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Protocol for multi-party superdense coding

by using multi-atom in cavity QED*
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We present a protocol for multi-party superdense coding by using multi-atom in cavity quantum electrodynamics

(QED). It is shown that, with a highly detuned cavity mode and a strong driving field, the protocol is insensitive to

both cavity decay and thermal field. It is even certain to identify GHZ states via detecting the atomic states. Therefore

we can realize the quantum dense coding in a simple way in the multiparty system.
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1. Introduction

The quantum entanglement state[1−2] is an im-

portant tool to distinguish the quantum mechanics

from the classical physics. In quantum information

processing, there are many useful applications of en-

tangled states such as quantum dense coding,[3] quan-

tum teleportation[4] and quantum cryptography.[5]

Here we focus on quantum dense coding. Normally the

classical capacity of the transmission channel is one

bit; however, in dense coding, with the help of entan-

glement, two bits can be transmitted by sending only

one quantum bit (qubit). Two-particle quantum dense

coding has been experimentally demonstrated by us-

ing optical systems and techniques of nuclear mag-

netic resonance.[6−8] Recently, a lot of dense coding

schemes including applications have been considered

by many authors. But the decoherence of the cavity

field is still one of the main obstacles to the imple-

mentation of quantum information in cavity quantum

electrodynamics (QED). In Ref.[9], Zheng proposed a

scheme where atoms interact simultaneously with a

highly detuned cavity mode with the assistance of a

classical field. The scheme is insensitive to the cavity

decay and the thermal field. Following this idea, Ye

and Guo proposed a scheme[10] to implement quan-

tum dense coding for two two-level atoms via cavity

QED. However, only two-particle dense coding case

was studied.

Recently, preparation[9,11] and applications[12,13]

of multipartite entangled states are a hot topic in

the field of quantum information. It has been shown

that multiparticle states have many advantages over

the two-particle Bell states in quantum cloning,[14,15]

quantum teleportation[16] and superdense coding.[17]

In this paper, we generalize the scheme of dense

coding[10] to multiparty system by considering the in-

teraction of N + 1 two-level atoms in cavity QED.

The distinct advantage[10] of the protocol is that dur-

ing the passage of the atoms through the cavity field,

a strong classical field is accompanied so that the

photon-number-dependent parts are cancelled. Thus

the scheme is insensitive to both cavity decay and the

thermal field. More importantly, 2N+1 GHZ states

can be exactly identified by detecting atoms sepa-

rately. Thus, the complexity of GHZ-state measure-

ment is reduced.

2. Model

First we consider k identical two-level atoms si-

multaneously interacting with a single-mode quantum

cavity field and driven by a classical field. In the

strong driving regime 2Ω ≫ δ, g and in the case

δ ≫ g/2 (Ω is the Rabi frequency of the classical

field, g is the atoms-cavity coupling strength and δ is

the detuning between the atomic transition frequency

and the cavity field frequency), there is no energy ex-

change between the atomic system and the cavity. In
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the interaction picture, the effective Hamiltonian can

be described as follows:[9,10]

Heff =H0 +He,

H0 =Ω

k∑

j=1

(S+
j + S−

j ),

He =λ[
1

2

k∑

j=1

(|ej〉〈ej | + |gj〉〈gj |)

+

k∑

j,l=1

(S+
j S

+
l + S+

j S
−
l + H.C.)], j 6= l,

(1)

where λ = g2/2δ, S+
j = |ej〉〈gj |, S−

j = |gj〉〈ej |, with

|ej〉 and |gj〉 (j = 1, 2, · · · , k) being the excited and

ground states of the jth atom. Here we have assumed

that the transition frequency of atoms is equal to the

frequency of classical field. We note that the effective

Hamiltonian is independent of the cavity field state,

allowing it to be in a thermal state. The effective

Hamiltonian Heff can also be rewritten as

Heff = 2(ΩSx + λS2
x), (2)

where Sx =
1

2

k∑
j=1

(S+
j + S−

j ). Then the evolution op-

erator of the system is given by

U(t) = e−iHeff t = e−i2(ΩSx+λS2
x
)t. (3)

Using the representation of the operator Sz, the

atomic states |g1g2 · · · gk〉 and |e1e2 · · · ek〉 can be ex-

pressed as |k/2,−k/2〉 and |k/2, k/2〉, respectively.

