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A three- and an (N +1)-party dense coding scheme in the case of non-symmetric Hilbert spaces of the particles of a

quantum channel are investigated by using a multipartite entangled state. In the case of the (N +1)-party dense coding

scheme, we show that the amount of classical information transmitted from N senders to one receiver is improved.
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1. Introduction

Quantum entanglement is one of the most strik-

ing features of quantum mechanics and has been used

in quantum information processing, such as quan-

tum computer,[1,2] quantum teleportation,[3−7] and

quantum secret sharing.[8−10] Quantum dense coding

(QDC) is also one of the exhibitions of entanglement

in quantum communication. Since Bennett et al
[11]

first proposed the QDC scheme, it has been deeply de-

veloped in Refs.[12]–[19]. In these proposed schemes,

the quantum channels are symmetric: that is to say,

the dimension of the Hilbert space of the particle of a

sender is the same as that of the particle of a receiver.

Bose et al
[20] have presented a dense coding scheme

among multi-parties. In this scheme, the quantum

channel is non-symmetric. The particles of senders

are in a 2N -dimensional Hilbert space, while the par-

ticle in a two-dimensional Hilbert space belongs to the

receiver. Yan and Wang [21] have given a scheme for

dense coding by using bipartite entangled state and

Fan et al
[22,23] have presented a scheme for dense cod-

ing by using the direct product state, in the case of

non-symmetric Hilbert spaces of the particles of the

quantum channel.

In this paper, we study a three-party dense coding

and an (N + 1)-party dense coding by using a multi-

partite entangled state, in the case of non-symmetric

Hilbert spaces of the particles of the quantum chan-

nel. In the case of the (N + 1)-party dense coding

scheme, we show that the amount of classical infor-

mation transmitted from N senders to one receiver is

improved, compared with the previous scheme.

2. Three-party dense coding by

using the non-symmetric quan-

tum channel

Suppose that Alice, Charlie, and Bob initially

share a maximally entangled state in a 3 × 3 × 2-

dimensional Hilbert space in the following form:

|µ1〉123 =
1√
2

(|000〉+ |111〉)123, (1)

where particle 1 belongs to Alice in a three-

dimensional Hilbert space, particle 2 belongs to Char-

lie in a three-dimensional Hilbert space, and particle

3 belongs to Bob in a two-dimensional Hilbert space.

Firstly, Alice encodes her message on qutrit 1 by

performing one of the six unitary transformations as

follows:

U00 =









1 0 0

0 1 0

0 0 1









,

U01 =









1 0 0

0 −1 0

0 0 1









,
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U10 =









0 0 1

1 0 0

0 1 0









,

U11 =









0 0 1

1 0 0

0 −1 0









,

U20 =









0 1 0

0 0 1

1 0 0









,

U21 =









0 −1 0

0 0 1

1 0 0









. (2)

Secondly, Charlie encodes his message on qutrit 2 by

performing one of the three unitary transformations

{U00, U10, U20}. Then, the collective unitary transfor-

mations can be written as

U+
1 = U00 ⊗ U00, U−

1 = U01 ⊗ U00,

U+
2 = U10 ⊗ U00, U−

2 = U11 ⊗ U00,

U+
3 = U20 ⊗ U00, U−

3 = U21 ⊗ U00,

U+
4 = U00 ⊗ U10, U−

4 = U01 ⊗ U10,

U+
5 = U10 ⊗ U10, U−

5 = U11 ⊗ U10,

U+
6 = U20 ⊗ U10, U−

6 = U21 ⊗ U10,

U+
7 = U00 ⊗ U20, U−

7 = U01 ⊗ U20,

U+
8 = U10 ⊗ U20, U−

8 = U11 ⊗ U20,

U+
9 = U20 ⊗ U20, U−

9 = U21 ⊗ U20. (3)

The above collective unitary transformations will

transform the states in Eq.(1) into the corresponding

state respectively,

U±
1 |µ00〉 =

1√
2

(|000〉 ± |111〉)123 = |µ±
1 〉, (4)

U±
2 |µ00〉 =

1√
2

(|100〉 ± |211〉)123 = |µ±
2 〉, (5)

U±
3 |µ00〉 =

1√
2

(|200〉 ± |011〉)123 = |µ±
3 〉, (6)

U±
4 |µ00〉 =

1√
2

(|010〉 ± |101〉)123 = |µ±
4 〉, (7)

U±
5 |µ00〉 =

1√
2

(|110〉 ± |201〉)123 = |µ±
5 〉, (8)

U±
6 |µ00〉 =

1√
2

(|210〉 ± |001〉)123 = |µ±
6 〉, (9)

U±
7 |µ00〉 =

1√
2

(|020〉 ± |101〉)123 = |µ±
7 〉, (10)

U±
8 |µ00〉 =

1√
2

(|120〉 ± |201〉)123 = |µ±
8 〉, (11)

U±
9 |µ00〉 =

1√
2

(|220〉 ± |001〉)123 = |µ±
9 〉. (12)

These 18 states form an orthonormal and com-

plete basis:
∑

i

∑

j

|µj
i 〉〈µ

j
i | = I and 〈µj

i |µ
j′

i′ 〉 = δii′δjj′ ,

where |µj
i 〉 (or |µj′

i′ 〉) is one of the above 18 states in

Eqs.(4)–(12); i, i′ ∈ [0, 9]; j, j′ ∈ {+,−}. From now on

, we refer to each of these 18 states as the generalized

Bell basis.

