] the Gaussian decompo-

sition method (GDM),[5] the fast Fourier transform

(FFT)[6] and complex ray-tracing[7] methods. The

analytical formulas for the on-axis normalized Z-scan

transmittance have also been derived in the first-order

approximation for the thin and thick samples in a

weak nonlinear regime.[2,8,9] The above Z-scan the-

oretical models are mostly applied to the single non-

linear sample structures. As both the thin and thick

samples are of single sample structure, the analytical

expressions are simple.

However, when samples are complex in configura-

tions, for example, multiple-layer samples and samples

with the nonlinear optical parameters, such as nonlin-

ear refractive index and absorption coefficient, varying

along the propagation direction of the laser beam, it

seems difficult to obtain analytical solutions except for

some particular cases.[10]

Recently, it is found that the electrostatic self-

assembly films demonstrate the enhancement of third-

order optical nonlinearities.[11,12] Most electrostatic

self-assembly films are double-sided, which can be con-

sidered as two identical nonlinear films which a sub-

strate is sandwiched in between. Can the nonlinear

optical properties of the double-sided films be charac-

terized with the previous Z-scan theories? Therefore,

to answer the question, we present a theoretical model

based on the HF diffraction integral method (DIM)

to characterize the Z-scan curves of the double-sided

nonlinear media. This theoretical model is compared

with the cascaded structure model provided by Zang

et al.[13,14]
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2. Z-scan theory for double-sided

samples

We present a model to describe the nonlinear

propagation of beam through the double-sided non-

linear media as shown in Fig.1. The model is based

on the propagation of a wave front and described

by using the Fresnel diffraction integral and the HF

principle.[15] For simplicity, we consider a double-sided

medium with a purely refractive nonlinearity, and the

thickness of the each-sided nonlinear medium is equal.

Fig.1. Scheme of the coordinates in the calculation of

the electric field. NM: nonlinear medium, LM: linear

medium (substrate).

Assuming a TEM00 Gaussian beam of waist ra-

dius ω0 to travel in the +z direction, the incident elec-

tric field Ei can be written as

Ei(z, r, t) = E0(t)
ω0

ω(z)

× exp
(

−
r2

ω2(z)
−

ikr2

2R(z)

)

· e−iφ(z,t), (1)

where ω(z) = ω0(1 + z2/z2
0)

1/2 is the beam radius,

R(z) = z(1 + z2
0/z2) is the radius of curvature of the

wave front at z, z0 = πω2
0/λ is the diffraction length

of the beam, and k = 2π/λ is the wave vector. E0(t)

denotes the electric field at the focus and contains the

temporal envelope of the laser pulse. The e−iφ(z,t)

term includes all the radially uniform phase variations.

For the double-sided nonlinear media with purely

refractive nonlinearity, after the beam has passed

through the first nonlinear medium, the nonlinear

phase-shift ∆φ1 is obtained. Here, the nonlinear me-

dia can be assumed to be thin samples. Then the

complex electric field Ee1 at the exit plane of the first

nonlinear medium is given by

Ee1(z, r, t) = Ei(z, r, t)e−α0L/2e−i∆φ1(z,r,t). (2)

The nonlinear phase-shift ∆φ1 at the exit plane of the

first nonlinear medium can be expressed as[1]

∆φ1(z, r, t) =
∆Φ0

1 + z2/z2
0

× exp
(

−
2r2

ω2(z)

)

exp
(

−
t2

τ2

)

. (3)

The on-axis phase-shift at focus, ∆Φ0, is defined as

∆Φ0 = kγI0Leff , (4)

where τ is the duration of laser pulse, γ the nonlinear

refraction coefficient, Leff = [1 − exp(−α0L)]/α0 the

effective thickness of the each-sided nonlinear medium,

L the thickness of the each-sided nonlinear medium,

α0 the linear absorption coefficient, and I0 the laser

intensity at the focal point.

The light beam will propagate through the middle

linear medium between the nonlinear media after pass-

ing through the first nonlinear medium. The electric

field at the exit plane of the linear medium is obtained

by applying the HF propagation integral[16]

Elm(z + l, r, t) =
2π

iλl
exp

( iπr2

λl

)

×

∫ +∞

0

r1dr1Ee1(z, r1, t)

× exp
( iπr2

1

λl

)

J0

(2πrr1

λl

)

, (5)

where l is the thickness of the linear medium, and J0

is the zeroth-order Bessel function.

