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Electromagnetic scattering from two parallel 2D targets

arbitrarily located in a Gaussian beam∗
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In this paper based on the equivalence principle and the reciprocity theorem, the scattered field up to second-order

by two parallel 2D targets arbitrarily located in a Gaussian beam is considered. The first-order solution can easily

be obtained by calculating the scattered field from isolated targets when illuminated by a Gaussian beam. However,

because of the difficulty in formulating the couple scattering field, it is almost impossible to find an analytical solution

for the second-order scattered field if the shapes of 2D targets are not canonical geometries. In order to overcome this

problem, in this paper, the second-order solution is derived by using the technique based on the reciprocity theorem and

the equivalence principle. Meanwhile, the relation between the secondary scattered field from target #1 and target #2

is obtained. Specifically, the bi- and mono-static scattering of Gaussian beam by two parallel adjacent inhomogeneous

plasma-coated conducting circular cylinders is calculated and the dependence of attenuation of the scattering width on

the thickness of the coated layer, electron number density, collision frequency and radar frequency is discussed in detail.
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1. Introduction

It is well known that Gaussian beam can give

a better simulation of radar beam than plane wave.

Therefore, in recent years, the problem of scatter-

ing of a Gaussian beam by a composite scattering

model has been the subject of extensive investiga-

tions. Because of the simplicity of the geometry and

the interest in practical applications, scattering of

plane wave or Gaussian beam by isolated cylinders

or spheres has been well studied both theoretically

and experimentally.[1−12] However, when the compos-

ite scattering field from discrete random media is stud-

ied, the interactions of electromagnetic wave between

different scatterers should be taken into account. Be-

cause of the important influence on total field, higher-

order scattered field has attracted the attention of

many workers. Unfortunately, in order to obtain the

scattering solution up to higher-order, it is necessary

to treat the electromagnetic interactions between ob-

jects that are not only non-plane-wave in character

but have non- uniformities in amplitude and phase.

For this type of problem, the exact analytical solu-

tions cannot be found except in a very small number

of cases.[13−15] To overcome these difficulties, in this

paper, an approximate solution for scattering field of a

Gaussian beam from two parallel adjacent 2D targets

is derived by employing the reciprocity theorem[16−19]

and the equivalence principle.[19] And in the solution,

only the first-order scattered field of one objects and

the equivalent surface electric or/and magnetic cur-

rent density induced by the incident beam on the other

objects are required. Meanwhile, the relation between

the secondary scattered field from target #1 and tar-

get #2 is discussed.

Because plasma can efficiently absorb electro-

magnetic waves, it can be used as microwave ab-

sorbers.[20−23] The absorption is dependent on sev-

eral parameters such as the electron number density,

the radar frequency, the thickness of the plasma layer,

the momentum-transfer collision frequency, and so on.

Therefore, in Section 4, the technique proposed in Sec-

tion 2 is applied to obtain an approximate analytical

solution for composite scattering field from two adja-

cent inhomogeneous plasma-coated conducting cylin-

ders when they are illuminated by a Gaussian beam.

In Section 5, the bi- and mono-static scattering is dis-
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cussed and the results are compared with numerical

computations based on the time domain integral equa-

tion method (TDIEM). The dependence of attenua-

tion of the scattering width on the thickness of the

coated layer, electron number density, collision fre-

quency and radar frequency is discussed in detail.

2. Scattering of a Gaussian beam

by two parallel adjacent 2D

cylindrical objects

When we are interested in a limited region of

space, it is well known that all uninteresting regions

outside this space can be replaced by using equiva-

lent sources, which include equivalent electric current

and/or magnetic current.[19,24] In general, when the

composite scattering field from two adjacent objects

is studied, the field outside the objects is of inter-

est. Thus, the dielectric objects can be replaced by

using equivalent surface electric current and/or sur-

face magnetic current. In this section, based on the

equivalence principle and the reciprocity theorem, a

solution for scattering of Gaussian beam by two adja-

cent 2D objects is derived. As shown in Fig.1(a), two

adjacent parallel 2D objects are illuminated by Gaus-

sian beam. Here, Ei
1 and H i

1 denote the electric and

magnetic field of the incident beam respectively. The

incident Gaussian beam would induce an equivalent

electric current density J1 and an equivalent magnetic

current density M1 on the surface of 2D object #1 in

the absence of 2D object #2. Firstly, considering the

equivalent electric current density J1 as the primary

source, we denote the electric and magnetic fields pro-

duced by J1 in the presence of object #2 by EJ1 and

HJ1. On the other hand, considering the equivalent

magnetic current density M1 as the excitation source,

we denote the electric and magnetic fields produced by

M1 in the presence of object #2 by Em1 and Hm1.