Thirdly, after performing one of these 18 collective

unitary transformations, Alice sends her particle 1 to

Bob and Charlie sends his particle 2 to Bob. With the

three particles being in his possession, Bob takes only

a generalized Bell measurement in the generalized Bell

basis {|µj
i 〉, i ∈ [0, 9] and j ∈ {+,−}}. In this way,

Bob not only knows precisely what operations Alice

and Charlie have performed, but also obtains log2 18

bits of classical information.

3. (N + 1)-party dense coding by

using the non-symmetric quan-

tum channel

The method described in the preceding section

can readily be generalized to the case where a great

number of particles are involved. The specific steps of

the process are depicted in Fig.1. Let us follow the

state through this circuit. We assume that (N + 1)-

parties initially share a maximally entangled state in

a 3N × 2-dimensional Hilbert space in the following

form:

|µ′
1〉 =

1√
2

(

N+1
∏

m=1

|0〉m +

N+1
∏

m=1

|1〉m
)

, (13)

where N particles belong to N senders in a 3-

dimensional Hilbert space, and particle (N + 1) be-

longs to the receiver in a 2-dimensional Hilbert space.

We now explain how to implement (N + 1)-party

dense coding by using the non-symmetric quantum

channel in Eq.(13). It consists of four steps: (i)

Any of the N senders encodes his message on his

qutrit by performing one of the six unitary operations

{U00, U01, U10, U11, U20, U21}. (ii) Each of the (N − 1)

remainders among the senders encodes his message on

his qutrit by performing one of the three unitary op-

erations {U00, U10, U20}. (iii) After performing their

unitary operations, each of the N senders sends his

particle to the receiver. (iv) The receiver performs a

collective measurement on the (N + 1) particles and

identifies the state. Thus, the receiver can learn about

the operations that the N senders have performed.
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Fig.1. Quantum circuit implementing (N + 1)-party dense coding. P ∈ {U00, U01,

U10, U11, U20, U21}, Q ∈ {U00, U10, U20}; M denotes measurement; n = N .

In this way, an amount of the classical information

transmitted from N senders to one receiver by using

the non-symmetric (N + 1)-particle quantum channel

in Eq.(13) can be expressed as

C = log2(3
N × 2) = 1 + N log2 3. (14)

Now let us compare the efficiency of the above

scheme with that in Ref.[20]. In Ref.[20], the receiver

can obtain only (N + 1) bits of classical information

from N senders. With a little simple algebra, the dif-

ference in the amount of classical information trans-

mitted between our scheme and that in Ref.[20] satis-

fies the following equation:

C1 − C2 = N log2 3/2, (15)

where C1 denotes the amount of classical information

in our scheme and C2 denotes the amount of classical

information in Ref.[20]. Obviously, on average, the

amount of classical information transmitted by each

of the particles in a three-dimensional Hilbert space

is log2 3/2, more than that transmitted by each of the

particles in a 2-dimensional Hilbert space.

4. Summary

It must be stressed that our scheme is construc-

tive. (i) We succeed in not only a three-party dense

coding but also an (N + 1)-party dense coding by us-

ing a multipartite entangled state, in the case of non-

symmetric Hilbert spaces of the particles of the quan-

tum channel. (ii) Meanwhile, the amount of transmit-

ted classical information in our scheme is more than

that in Ref.[20]. (iii) Comparing (N + 1)-party dense

coding with bipartite dense coding by the quantum

channel in Eq.(13), one receiver can obtain the mes-

sages from N -senders, rather than one sender. In

a word, our dense coding scheme is a good exten-

sion of the dense coding scheme by employing a non-

symmetric quantum channel.

In conclusion, we have investigated a three- and

an (N +1)-party dense coding by using a multipartite

entangled state, in the case of non-symmetric Hilbert

spaces of the particles of the quantum channel. In the

case of (N + 1)-party dense coding scheme, we have

shown that the amount of classical information trans-

mitted from N senders to one receiver is improved,

compared with the previous scheme. We hope that

this new scheme can be useful for further study of

quantum dense coding.

———————————————————————————
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