On the other hand, such states can be expanded in

terms of the eigenstates of Sx
[18−20] as follows:

|k/2,−k/2〉 =

M=k/2∑

M=−k/2

CM |k/2,M〉x, (4)

|k/2, k/2〉 =

M=k/2∑

M=−k/2

CM (−1)k/2−M |k/2,M〉x. (5)

We assume that the atoms are initially in the state

|g1g2 · · · gk〉. The evolution of the system is

M=k/2∑

M=−k/2

CMe−2i(ΩM+λM2)t|k/2,M〉x. (6)

When k is even, M is an integer, with the choice

λt = π/4 and Ωt = nπ we obtain

1√
2

M=k/2∑

M=−k/2

CM [e−iπ/4

+ eiπ/4(−1)M ]|k/2,M〉x

=
1√
2
[e−iπ/4|g1g2 · · · gk〉

+ eiπ/4(−1)k/2|e1e2 · · · ek〉]. (7)

On the other hand, for the case where k is odd we

chose λt = π/4 and Ωt = (2n + 3/4)π. Then we ob-

tain

1√
2
ei(7/8)π[e−iπ/4|g1g2 · · · gk〉

+ eiπ/4(−1)(1+k)/2|e1e2 · · · ek〉]. (8)

If the k atoms are initially in the state |g1 · · · giei+1 · · ·
ejgj+1 · · · gk〉, from Eqs.(2), (3), (6) and (7), we ob-

tain the following evolution:

————————————————————————————
|

|g1 · · · giei+1 · · · ejgj+1 · · · gk〉
U(t)−→ 1√

2
[eiπ/4(−1)k/2|e1 · · · eigi+1 · · · gjej+1 · · · ek〉

+ e−iπ/4|g1 · · · giei+1 · · · ejgj+1 · · · gk〉], (9)

with k is even (λt = π/4, Ωt = nπ), and

|g1 · · · giei+1 · · · ejgj+1 · · · gk〉
U(t)−→ 1√

2
ei(7/8)π[eiπ/4(−1)(k+1)/2|e1 · · · eigi+1 · · · gjej+1 · · · ek〉

+ e−iπ/4|g1 · · · giei+1 · · · ejgj+1 · · · gk〉], (10)

with k is odd (λt = π/4, Ωt = 2nπ + 3/4π).
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3. Superdense coding

Now, we present our scheme for dense coding be-

tween multiparties. There are N + 1 users sharing

an (N+1)-particle state |g1g2 · · · gNeN+1〉, possessing

one particle each. Suppose that one of them, say user

N + 1, intends to receive messages from the other N

users. Firstly, we let the N + 1 atoms interact simul-

taneously with a single-mode cavity, at the same time

are driven by a classical field. The state evolution of

the system is described by Eq.(3). Now we consider

the following two cases (N + 1 is even or odd).

Case I where N + 1 is even. With the choice of

λt = π/4 and Ωt = nπ, the whole state evolves to the

maximally (N + 1)-atom entangled state

|ψ0〉 =
1√
2
(|g1g2 · · · gNeN+1〉

+ i(−1)
N+1

2 |e1e2 · · · eNgN+1〉). (11)

To realize the quantum dense coding, the N senders

mutually decided a priori to perform only certain uni-

tary operations on their particles. User 1 can perform

all the 4 one-body operations {I, σx, iσy, σz} (where

I is the identity operator and σi are three Pauli op-

erators), and user 2 through user N can only perform

the 2 one-body operations {σx, σz}. Then the N users

can encode their messages by performing their allowed

operations on the particles at their disposal and re-

turn the particles to user N + 1. The N senders are

allowed to perform 22 × 2 × · · · × 2 = 2N+1 differ-

ent combinations of the one-body unitary operations

on the (N + 1)−particle maximally entangled state in

Eq.(10). There are 2N+1 unitary operators to map the

state in Eq.(10) to different GHZ states. In this case

user N + 1 possesses N + 1 atoms. Now what user

N + 1 wants to do is know how to identify the 2N+1

states.