Now, let us consider another situation where the

source J1 and M1 are removed and a line electric cur-

rent source Je = p̂δ(ρ − ρ0) and a line magnetic cur-

rent source Mm = q̂δ(ρ − ρ0) are placed at the far-

zone observation point P as shown in Fig.1(b). Here,

the unit polarization vector q̂(v̂s or ĥs) and p̂(v̂s or

ĥs) are related by q̂ = k̂s × p̂, where k̂s denotes the

unit vector of the propagation direction of the scat-

tering field. In the presence of object #2, the electro-

magnetic fields produced by Je and Mm are denoted

by Ee22, He22 and Em22, Hm22 respectively. Here,

we should note that the fields Ee22, He22, Em22 and

Hm22 not only contain the fields excited by the el-

ementary line sources but also their scattering fields

from object #2.

Fig.1. Cross-section of the scattering problem.

Application of the reaction theorem[19] over the

entire 2D space results in
∫

l1

J1 · (Ee22 + Em22) − Je · (EJ1 + Em1)

+ Mm · (HJ1 + Hm1) − M1 · (He22 + Hm22)dl

=

∫∫

©

l∞+l2

[(EJ1 + Em1) × (He22 + Hm22)

− (Ee22 + Em22) × (HJ1 + Hm1)] · dl . (1)

where l∞ represents a closed circularity at infinity. At

an infinite distance away from the source, the follow-

ing two relations exist:

(EJ1 + Em1) = −Z0n̂ × (HJ1 + Hm1) , (2)

(Ee22 + Em22) = −Z0n̂ × (He22 + Hm22) .

(3)

By substituting Eqs.(2) and (3) into Eq.(1), the

integral over l∞ on the right-hand side vanishes.

Based on the equivalence principle and the extinction

theorem,[19] the surface integral over the surface of ob-

ject #2 also vanishes since n̂×E = n̂×H = 0. Thus,

Eq.(1) can be written as
∫

l1

J1 · (Ee22 + Em22) − Je · (EJ1 + Em1)
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+ Mm · (HJ1 + Hm1)

− M1 · (He22 + Hm22)d l = 0. (4)

Suppose that the two objects are both perfectly

electric conducting scatterers, as well known, the sur-

face magnetic current density is M1 = 0 and, based

on the reciprocity theorem, the elementary magnetic

current source Mm is equal to zero, too. Then, Eq.(4)

can be simplified as follows:

∫

l1

J1 · Ee22 − Je · EJ1dl = 0. (5)

Suppose that two perfectly magnetic targets are

considered, the surface electric current J1 = 0, and

based on the reciprocity theorem, the elementary elec-

tric current source Je equal to zero, too. Then, Eq.(4)

can be written as
∫

l1

Mm · Hm1 − M1 · Hm22dl = 0. (6)

In the case that the two objects are both di-

electric, using Eq.(4)–Eq.(6), we obtain the following

three equations:

∫

l1

J1 · Ee22 − Je · EJ1dl = 0, (7)

∫

l1

Mm · Hm1 − M1 · Hm22dl = 0, (8)

∫

l1

J1·Em22−Je·Em1+Mm·HJ1−M1·He22dl = 0.(9)

Because Je and Mm are both line sources, Eqs.(7) and

(8) can also be written as the following forms:

p̂ · EJ1 =

∫

l1

J1 · Ee22dl, (10)

q̂ · Hm1 =

∫

l1

M1 · Hm22dl, (11)

p̂ ·Em1 − q̂ ·HJ1 =

∫

l1

J1 ·Em22 −M1 ·He22dl.(12)

Similarly, the sum of the first scattered field of ob-

ject #2 and the second-order scattered field of object

#1 can be evaluated by

p̂ · EJ2 =

∫

l2

J2 · Ee11dl, (13)

q̂ · Hm2 =

∫

l2

M2 · Hm11dl, (14)

p̂ · Em2 − q̂ · HJ2 =

∫

l2

J2 · Em11 − M2 · He11dl. (15)

In Eqs.(13)–(15), Ee11 denotes the field excited

by the line electric current located at the observation

point in the presence of object #1, and Hm11 corre-

sponds to the line magnetic current. J2 and M2 are

the equivalent electric and magnetic current density

on the surface of object #2 induced by the incident

Gaussian beam in the absence of object #1 respec-

tively. Therefore, EJ1 +Em1 +EJ2 +Em2 is the total

scattered field of two dielectric objects up to second-

order, and it can be evaluated by using Eqs.(10), (11),

(13) and (14). Here, the relations Em1 = −Z0k̂s×Hm1

and Em2 = −Z0k̂s × Hm2 are used, where Z0 is the

characteristic impedance of free space.

