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A symmetry and a conserved quantity of the Birkhoff system are studied. The symmetry is called the Birkhoff

symmetry. Its definition and criterion are given in this paper. A conserved quantity can be deduced by using the

symmetry. An example is given to illustrate the application of the result.
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1. Introduction

‘Undoubtedly, the studies of symmetries of phys-
ical systems constitute one of the most physically
significant, mathematically instructive, and aesthet-
ically appealing topics in physics.’l!! Since the 1960s,
people have studied the Noether symmetry,2=4 the
Lie symmetry,2=12 the form invariance!**~16 and the
unified symmetry[!718] for mechanical systems. In
1966, Currie and Saletan studied the problem on the
equivalent Lagrangians for a mechanical system with
a single degree of freedom and pointed out that there
existed a conserved quantity in this case.['9) In 1981,
Hojman and Harleston extended the result above to
the general mechanical systems with multi-degree-of-
freedom.? In Ref.[3], the symmetry under which
equivalent Lagrangians can lead to the same Lagrange
equations is called the Lagrange symmetry.

The Birkhoff system is one of the important
constrained mechanical systems, and the study on
symmetries of the system can give some significant
results.[2!] This paper presents a new symmetry under
which the different Birkhoffians and Birkhoff functions
can lead to the same Birkhoff equations. The symme-
try is called a Birkhoff symmetry. A kind of conserved
quantity of the Birkhoff system can be obtained by us-

ing the Birkhoff symmetry.

2. Definition and criterion of

Birkhoff symmetry

The Birkhoff equations are written in the form

0B OR
.Q y v 2= 123 —
R TY
where B = B (t,a) is called the Birkhoffian, R, =
R, (t,a) are the Birkhoff functions and

0, (m,v=1,...,2n), (1)

OR OR
D = — — =L 2
T dar a¥ @

is called the Birkhoff tensor. Suppose that

det (D) # 0, (3)
and let
., OB OR,
Sp = wa” — 20 atl ; (4)
9B OR,
S;t = deypa@ — % - atl ) (5)

where B and R,, are respectively other Birkhoffian and
Birkhoff functions, and
_ OR, OR
Q= — — —*L. 6
! da*  Oa¥ (©6)

*Project supported by the National Natural Science Foundation of China (Grant No 10572021) and the Special Research Fund
for the Doctoral Program of Higher Education of China (Grant No 20040007022).

TE-mail: meifx@bit.edu.cn

http://www.iop.org/journals/cp http://cp.iphy.ac.cn



No.8

A symmetry and a conserved quantity for the Birkhoff system 1679

Definition If from S, =0 (x=1,...,2n) one
obtains S, =0 (v =1,...,2n) and vice versa, then
the symmetry is called a Birkhoff symmetry of the
Birkhoff system.

If S, is zero in Eq.(5), we can express a* as

OB  OR, )

o0 T ot (7)

akt = MY (
where
2 0, = 0. (8)
According to the definition above, two groups dy-
namical functions R,, B and Ru, B will lead to the
same equations. Substituting the expression (7) into
S, = 0, one can easily obtain

_ 0B OR 0B OR

vp (22 4 2P 4 T
B 2 <8aP LT ) oar T ot
(lu‘al/apa:]-a"'72n)7 (9)

and then we have

Criterion If two groups dynamical functions R,,,
B and Ru, B satisfy Eq.(9), then the corresponding
symmetry is a Birkhoff symmetry of the Birkhoff sys-

tem.

