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Chaos feature of test particle in the
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In this paper we investigate the dynamics of a test particle in the gravitational field with a quadrupole. By

constructing Poincaré sections for different values of the parameters and initial conditions, we find a chaotic evolution.

From these Poincaré sections, we further confirm that the chaotic evolution of the test particle originates from the

quadrupole.

Keywords: chaos, Poincaré section, quadrupole
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1. Introduction

Chaotic behaviours were considered as an inter-

esting phenomenon by many physicists since Lorenz[1]

found the deterministic non-periodic flow in 1963.

Since then, chaos has become one of the most impor-

tant ideas used to explain various nonlinear phenom-

ena in nature. Following Poincaré’s research of the

three-body problem, many studies on chaos in celestial

mechanics and astrophysics have been performed.[2,3]

There are two main lines of the research in general

relativity, some deal with the chaos associated with

inhomogeneous cosmological models. For example,

Oliveira and co-workers [4−7] have studied the chaotic

behaviour in the Bianchi IX model. The others as-

sume a given metric then look for chaotic behaviours

of the geodesic motion in a given background. Al-

though we know many features of chaos in the New-

tonian dynamics, we do not know, as yet, much about

those in general relativity. Because the gravitational

field around a black hole is very strong and non-

linear, we expect to find a new type of chaotic be-

haviour in such a strong gravitational field which

does not appear in Newtonian dynamics.[8−10] Some

authors[11−19] found the chaotic behaviour of a test

particle in a relativistic system. Letelier et al
[20−22]

investigated the chaos in black holes with halos. Chen

and co-workers[23−31] and Wang and Tang[31] inves-

tigated the dynamics of an extremely charged black

hole. Saa[32,33] extended the investigation on the inte-

grability of oblique orbits of the test particle in several

gravitational fields. And there are many examples

in the literature of chaotic motions involving black

holes, such as the fixed two-centre problem,[12,34,35]

a black hole surrounded by gravitational waves,[36,37]

and several core-shell models relevant to the descrip-

tion of galaxies.[38] As a Newtonian case, recent works

of Chicone et al
[39] were devoted to the chaotic be-

haviour of the Hill system. In order to investigate the

chaotic behaviour of the dynamic systems, many re-

searchers concentrated on the study of chaotic dynam-

ics in general relativity with the Poincaré–Melnikov

method.[40,41] The Melnikov method is an analytical

criterion to determine the occurrence of chaos in in-

tegrable systems in which homoclinic (or heteroclinic)

manifolds biasymptotic to unstable critical points or

to periodic orbits (more generally to invariant tori)

are subjected to small perturbations.

It is well known that the non-spherical-

symmetrical mass distribution is a common phe-

nomenon. So it is interesting to investigate the evo-

lution of the test particle in the space-time of gravi-

tational field with a quadrupole. In this paper, using

Poincaré sections for different initial conditions, we

find that there are chaotic motions of the test parti-

cle in the gravitational field with a quadrupole. In
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Section 2 we investigate the Hamiltonian of the gravi-

tational field with a quadrupole. In Section 3 we con-

struct Poincaré sections for different parameters and

find the chaotic evolution of the test particle in the

gravitational field with a quadrupole, which originates

from the non-spherical-symmetrical mass distribution.

In the last section, a brief conclusion is given.

2. Hamiltonian of the gravita-

tional field with a quadrupole

Wang[42] gave the metric of the gravitational field

with a quadrupole. Because the space-time of our

system is of a static axial-symmetry, using cylindri-

cal coordinates (r, θ, z) to describe the space–time, we

obtain the potential to describe the gravitational field

with a quadrupole in Newtonian limits,

V = − GM√
r2 + z2

+
3σz2

(r2 + z2)5/2
− σ

(r2 + z2)3/2
, (1)

where M and σ are the mass and quadrupole of

the gravitational source, respectively, and r2 + z2 =

x2 + y2 + z2, where x, y, z are the usual Cartesian co-

ordinates.