3. The relation between the sec-

ondary scattered field from

targets #1 and target #2

In section 2, using the reciprocity theorem and the

equivalence principle, we obtain the secondary scat-

tered fields from target #1 and #2. In this section,

the relation between the secondary scattered fields is

discussed.

The scattering interaction between two adjacent

objects can be evaluated approximately by using the

approach proposed in section 2. It is assumed that the

equivalent electric and/or magnetic current on the sur-

face of an isolated scatterer is the illumination source

of the other scatterer and so on. Here it will be shown

that the secondary scattered field emanated from tar-

get #2 can be obtained from the secondary scattered

field emanated from target #1. Without loss of the

generality, two adjacent dielectric targets in free-space

illuminated by an incident wave are considered. Sup-

pose that the induced equivalent electric and magnetic

current density on the surface of target #1 in the he

absence of object #2 are given by J1 and M1, then

the scattered electric and magnetic field generated by

J1 and M1 can be computed from the following two

formulae:

E s
1e = ik0Z0

∫

S1

¯̄G(r, r′)J1(r
′)dS′ =

−k0Z0

8π2

∫∫

1

kz

( ¯̄I − k̂k̂)

∫

S1

J1(r
′)exp[jk · (r − r′)]dS′dkxdky , (16)
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H s
1m = ik0Y0

∫

S1

¯̄G(r, r′)M1(r
′)dS′ =

−k0Y0

8π2

∫∫

1

kz

( ¯̄I − k̂k̂)

∫

S1

M1(r
′)exp[jk · (r − r′)]dS′dkxdky , (17)

where the second equality is resulted from the application of the 2D Fourier transform of the dyadic Green’s

function ¯̄G(r, r′). The subscript e and m represent the electric field deduced by J1 and the magnetic field

deduced by M1 respectively. If the observation point is significantly apart from target #1, the recognized

scattered electric field and field recognized can also be written as

E s
e (k̂i, k̂) = ik0Z0

∫

S1

¯̄G(r, r′)J1(r
′)dS′

=
ik0Z0e

ik0r

4πr
( ¯̄I − k̂k̂)

∫

S1

J1(r
′)exp(−jk · r′)dS′ =

eik0r

r
eik0(k̂i−k̂)·r1 ¯̄S1e(k̂i, k̂)Ei , (18)

H s
m(k̂i, k̂) = ik0Y0

∫

S1

¯̄G(r, r′)M1(r
′)dS′

=
ik0Y0e

ik0r

4πr
( ¯̄I − k̂k̂)

∫

S1

M1(r
′)exp(−jk · r′)dS′ =

eik0r

r
eik0(k̂i−k̂)·r1 ¯̄S1m(k̂i, k̂)Hi , (19)

where k̂i and k̂ are the incident and scattering directions respectively. ¯̄S1e(k̂i, k̂) and ¯̄S1m(k̂i, k̂) are the bistatic

scattering electric field amplitude matrix vector and magnetic amplitude matrix vector of target #1 and r1 is

the position vector of target #1. Using Eqs.(18) and (19), we can obtain

ik0Z0

4π
( ¯̄I − k̂k̂)

∫

S1

J1(r
′)exp(−jk · r′)dS′ = eik0(k̂i−k̂)·r1 ¯̄S1e(k̂i, k̂)Ei, (20)

ik0Y0

4π
( ¯̄I − k̂k̂)

∫

S1

M1(r
′)exp(−jk · r′)dS′ = eik0(k̂i−k̂)·r1 ¯̄S1m(k̂i, k̂)Hi. (21)

Then, substituting Eq.(20) into Eq.(16) and Eq.(21) into Eq.(17), we can write the field E s
1e and H s

1m

E s
1e = ik0Z0

∫

S1

¯̄G(r, r′)J1(r
′)dS′ =

i

2π

∫∫

1

kz

exp(j k · r)
ik0Z0

4π
( ¯̄I − k̂k̂)

∫

S1

J1(r
′)exp(−j k r′)dS′dkxdky

=
i

2π

∫∫

1

kz

exp(jk · r)eik0(k̂i−k̂)·r1 ¯̄S1e(k̂i, k̂)dkxdky · Ei , (22)

H s
1m = ik0Y0

∫

S1

¯̄G(r, r′)M1(r
′)dS′ =

i

2π

∫∫

1

kz

exp(jk · r)
ik0Y0

4π
( ¯̄I − k̂k̂)