3. Conserved quantity deduced
by Birkhoff symmetry

Substituting Eq.(9 ) into the expression (4) yields
0B 8Rp)

— AV ove | Z— __F
Sy =2u,a" — 2,2 < 505 T 5

_ _ 0B OR
_ vp ZT 2 P
=0, 12 <.QpTa Dar 5 )
=02,,02"°8,,. (10)
Let
02,07 = AZ, (11)
and we will have
Su=A7S,, (12)
AZ!ZW = fZM,. (13)

Taking the partial derivative of Eq.(13) with re-
spect to a”, we can have

oA? o 0N
—M,Q Au vp — Hp
Dar 0 T g da’
and then
oA 2R,  O°R,

BaT P T 0ardaT  Barda’

(OB PR,
P\ 0a¥da™ Oarda™ )

Similarly we have

oA, _ 0’R, 9*R,,
dar """ " datdar  DaTHal
[ ®R, R,
s (8a”8a9 a 8a78ap) '

Subtracting the second formula from the first formula
above yields

oA, oA 00,

T Y T S - . (4
da™ """ Qar Oat " Oav (14)
By using A% = §2,,£27", we can rewrite Eq.(9) as
OB  0R, 0B  0OR,
— 4+ =t =4 . 1
dar " or e <8a” T > (15)

Taking the derivative of both sides of Eq.(15) with
respect to a” leads to

2B 'R,

darda™ = Otda”

oA, (OB OR,

= -
da™ \ Oa¥ ot
L ( 0°B 0’R,

4 (aavam + atam) ' (16)

By virtue of S, = 0, we have

0B 0OR,
Ooa? ot

= 00",

Substituting the above into Eq.(16) gives

2B o°R,
OaPOa™ = 0tOa™
oAy 0’B O’R
=—L20,.a" + A = ).
dar v T A (8a”8aT * atam)
(17)
According to Eq.(14), we have
oA oA 1) P
—Lo, b= =—L0,, TH AR gk
dar e <6a/‘ T Dar P da¥ )a
d oA
=4 — - -QDT
(- )
n 0 0B n OR,
dar \ Oa™ ot
0 (0B OR:
- Ay . 1
P D <aaT BT > (18)
Substituting Eq.(18) into Eq.(17) yields
d v
T (A7) 2, =0, (19)

which can be written in the matrix form as follows:

AR =0. (20)
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Hence Take another group dynamical functions as

d my
= (tra™) =0, (21) )

2 — — —
(a?’) y R2 = a4, R3 = R4 :0,
where m is a positive integer. We see that Eq.(21) is

equivalent to

_ 1 1 1
trA™ = const. (22) B =3 (a3)3 —3 (a3)2 7 arctan bt
P iti The Birkhoff try of th 1 1 ?
. roposition . e Birkhoff symmetry o. e cl( oL (1 N thQ) , (24)
Birkhoff system will lead to a conserved quantity as 2 2b
shown in expression (22). and we will have
00—a® 0
4. Example
(, ) 100 0 -1
A Birkhoff system of the fourth order is a0 0 0 |
01 0 O
Rl = a3, R2 = a4, R3 = R4 ZO,
and
1 1 2 0 010
B == (a3 — —arctan bt)
0 001
2 b , (Q”p) _
1/, 1 5,0 ) -1 000
+-|a"—=In(1+bt . 23
2 ( 2b ( ) (23) 0 -100
Using this example we study the Birkhoff symmetry In this case, the formula (9) is verified. Formula
and the conserved quantity in the way proposed above. (11) gives
|
00—a 0 0 010 a0 0 0
00 0 -1 0 001 0100
(47) = =
a0 0 0 -1 000 0 0a®0
01 0 O 0 -100 0001
|
By using the proposition above, the conserved quan- 5. Conclusion
tity is
T = a3 = const. (25) This paper has presented a new symmetry and a

o ) . . new conserved quantity for the Birkhoff system. This
Similarly, by taking the dynamical functions as .
new symmetry is different from the other known sym-

Ri=da% Ry,= % (a4)2 . Rs = R4 =0, metries, i.e. the Noether symmetry, the Lie symmetry,
the form invariance. Under the symmetry proposed
B :1 (a4)3 1 (a4)2 1 In (1 + b2t2) in this paper, two groups of dynamical functions lead
3 2 b ) to the same differential equations, and the conserved
+ 1 ( a3 — 1 arctan bt) : (26) quantity deduced from the above symmetry depends

2 b only on the two Birkhoff tensors.

the conserved quantity can be written as

I = a* = const. (27)
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