User N + 1 lets N + 1 atoms simultaneously in-

teract with another single-mode cavity and at the

same time N + 1 atoms are driven by a classi-

cal field. The system evolution is described by

Eq.(3). If we choose the interaction time τ and

Rabi frequency Ω appropriately so that λτ = π/4,

Ωτ = nπ, the different GHZ states will be orthog-

onal states |g1g2 · · · gNgN+1〉, |g1g2 · · · gNeN+1〉, · · · ,
|e1e2 · · · eNgN+1〉, |e1e2 · · · eNeN+1〉 in the Hilbert

space of N + 1 particles. Hence, the GHZ-state mea-

surement can be achieved by detecting atoms 1, 2, · · · ,
N+1 separately. User N+1 can read out N+1 bits of

classical information after performing a measurement

on each joint state of the N + 1 qubits.

To present our scheme more clearly, now we con-

sider four-party (N + 1 = 4) dense coding. Assume

that four atoms are initially in the state |g1g2g3e4〉.
The four atoms are simultaneously sent into the cav-

ity discussed above. With the choice of λt = π/4 and

Ωt = π, we obtain the maximally four-atom entangled

state from Eq.(10) as follows:

1√
2
(|g1g2g3e4〉 + i|e1e2e3g4〉). (12)

To realize the quantum dense coding, user 1 performs

one of the four local operations {I, σx, iσy, σz} on his

atom 1, user 2 and user 3 can perform one of the two

operators {σx, σz} on their atoms. Through simple

calculation, it can be shown that the 4 × 2 × 2 = 16

different unitary operators

————————————————————————————
|

U0 =I ⊗ σz ⊗ σz , U1 = I ⊗ σz ⊗ σx, U2 = I ⊗ σx ⊗ σx, U3 = I ⊗ σx ⊗ σz ,

U4 =σx ⊗ σz ⊗ σz, U5 = σx ⊗ σz ⊗ σx, U6 = σx ⊗ σx ⊗ σx, U7 = σx ⊗ σx ⊗ σz ,

U8 =σz ⊗ σz ⊗ σz , U9 = σz ⊗ σz ⊗ σx, U10 = σz ⊗ σx ⊗ σx, U11 = σz ⊗ σx ⊗ σz ,

U12 =iσy ⊗ σz ⊗ σz , U13 = iσy ⊗ σz ⊗ σx, U14 = iσy ⊗ σx ⊗ σx, U15 = iσy ⊗ σx ⊗ σz (13)

will transform the state |ψ0〉 into the following states, respectively:

U0|ψ0〉 = |ψ0〉 =
1√
2
(|g1g2g3e4〉 + i|e1e2e3g4〉, U1|ψ0〉 = |ψ1〉 =

1√
2
(|g1g2e3e4〉 − i|e1e2g3g4〉,

U2|ψ0〉 = |ψ2〉 =
1√
2
(|g1e2e3e4〉 + i|e1g2g3g4〉, U3|ψ0〉 = |ψ3〉 =

1√
2
(|g1e2g3e4〉 − i|e1g2e3g4〉,

U4|ψ0〉 = |ψ4〉 =
1√
2
(|e1g2g3e4〉 + i|g1e2e3g4〉, U5|ψ0〉 = |ψ5〉 =

1√
2
(|e1g2e3e4〉 − i|g1e2g3g4〉,

U6|ψ0〉 = |ψ6〉 =
1√
2
(|e1e2e3e4〉 + i|g1g2g3g4〉, U7|ψ0〉 = |ψ7〉 =

1√
2
(|e1e2g3e4〉 − i|g1g2e3g4〉,
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U8|ψ0〉 = |ψ8〉 =
1√
2
(|g1g2g3e4〉 − i|e1e2e3g4〉, U9|ψ0〉 = |ψ9〉 =