∫

S1

M1(r
′)exp(−jk r′)dS′dkxdky

=
i

2π

∫∫

1

kz

exp(jk · r)eik0(k̂i−k̂)·r1 ¯̄S1m(k̂i, k̂)dkxdky · Hi. (23)

In Eqs.(22) and (23), the near field scattered from target #1 is expanded in terms of a spectrum of plane

waves. Then, using E s
1e and H s

1m as the illuminating fields, we can compute the secondary scattered field from

target #2 in the far-field region from the following formulae:

E s
21e =

eik0r

r

{ i

2π

∫∫

1

kz

eik0(k̂i−k̂)·r1eik0(k̂−k̂s)·r2 ¯̄S1e(k̂i, k̂) ¯̄S2e(k̂, k̂s)dkxdky

}

· Ei =
eik0r

r
¯̄S21e(k̂i, k̂s) · Ei, (24)

H s
21m =

eik0r

r

{ i

2π

∫∫

1

kz

eik0(k̂i−k̂)·r1eik0(k̂−k̂s)·r2 ¯̄S1m(k̂i, k̂) ¯̄S2m(k̂, k̂s)dkxdky

}

·Hi =
eik0r

r
¯̄S21m(k̂i, k̂s)·Hi, (25)

where ¯̄S2e(k̂, k̂s) and ¯̄S2m(k̂, k̂s) denotes the bistatic scattering matrix of target #2 and r2 is the vector position

of target #2. Employing the similar method, we can obtain the secondary scattered field from target #1 as

E s
12e =

eik0r

r

{ i

2π

∫∫

1

kz

eik0(−k̂−k̂s)·r1eik0(k̂+k̂i)·r2 ¯̄S1e(−k̂, k̂s)
¯̄S2e(k̂i,−k̂)dkxdky

}

· Ei

=
eik0r

r
¯̄S12e(k̂i, k̂s) · Ei, (26)

H s
12m =

eik0r

r

{ i

2π

∫∫

1

kz

eik0(−k̂−k̂s)·r1eik0(k̂+k̂i)·r2 ¯̄S1m(−k̂, k̂s)
¯̄S2m(k̂i,−k̂)dkxdky

}

· Hi
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=
eik0r

r
¯̄S12m(k̂i, k̂s) · Hi. (27)

Comparing Eq.(24) with Eq.(26) and Eq.(25) with Eq.(27), we can easily show that

¯̄S21e(k̂i, k̂s) = ¯̄S
(−t)
12e (−k̂s,−k̂i) , ¯̄S21m(k̂i, k̂s) = ¯̄S

(−t)
12m (−k̂s,−k̂i), (28)

where Eq.(28) results from the application of the following equalities:

¯̄S1e(k̂, k̂s) = ¯̄S
(−t)
1e (−k̂s,−k̂), ¯̄S2e(k̂i, k̂) = ¯̄S

(−t)
1e (−k̂,−k̂i), (29)

¯̄S1m(k̂, k̂s) = ¯̄S
(−t)
1m (−k̂s,−k̂), ¯̄S2m(k̂i, k̂) = ¯̄S

(−t)
1m (−k̂,−k̂i), (30)

and the superscript ( - t) denotes the matrix trans-

posing and multiplying the off-diagonal elements by

−1.

It is well known that the secondary electric field

from target #2 and #1 can be written as

E s
12 = E s

12e − Z0k̂s × H s
12m, (31)

E s
21 = E s

21e − Z0k̂s × H s
21m. (32)

Therefore, using Eqs.(28)–(32), one can easily ob-

tain the following relation:

¯̄S21(k̂i, k̂s) = ¯̄S
(−t)
12 (−k̂s,−k̂i). (33)

In the backscattering direction, k̂i = −k̂s, then

using Eq.(33), we can obtain that

¯̄S21(k̂i,−k̂i) = ¯̄S
(−t)
12 (k̂i,−k̂i). (34)

Equations(33) and (34) show that the secondary

scattered field emanated from target #2 can be ob-

tained from the secondary scattered field emanated

from target #1.

4. Electromagnetic scattering of

Gaussian beam by two parallel

adjacent plasma-coated con-

ducting cylinders

In the previous section, we have derived the ex-

pressions which can be applied to evaluate the scat-

tered field from two any adjacent 2D objects with

known geometries and dielectric properties. In this

calculation we only require the scattered fields and

equivalent surface currents of individual objects when

illuminated by a Gaussian beam. As an example of

the application of the new technology, in this section

an approximate analytical solution is derived for two

plasma-coated cylinders whose axes are parallel to x-

axis. Firstly, an assumption is made that the two

multilayered cylinders lie in the far-field region of each

other, i.e., the following conditions should be satisfied:

2r2
1

λ
< ρ̃,

2r2
2

λ
< ρ̃, (35)

where λ denotes the wavelength of the incident wave,

r1 and r2 are the radii of cylinder #1 and #2 re-

spectively. Suppose a Gaussian beam, which propa-

gates along the positive z-direction, is incident on the

cylinder-cylinder pair. As shown in Fig.2, the incident

Gaussian beam has its focal point at origin point and

W0 denotes its beam-waist radius.