The complex electric field Ee2 at the exit plane of

the second nonlinear medium is given by

Ee2(z + l, r, t)

= Elm(z + l, r, t)e−α0L/2e−i∆φ2(z+l,r,t), (6)

and the nonlinear phase-shift ∆φ2 at the exit plane of

the second nonlinear medium is expressed as

∆φ2(z + l, r, t) = kγLeffIlm(z + l, r, t), (7)

where Ilm is the light intensity at the exit plane of the

linear medium.

Now, the complex electric field Ea at the aperture

plane can be obtained through the second HF integral,

Ea(z, r, t) =
2π

iλ(d − z − l)
exp

[ iπr2

λ(d − z − l)

]

×

∫ +∞

0

r2dr2Ee2(z + l, r2, t)

× exp
[ iπr2

2

λ(d − z − l)

]

J0

[ 2πrr2

λ(d − z − l)

]

, (8)
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where d is the separation between the aperture and

the focal plane. Then the normalized transmittance

T (z, S) can be obtained by

T (z, S) =
cε0n0π

∫ +∞

−∞
dt

∫ ra

0
|Ea(z, r, t)|2rdr

S
∫ +∞

−∞
Pi(t)dt

, (9)

wherePi(t) = πω2
0I0(t)/2 is the instantaneous input

power, and S = 1− exp(−2r2
a/ω2

a) is the aperture lin-

ear transmittance.

3. Comparison with current the-

ory

To confirm that the theoretical equations above

are valid, we simulate the closed-aperture Z-scan

curves with the above theoretical model and the

cascaded structure model,[12] which is based on the

Gaussian decomposition method (GDM).[4] To conve-

niently compare the results obtained from two theo-

retical models, the Z-scan theory for the double-sided

samples and the cascaded structure model are sim-

ply referred to as the DS HF DIM and the DS GDM,

respectively. According to Ref.[13] for small nonlin-

ear phase-shift, the on-axis normalized transmittance

T (z, ∆Φ0) is expressed as

T (z, ∆Φ0) = 1 +
4∆Φ0x

(x2 + 1)(x2 + 9)

+
4∆Φ0(x + Llm)

[(x + Llm)2 + 1][(x + Llm)2 + 9]
, (10)

where x = z/z0, Llm = l/z0, and ∆Φ0 is the on-axis

nonlinear phase-shift of the each-sided medium.

Figure 2 shows the calculated curves resulting

from the DS HF DIM (shown by the solid line) and

the DS GDM (shown by the dashed line). For a small

nonlinear phase-shift (∆Φ0 = -π/10) and small linear

transmittance of the aperture (S = 0.02), the curves

obtained from the DS HF DIM and the DS GDM over-

lap almost completely in the whole interval as shown

in Fig.2(a), proving that the DS HF DIM is valid.

When the thickness of the substrate l is more than

two times longer than the diffraction length z0, a two-

peak-two-valley pattern is obtained, which is the same

as the result reported by Zang et al.[13]

Fig.2. The comparison between the DS HF DIM (the

solid line) and the DS GDM (the dashed line). (a) the

graph depicts the results for S = 0.02, ∆Φ0 = −π/10,

l = 4z0, 5z0 and 6z0, (b) the graph depicts the results

for l = 0.14z0, ∆Φ0 = −π/10, S = 0.08, 0.27 and

0.51, (c)the graphs depict the results for S = 0.02,

l = 0.14z0, ∆Φ0 = −π/4, −π/2 and −π.

Figures 2(b) and (c) represent the effects of the

linear transmittance of the aperture S and the nonlin-

ear phase-shift ∆Φ0 on the Z-scan cures for the same
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thickness of the substrate (l = 0.14z0). In the case of

small l, the Z-scan curve still has only one peak and

valley. For a fixed ∆Φ0 (−π/10), with S increasing,

both the peak and valley of the curves obtained from

the DS HF DIM are asymmetrically suppressed com-

pared with the curves based on the DS GDM as shown

in Fig.2(b). Large aperture size reduces the sensi-

tivity in the Z-scan technique since the peak–valley

separation becomes smaller. Figure 2(c) shows the

simulation results for the nonlinear phase-shifts ∆Φ0

equal to -π/4, -π/2, -π, but the aperture size is fixed

(S = 0.02).