1√
2
(|g1g2e3e4〉 + i|e1e2g3g4〉,

U10|ψ0〉 = |ψ10〉 =
1√
2
(|g1e2e3e4〉 − i|e1g2g3g4〉, U11|ψ0〉 = |ψ11〉 =

1√
2
(|g1e2g3e4〉 + i|e1g2e3g4〉,

U12|ψ0〉 = |ψ12〉 =
1√
2
(−|e1g2g3e4〉 + i|g1e2e3g4〉, U13|ψ0〉 = |ψ13〉 =

1√
2
(−|e1g2e3e4〉 − i|g1e2g3g4〉,

U14|ψ0〉 = |ψ14〉 =
1√
2
(−|e1e2e3e4〉 + i|g1g2g3g4〉, U15|ψ0〉 = |ψ15〉 =

1√
2
(−|e1e2g3e4〉 − i|g1g2e3g4〉.

(14)

|————————————————————————————

Now user 1, 2 and 3 send their atoms to user 4.

In this case user 4 has 4 atoms 1, 2, 3, 4. Then user

4 let the four atoms simultaneously interact with an-

other single-mode cavity and at the same time four

atoms are driven by a classical field. The system

evolution is described by Eq.(3). With the choice

of λτ = π/4,Ωτ = π(τ is the interaction time), the

above quantum state will be

|ψ0〉 → i|e1e2e3g4〉, |ψ1〉 → |g1g2e3e4〉,
|ψ2〉 → i|e1g2g3g4〉, |ψ3〉 → |g1e2g3e4〉,
|ψ4〉 → i|g1e2e3g4〉, |ψ5〉 → |e1g2e3e4〉,
|ψ6〉 → i|g1g2g3g4〉, |ψ7〉 → |e1e2g3e4〉,
|ψ8〉 → |g1g2g3e4〉, |ψ9〉 → i|e1e2g3g4〉,
|ψ10〉 → |g1e2e3e4〉, |ψ11〉 → i|e1g2e3g4〉,
|ψ12〉 → −|e1g2g3e4〉, |ψ13〉 → −i|g1e2g3g4〉,
|ψ14〉 → −|e1e2e3e4〉, |ψ15〉 → −i|g1g2e3g4〉.

(15)

Hence, the GHZ-state measurement can be

achieved by detecting atoms 1, 2, 3, 4 separately. With

the measurements on user 4’s four atoms, user 4 can

identify 16 operations on state |ψ0〉, that is, what the

messages are that users 1, 2, 3 have encoded in the

quantum state.

Case II where N+1 is odd. The quantum dense

coding procedure is the same as in case I except

for the choice of λt = π/4 and Ωt = 2nπ + 3π/4

(λτ = π/4,Ωτ = 2nπ + 3π/4). Now we take 3-party

dense coding for example. Consider the initial state

of three atoms 1, 2 and 3 to be |g1g2e3〉. With the

choice of λt = π/4 and Ωt = 3π/4, the system evolves

to the following state from the evolution operator in

Eq.(3):

|ψ′
0〉 =

1√
2
(|g1g2e3〉 + i|e1e2g3〉). (16)

Then user 1 and user 2 perform the following unitary

operation on their atoms:

U ′
0 = σz ⊗ σz , U ′

1 = I ⊗ σz ,

U ′
2 = iσy ⊗ σz , U ′

3 = σx ⊗ σz ,

U ′
4 = I ⊗ σx, U ′

5 = σz ⊗ σx,

U ′
6 = σx ⊗ σx, U ′

7 = iσy ⊗ σx. (17)