Fig.2. Geometry and coordinate of the scattering

model.

Neglect the time factor exp(−iωt), the spatial dis-

tribution of the amplitude of the electric component

Eη̂ in the z = 0 plane is given by[1]

Eη̂(x, y, 0) = E0exp[−y2/W 2
0 ], (36)

where E0 denotes the amplitude of the electric com-

ponent at the centre of the beam and, in the following,

E0 is assumed to be 1. W0 is the beam-waist radius.
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The polarization vector η̂ may be chosen to be either

x̂ (TM) or ŷ (TE).

Now, we derive the approximate analytical solu-

tions of scattered field of the Gaussian beam by the

cylinder–cylinder pair.

Since Ee22 and Hm22 are both composed of two

components, Eqs.(10) and (11) can be divided into

two parts, i.e.

p̂ · EJ1 =

∫

l1

J1 · Ee22dl =

∫

l1

J1 · (Eed + Ee2s)dl

=

∫

l1

J1 · Eeddl +

∫

l1

J1 · Ee2cdl

= p̂ · E s
J1d + p̂ · E s

J12c , (37)

q̂ · Hm1 =

∫

l1

M1 · Hm22dl

=

∫

l1

M1 · (Hmd + Hm2s)d l

=

∫

l1

M1 · Hmddl +

∫

l1

M1 · Hm2cdl

= q̂ · H s
m1d + q̂ · H s

m12c , (38)

where Eed is the direct electric field generated by

Je = p̂δ(ρ− ρ0) and Hmd is the direct magnetic field

excited by Mm = q̂δ(ρ − ρ0). Ee2c and Hm2c are

the scattered fields from cylinder #2 when illuminated

by Eed and Hmd respectively. When the observation

point ρ0 is in the far-field zone, the expressions of Eed

and Hmd along −k̂s are given by[25]

Eed(ρ0) =
−k0Z0

4
H

(1)
0 (k0ρ0)

× exp(−iks · ρ)k̂s × k̂s × p̂, (39)

Hmd(ρ0) =
−k0Y0

4
H

(1)
0 (k0ρ0)

× exp(−iks · ρ)k̂s × k̂s × q̂, (40)

where k̂s denotes the propagation direction of the scat-

tered field, k0 is the wave number of the incident wave

in free space.

By invoking the equivalent principle, suppose that

the equivalent electric and magnetic current density

on the surface of cylinder #1 are denoted by J1 and

M1 respectively, using Eqs.(37) and (38), we obtain

the following two equations:

p̂ · E s
J1d =

∫

l1

J1 · Eeddl , (41)

q̂ · H s
m1d =

∫

l1

M1 · Hmddl. (42)

Substituting Eqs.(39) and (40) into Eqs.(41) and

(42), and using the Stratton–Thu formulation,[19] we

get the first-order scattering field from cylinder #1

when illuminated by the incident Gaussian beam:

p̂ · E s
1c(r) = p̂ · (E s

J1d + E s
m1d) =

−k0Z0

4
H

(1)
0 (k0ρ0) · exp(−iks · ρ1)

p̂ ·
[

−k̂s × k̂s ×

∫

l1

J1exp(−iks · ρ
′)dl′ − Z0k̂s ×

∫

l1

M1exp(−iks · ρ
′)d l′

]

= H
(1)
0 (k0ρ0)exp(−iks · ρ1 + iki · ρ1)p̂ · S̄g

1 (k̂i, k̂s). (43)

In Eq.(43) the relation E s
m1d = −Z0k̂s × H s

m1d is used. S̄g
1 (k̂i, k̂s), the bi-static scattered electric field

amplitude vector of cylinder #1 when it is illuminated by the Gaussian beam, can be expressed as

S̄g
1(k̂i, k̂s) =























∞
∑

n=−∞

(−1)nζnanI cos(nϕ) for TE case,

∞
∑

n=−∞

(−1)nζnbnI cos(nϕ) for TM case,

(44)

where

ζn =







2 for n = 1, 2, 3 . . . ,

1 for n = 0,
(45)

and the expressions for anI and bnI are given in Ref.[1].