We know that the angular momentum L in the z

direction is conserved and we can also easily reduce

the three-dimensional (3D) original problem to a two-

dimensional (2D) one in coordinates (r, z). Now we

consider the bounded orbit for the test particle under

the potential (1), so in Newtonian limits the Hamilto-

nian is

H =
ṙ2 + ż2

2
+

L2

2r2
− GM√

r2 + z2

+
3σz2

(r2 + z2)5/2
− σ

(r2 + z2)3/2
. (2)

Hamiltonian–Jacobi equations corresponding to

Hamiltonian (2) can be properly separated in

parabolic coordinates,[43,44] leading to the second con-

stant of the motion

C = Rz − α
r2

2
, (3)

where Rz is the z component of the Laplace–Runge–

Lenz vector

R =
M√

r2 + z2
(rr̂ + zẑ) + V × L, (4)

where L stands for the total angular momentum. In

this case, with two constants of motion H and C, the

equations for the trajectories of the test particle can be

reduced to quadrature in parabolic coordinates[43,44]

and we notice that the equations of the evolution are

invariant under the following rescaling:

r →λr, z → λz, t → λt, M → λM,

Q →λQ, P → λP, H → λH. (5)

3. Numerical computing

In this section, we figure out the evolution of

the test particle in the phase space by using the

Poincaré section method, and investigate the prop-

erties of the dynamics of the test particle in the grav-

itational field with a quadrupole. In order to inves-

tigate the evolutions of the test particle in the grav-

itational field with a quadrupole and its chaotic be-

haviour, we use variables (ṙ, ż, r, z) and the package

Poincaré[45] to perform the following numerical exper-

iments and to investigate the chaotic behaviour of a

dynamical system. Based on the nonlinear dynami-

cal theory, if the evolution is not chaotic, the plot-

ted points form a closed curve in the 2D (ṙ, r) plane,

because a regular orbit will move on a torus in the

phase space and the curve is a cross section of the

torus. If the orbit is chaotic, some of those tori will

be broken and the Poincaré section does not consist

of a set of closed curves, but the points will be dis-

tributed randomly in the allowed region to form a

chaotic sea. From the distribution of the points in

the Poincaré section, we can judge whether the evo-

lution is chaotic or not. Figures 1–4 show the typical

Poincaré sections across the plane z = 0 for differ-

ent initial conditions. In Fig.1 and 2 we present the

Poincaré section for GM = 1, L2 = 0.4, σ = 0.01 and

H = −0.50533901, and GM = 1, L2 = 0.4, σ = 0.1

and H = −0.48942911. We can see that some points

are distributed randomly in a finite region to form

a chaotic sea. If we go on changing the parameters

and the initial conditions to draw Figs.3 and 4 for

GM = 1, L2 = 0.4, σ = 1, H = −0.33033009 and

GM = 1, L2 = 0.4, σ = 1.15, H = −0.30381358, a

far larger chaotic sea will be obtained in an allowed

region. This means that the evolution of the test par-

ticle in this gravitational field will change into chaos.

By comparing the parameters of Figs.1–4, we can find

that the chaotic behaviour mainly originates from the

quadrupole.
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Fig.1. Poincaré section (ṙ, r) across the plane z = 0,

ż > 0 for GM = 1, L2 = 0.4, σ = 0.01 and

H = −0.50533901.

Fig.2. Poincaré section (ṙ, r) across the plane z = 0,

ż > 0 for GM = 1, L2 = 0.4, σ = 0.1 and H =

−0.48942911.

Fig.3. Poincaré section (ṙ, r) across the plane z = 0,

ż > 0 for GM = 1, L2 = 0.4, σ = 1 and H =

−0.33033009.

Fig.4. Poincaré section (ṙ, r) across the plane z = 0,

ż > 0 for GM = 1, L2 = 0.4, σ = 1.15 and

H = −0.30381358.

————————————————————————————
|

4. Conclusions

In this paper we have investigated the evolution

of a test particle in the gravitational field with a

quadrupole. We have constructed Poincaré sections

for different values of parameters and initial condi-

tions. From these Poincaré sections we have found

the chaotic evolution. By comparing these Poincaré

sections, we confirm that the chaotic evolution of the

test particle mainly originates from the quadrupole.
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