It can be clearly seen from Fig.2(c) that with the

increase of |∆Φ0|, the curves obtained from the DS HF

DIM become asymmetric, and when ∆Φ0 = −π, the

valley is obviously broadened. However, the curves

obtained from the DS GDM are symmetric. Apart

from the valley, the transmittance is enhanced and

the peak is suppressed, both the peak and the valley

shift toward the left.

The important parameter to determine the non-

linearity is the difference between the normalized peak

transmittance and normalized valley transmittance,

∆Tpv, which is a function of not only the nonlinear

phase-shift |∆Φ0| but also the linear transmittance of

the aperture S. Figure 3 shows the percentage dif-

ference in normalized transmittance between the DS

HF DIM and the DS GDM with l = 0.14z0. From

this figure we can see that the percentage difference

in normalized transmittance between the two theoreti-

cal curves increases with |∆Φ0| and S. When S = 0.02

and |∆Φ0| ≤ π/2, the percentage difference is smaller

than 10%. When S = 0.2 and |∆Φ0| = π, it is close

to 40%.

Fig.3. Percentage difference (∆Tpv(DSGDM) −

∆Tpv(DSDIM))/∆Tpv(DSDIM) as a function of the non-

linear phase shift with l = 0.14z0.

4. Application

The nonlinear refraction in a 20-bilayer double-

sided TTAF/PSS electrostatic self-assembly film is

measured with an 8 ns Nd:YAG laser system at 532 nm

with a repetition rate of 1 Hz by using the closed-

aperture Z-scan technique. The input energy and the

linear transmittance of the aperture are 48 µJ and

0.2, respectively. The fabrication of the samples is

described elsewhere.[17]

The 20-bilayer TTAF/PSS film structure is shown

in Fig.4. Since the 20-bilayer TTAF/PSS film is ul-

trathin, it can be considered as an integral nonlinear

medium.

Fig.4. The 20-bilayer film structure.

Fig.5. The normalized closed-aperture Z-scan trans-

mittance in a 20-bilayer TTAF/PSS film.

Figure 5 shows the experimental Z-scan transmit-

tance (data represented by open circles) in the 20-

bilayer TTAF/PSS film. In the experiment, the sep-

aration between the aperture and the focal plane is

taken as d = 40 cm. The thickness of the quartz

substrate used is 1 mm, and the average thickness
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of each bilayer for the TTAF/PSS films is measured

to be 2 nm by using a step instrument. Both the

DS HF DIM and the DS GDM are used to charac-

terize the experimental data. It is clearly shown in

Fig.5 that the DS HF DIM can fit both the peak

and the valley well, while the DS GDM can fit only

the peak of the experimental curve. Furthermore,

∆Φ0 = −0.70(γ = −2.0 × 10−12 m2/W) and ∆Φ0 =

−0.53(γ = −1.5 × 10−12 m2/W) are obtained from

the DS HF DIM and the DS GDM, respectively. The

deviation of the latter from the former is about 25%.

Thus the DS HF DIM is more suitable to fit the ex-

perimental data from the double-sided samples.

Under the condition of S = 0.2, the effect of the

linear transmittance of the aperture on the closed-

aperture Z-scan curve must be considered. It may

induce a valley of a Z-scan curve whose amplitude is

larger than that of its peak.[4] In the DS GDM, several

approximations, such as the slowly varying envelope

approximation, a thin sample, a small nonlinear phase

shift and an on-axis approximation must be satisfied.

The approximations of the first three terms are basi-

cally satisfied, but the approximation of the last term

cannot be satisfied, so the DS GDM cannot fit the

experimental data well.

5. Conclusions

Based on the Huygens–Fresnel diffraction integral

method, we have presented a model to analyse the

propagation of a Gaussian laser beam through double-

sided nonlinear media. By comparing with the cas-

caded structure model, we find that our model is not

limited to the case of small nonlinear phase-shifts and

paraxial approximation, but more suitable to the case

of large nonlinear phase-shifts and far-axis. Two the-

oretical models are used to fit the experimental data,

and the results show that our theoretical model is

more suitable to fit the experimental data from the

double-sided electrostatic self-assembly films. It will

be useful for the design of multi-sided nonlinear ma-

terials.
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