In a similar way, the first-order scattered field of the Gaussian beam by cylinder #2 can be written as

p̂ · E s
2c(r) = H

(1)
0 (k0ρ0)exp(−iks · ρ2 + iki · ρ2)p̂ · S̄g

2 (k̂i, k̂s), (46)
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where S̄g
2 (k̂i, k̂s), which has a similar form as S̄g

1 (k̂i, k̂s), is the bi-static scattered electric field amplitude vector

of cylinder #2 when it is illuminated by the Gaussian beam.

Thus, the first-order scattered field from the cylinder-cylinder pair can be evaluated by Eqs.(43) and (46).

In the following part, we shall derive the solutions of the secondary scattered field.

Under the approximation that Eed and Hmd are considered as plane wave propagating along the −k̂s

direction, in Eqs.(37) and (38) the expressions for Ee2c and Hm2c can be written as

Ee2c(r) =
−k0Z0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)H

(1)
0 (k0ρ

′′)S̄p
e2c(−k̂s, ρ

′′) , (47)

Hm2c(r) =
−k0Y0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)H

(1)
0 (k0ρ

′′)S̄p
m2c(−k̂s, ρ

′′) , (48)

where S̄p
e2c(−k̂s, ρ

′′) and S̄p
m2c(−k̂s, ρ

′′) are the electric and magnetic field bi-static scattering amplitude vector

of cylinder #2 when it is illuminated by a plane wave.[26] ρ′′ is the distance between the axis of cylinder #2

and the point at ρ, that is ρ′′ = |ρ− ρ2| and ρ̂′′ = (ρ− ρ2)/|ρ− ρ2|. Then, using Eqs.(37) and (38), we obtain

the following two equations:

p̂ · E s
J12c =

−k0Z0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)

∫

l1

J1 · H
(1)
0 (k0ρ

′′)S̄p
e2c(−k̂s, ρ

′′)dl′′, (49)

q̂ · H s
m12c =

−k0Y0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)

∫

l1

M1 · H
(1)
0 (k0ρ

′′)S̄p
m2c(−k̂s, ρ̂

′′)dl′′, (50)

where J1 and M1 denote the equivalent electric and magnetic current density on the surface of cylinder #1

respectively when illuminated by the incident Gaussian beam.

Keeping in mind the conditions on the dimensions of, and the distance between, the cylinders as specified

in Eq.(35), we can evaluate analytically Eqs.(49) and (50). In Eqs.(49) and (50), noting that ρ is the position

of the point on the surface of cylinder #1, then we have |ρ2 − ρ| ≈ |ρ2 − ρ1|, thus

ρ̂′′ =
(ρ − ρ2)

|ρ − ρ2|
≈

(ρ1 − ρ2)

|ρ1 − ρ2|
= − ˆ̃ρ . (51)

Under this approximation, in Eqs.(49) and (50), S̄e2c(−k̂s, ρ̂
′′) and S̄m2c(−k̂s, ρ̂

′′) are not functions of the

integration variables. Therefore, these two equations can be rewritten as

p̂ · E s
J12c =

−k0Z0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)S̄

p
e2c(−k̂s,− ˆ̃ρ) ·

∫

l1

J1 · H
(1)
0 (k0ρ

′′)d l′′

=
k0Z0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)S̄

p
e2c(−k̂s,− ˆ̃ρ) ·

[

ˆ̃ρ × ˆ̃ρ ×

∫

l1

J1 · H
(1)
0 (k0ρ

′′)dl′′
]

, (52)

q̂ · H s
m12c =

−k0Y0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)S̄

p
m2c(−k̂s,− ˆ̃ρ) ·

∫

l1

M1 · H
(1)
0 (k0ρ

′′)d l′′

=
−k0Y0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)[− ˆ̃ρ × S̄p

e2c(−k̂s,− ˆ̃ρ)] ·

∫

l1

M1 · H
(1)
0 (k0ρ

′′)d l′′

=
−k0Y0

4
H

(1)
0 (k0ρ0)exp(−iks · ρ2)S̄

p
e2c(−k̂s,− ˆ̃ρ) ·

[

ˆ̃ρ ×

∫

l1

M1 · H
(1)
0 (k0ρ

′′)dl′′
]

. (53)

Using Eqs.(52) and (53), we get the secondary scattered field p̂ · E s
12c from cylinder #2:

p̂ · E s
12c = p̂ · (E s

J12c + E s
m12c) = H

(1)
0 (k0ρ0)exp(−iks · ρ2)S̄

p
e2c(−k̂s,− ˆ̃ρ)