The eight operations will transform |ψ′
0〉 to different

GHZ-states,

U ′
0|ψ′

0〉 = |ψ′
0〉 =

1√
2
(|g1g2e3〉 + i|e1e2g3〉),

U ′
1|ψ′

0〉 = |ψ′
1〉 =

1√
2
(|g1g2e3〉 − i|e1e2g3〉),

U ′
2|ψ′

0〉 = |ψ′
2〉 =

1√
2
(−|e1g2e3〉 − i|g1e2g3〉),

U ′
3|ψ′

0〉 = |ψ′
3〉 =

1√
2
(|e1g2e3〉 − i|g1e2g3〉),

U ′
4|ψ′

0〉 = |ψ′
4〉 =

1√
2
(|g1e2e3〉 + i|e1g2g3〉),

U ′
5|ψ′

0〉 = |ψ′
5〉 =

1√
2
(|g1e2e3〉 − i|e1g2g3〉),

U ′
6|ψ′

0〉 = |ψ′
6〉 =

1√
2
(|e1e2e3〉 + i|g1g2g3〉),

U ′
7|ψ′

0〉 = |ψ′
7〉 =

1√
2
(−|e1e2e3〉 + i|g1g2g3〉).

(18)

Then user 1 and user 2 send their atoms to user 3. In

this case, user 3 let the three atoms interact with an-

other single-mode cavity, at the same time the atoms

are driven by a classical field. The system evolu-

tion is described by Eq.(3). With the same choice of

λτ = π/4 and Ωτ = 3π/4 (τ is the interaction time),

the eight states evolve to orthogonal product states

|ψ′
0〉 → i|e1e2g3〉, |ψ′

1〉 → |g1g2g3〉,
|ψ′

2〉 → −i|g1e2g3〉, |ψ′
3〉 → |e1g2e3〉,

|ψ′
4〉 → i|e1g2g3〉, |ψ′

5〉 → |g1e2e3〉,
|ψ′

6〉 → i|g1g2g3〉, |ψ′
7〉 → −|e1e2e3〉. (19)

Hence, the GHZ-state measurement can be achieved

by detecting atoms 1, 2 and 3 separately. With the
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measurement on user 3’s three atoms, user 3 can read

out the messages user 1 and user 2 have encoded. So

he receives 3 bits of classical information from user 1

and 2. Thus the dense coding is achieved.

4. Experimental results and con-

clusion

It is noted that in the case when N + 1 = 2

we obtain the result of two-particle quantum dense

coding in Ref.[10]. Based on cavity QED techniques

presently the proposed scheme has the same exper-

imental results as those in Ref.[10], namely, for the

Rydberg atoms with principal quantum numbers 49,

50, 51, the radiative time is about Tr = 3 × 10−2 s,

and the coupling constant is g = 2π × 24kHz.[21,22]

The required atom-cavity-field interaction time is on

the order of T ≈ 10−4s. Then the time needed to

complete the whole procedure is much shorter than

Tr. During the preparation of the entangled state and

the GHZ-state measurement, our scheme only involves

atom-field interaction with a large detuning and does

not require the transfer of quantum information be-

tween the atoms and the cavity. In addition, with

the help of a strong classical driving field the photon-

number-dependent parts in the evolution operator are

cancelled. Thus the protocol is insensitive to both cav-

ity decay and thermal field, which is important from

the experimental point of view.

In conclusion, we generalize the scheme of biparty

dense coding[10] to multiparty case by using the inter-

action of N + 1 two-level atoms with a single-mode

nonresonant cavity with the assistance of a strong

classical driving field. Our protocol provides a way to

achieve the operations of dense coding: the generating

of entangled states and measuring of GHZ-state. GHZ

states can be exactly identified by detecting atoms

separately. Thus, the complexity of GHZ-state mea-

surement is reduced. We hope that our protocol can

be useful for further study of quantum dense coding

and other quantum information processing in multi-

party system.

———————————————————————————
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