·
{−k0Z0

4
ˆ̃ρ × ˆ̃ρ ×

∫

l1

J1 · H
(1)
0 (k0ρ

′′)dl′′ −
k0

4
ˆ̃ρ ×

∫

l1

M1 · H
(1)
0 (k0ρ

′′)d l′′
}

≈ H
(1)
0 (k0ρ0)exp(−iks · ρ2 + iki · ρ1)S̄

p
e2c(−k̂s − ˆ̃ρ) · H

(1)
0 (k0|ρ̃|)S̄

g
e1c(k̂i, ˆ̃ρ) , (54)

where S̄p
e2c(−k̂s,− ˆ̃ρ) is the bi-static scattered electric field amplitude vector of the cylinder #2 when it is

illuminated by a plane wave and S̄g
e1c(k̂i, ˆ̃ρ) is the scattered electric field amplitude vector of cylinder #1 when
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the incident wave is a Gaussian beam. Meanwhile, in Eq.(54), the relation E s
m12s = −Z0k̂s × H s

m12s and the

Stratton–Thu formulation are used.

Using the similar method, we can obtain the secondary scattered field from cylinder #1 as

p̂ · E s
21c ≈ H

(1)
0 (k0ρ0)exp(−iks · ρ1 + iki · ρ2)S̄

p
e1c(−k̂s, ˆ̃ρ) · H

(1)
0 (k0|ρ̃|)S̄

g
e2c(k̂i,− ˆ̃ρ) , (55)

where S̄p
e1c(−k̂s, ˆ̃ρ) is the bi-static scattered electric

field amplitude of the cylinder #1 when it is illumi-

nated by a plane wave, S̄g
e2c(k̂i,− ˆ̃ρ) is the scattered

electric field amplitude vector of cylinder #2 when

the incident wave is a Gaussian beam. It should

be noted that Eq.(55) can also be obtained from

Eq.(54) by employing the relation given by Eq.(33).

Thus, the total scattered field up to second-order is

(p̂ · E s
1s + p̂ · E s

2s + p̂ · E s
12s + p̂ · E s

21s).

5. Numerical results

If the value of the beam-waist radius becomes big

enough, the problem of a Gaussian beam is simplified

to the problem of a plane wave. For the numerical

electromagnetic code (NEC), which is a computational

package based on the TDIFM, we have only provides

results for plane wave. Therefore, to check the valid-

ity of the present method, the scattering results of a

plane wave from two adjacent plasma-coated conduct-

ing cylinders are compared with the data obtained by

using NEC.

Figure 3 gives the elevation patterns of bi-static

scattering width for two homogeneous plasma-coated

conducting cylinders when the polarization direction

of the electric field is along the positive x-axis. The

radii of cylinder #1 and #2 are both equal to 0.01m

and the thickness of the plasma coating on the two

cylinders is 0.005m. The position vectors of the cylin-

ders are ρ1 = (y1, z1) = (0 m, 0 m) and ρ2 = (y2, z2) =

(0.05 m, 0.07 m) respectively. Here the collision fre-

quency and the electron density of the plasma are

Ve = 50 GHz and Ne0 = 5.0 × 1017 m−3. The beam-

waist radius is w0 = 100 m and this value is big enough

to reduce the problem of Gaussian beam to a problem

of plane wave. From Fig.3, it is found that the phase

difference between the scattered field from cylinder #1

and cylinder #2 is greater when the radar frequency is

higher. Therefore, the curves of the scattered field os-

cillate intensively with the increase of radar frequency.

Meanwhile, one can also see that the second-order

result obtained by using our method provides a rea-

sonable approximation and is in agreement with the

TDIEM data over the angular range.

Fig.3. Bi-static scattering width of two parallel ad-

jacent cylinders versus scattering angle θs for different

radar frequencies.

Figure 4 gives the elevation patterns of bi-static

scattering width for two homogeneous plasma-coated

conducting cylinders when the polarization direction
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of the electric field is along the positive y-axis. Here,

the other parameters are the same as those in Fig.3.

As shown in Fig.4, it is obvious that the effect of the

secondary scattered field becomes smaller with the in-

crease of the separation between the two cylinders. In

Fig.4, it is shown that when the separation between

the two cylinders is 0.2 m, in this case, the two cylin-

ders are located far enough apart, the secondary scat-

tering field shows very little effect on the composite

field and the first- and second-order scattering results

are both in agreement with the TDIEM computation

results. From Fig.4, it is also obvious that the second-

order result provides a reasonable approximation for

different separations.

Fig.4. Bi-static scattering width of two homogeneous

plasma-coated conducting cylinders for various sepa-

rations.

In the following discussion, the problem of scat-

tering of Gaussian beam by two inhomogeneous

plasma-coated conducting cylinders is considered. To

deal with this type of problem, the inhomogeneous

plasma coating can be divided into many uniform

plasma layers. Suppose that the electron density pro-

file of the inhomogeneous plasma coating takes the

form of parabola distribution along radial direction.

The electron density of each layer can be expressed as

Ne(i) = Ne0 −Ne0 [ri − r0/d]2, where Ne0 is the centre

electron density and Ne(i) denotes electron density of

the ith layer, r0 and ri are the radii of the conducting

cylinder and the ith layer respectively, and d denotes

the thickness of the inhomogeneous plasma coating.

In Fig.5, the radii of the conducting cylinder #1

and #2 are both 0.5m, the incident radar frequency

is 5GHz and the polarization direction of the electric

field is along the positive y-axis (TE). The position

vectors of the cylinders are ρ1 = (y1, z1) = (0m, 0m)

and ρ2 = (y2, z2) = (3.0m, 4.0m) respectively. The

beam-waist radius is w0 = 0.5 m. Here, the other pa-

rameters are the same as those in Fig.3. From Fig.5,

one can observe that the attenuation of the scattering

width between the angular ranges from 20◦ to 340◦ is

very obvious. And it is also shown that the attenu-

ation of the scattering width becomes stronger with

the increasing thickness of the plasma coating.

Fig.5. Angular distribution of the bi-static scattering

width for different thicknesses of the plasma coating.

Figure 6 gives the backscattering width versus the

radar frequency for different centre electron densities.

The radius of the cylinders and the thickness of the

inhomogeneous plasma coatings are 0.3 m and 0.05 m,

respectively. The position vectors of the cylinders

are ρ1 = (y1, z1) = (0m, 0m) and ρ2 = (y2, z2) =

(1.4m, 1.7m) respectively. The other parameters are

the same as those in Fig.5. As shown in Fig.6, with
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the increase of the centre electron density, the attenu-

ation of the backscattering width is greater and the at-

tenuation bandwidth is broadened. This phenomenon

can be explained by the reason that higher electron

density will cause more intense collision between elec-

tron and the other particles and then the absorption

of the plasma layer becomes stronger. Because the

cutoff frequency of the plasma layer increases for the

increasing centre electron density, from Fig.6, it is also

observed that the radar frequency, which corresponds

to the minimum value of the backscattering width, is

increscent with the increase of the electron density of

the plasma coating.

Fig.6. Backscattering width versus radar frequency

f0 for various centre electron densities.

In Fig.7, the radius of the cylinders is 0.1 m, the

position vectors of the cylinders are

ρ1 = (y1, z1) = (0m, 0m)

and

ρ2 = (y2, z2) = (0.4m, 0.7m)

respectively. And the other parameters are the same

as those in Fig.3. From Fig.7, one can observe

that with the increase of the thickness of the plasma

layer, the attenuation of the backscattering width is

stronger. However, for different thicknesses of the

plasma layer, the collision frequency, which corre-

sponds to the minimum value of the backscattering

width, is a constant value, which is equal to the an-

gular frequency of the incident beam. This is because

that when collision frequency of the plasma is equal to

the angular frequency of the incident wave, resonance

absorption will occur. Figure 8 gives the backscatter-

ing width versus collision frequency for various elec-

tron densities. Here, the other parameters are the

same as those in Fig.7. From Fig.8, it is obvious that

the attenuation of the backscattering width is stronger

if the electron density is higher. From Figs.7 and 8,

for a given radar beam, it can also be seen that the

resonance attenuation only depends on the collision

frequency of the plasma.

Fig.7. Backscattering width versus collision fre-

quency Ve for different thickness of the coated plasma

layer.

Fig.8. Backscattering width versus collision fre-

quency Ve for different electron density.

6. Conclusions

In this paper, based on the equivalence principle

and the reciprocity theorem, a general technique has

been developed for deriving the scattered field up to

second order from two parallel 2D targets. And the

relation of the secondary scattered field from target

#1 and target #2 is obtained. Specifically, the for-

mulations are applied to obtain approximate analyt-

ical solutions for the second-order scattered fields of

Gaussian beam from two adjacent plasma-coated cir-

cular cylinders. The validity of the present method
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was verified by comparison with the time domain in-

tegral equation computations, and agreement is ob-

tained. Meanwhile, the effects of the electron density,

collision frequency and thickness of the plasma layer

on the scattering width are discussed in detail and

some significant conclusions are obtained. It should

be pointed out that the method proposed in this pa-

per can also be extended to the problem of the elec-

tromagnetic scattering from 3D targets.
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