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In this paper, the definition of three-order form invariance is given. Then the relation between the three-order form

invariance and the three-order Lie symmetry is discussed and the sufficient and necessary condition of Lie symmetry,

which comes from the three-order form invariance, is obtained. Finally a three-order Hojman conserved quantity is

studied and an example is given to illustrate the application of the obtained results.
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1. Introduction

The conserved quantities of mechanical systems

are considered to be in a very important position

in physics. The discoveries of the conservation of

energy and the conservation of momentum have ex-

erted a great influence on the development of physics.

The intimate relationships between symmetries and

conserved quantities are increasingly recognized. Us-

ing the theory of mechanical symmetry, we can find

many new conserved quantities. At present there exist

mainly three methods to study conserved quantities,

i.e. Noether symmetry, Lie symmetry and form in-

variance. The studies of Noether symmetry, which was

given by German scientist Noether,[1] and Lie symme-

try have made considerable progress. In recent years,

more and more attention is paid to the study on form

invariance. The form invariance of a Lagrangian sys-

tem was first given by Mei.[2] Then Wang and Mei [3]

studied the relation between the form invariance and

Lie symmetry for a non-holonomic system. Zhang and

Mei [4] gave the definition and criterion of form in-

variance in a generalized classical mechanical system.

Luo et al
[5] obtained the determining equation, con-

straint restriction equation and additional restriction

equation of form invariance for a non-holonomic sys-

tem under the special infinitesimal transformation of

time invariance. Mei and Xu [6] analysed the form

invariance for Lagrangian systems and gave Lutzky

conserved quantities for the systems. Xia et al
[7] dis-

cussed the problems on Lie-form invariance of non-

holonomic mechanical systems.

The Hojman conserved quantity is a new con-

served quantity that was given by Hojman[8] in 1992.

Because the Hojman conserved quantity depends on

neither Lagrangian function nor Hamiltonian function

it is obviously different from the traditional Noether

conserved quantity. Some researches were carried out.

Using the invariance of differential equation under the

infinitesimal transformation, Zhang[9] established the

Lie symmetry which depends on infinitesimal trans-

formation of canonical variable in a multi-dimensional

phase space and obtained the generalized Hojman con-

served quantity. Fang et al
[10] made study on Hojman

conserved quantity of a mechanical system with vari-

able mass under the infinitesimal transformation in

phase space. Zhang et al
[11] used the general Lie sym-

metrical group in which time and generalized coordi-

nates are variable to construct the generalized Hojman

conserved quantity.

All theories are based on the two-order differen-

tial equation of motion. In this paper, by using the

three-order differential equation the three-order form

invariance is determined and the sufficient and neces-

sary condition is discussed when the three-order form

invariance becomes the Lie symmetry. Finally a three-

order generalized Hojman conserved quantity is ob-

tained and an example is given to illustrate the appli-

cation of our results.
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2. Three-order form invariance

For a holonomic mechanical system that includes

N particles, the three-order differential equation of

motion can be written as follows:

E∗
α

(S) = Q∗
α

(t, q, q̇, q̈) , (α = 1, 2, 3, · · · , n) , (1)

where E∗
α

=
d

dt

∂

∂q̈α

−
1

2

∂

∂q̇α

, Q∗
α

=
N
∑

i=1

Ḟi ·
∂ri

∂qα

,

S =
1

2

N
∑

i=1

mir̈i · r̈i is the acceleration energy. If in-

finitesimal transformations are

t̄ = t + ∆t, (2)

q̄α = qα + ∆qα, (3)

their expansive formulas are

t̄ = t + ετ (t, q, q̇, q̈) , (4)

q̄α = qα + εξα (t, q, q̇, q̈) , (5)

where τ , ξα are referred to as functions of infinites-

imal transformation, ε is an infinitesimal parame-

ter. Under the infinitesimal transformations of Eqs.(2)

and (3), S and Q∗
α have respectively the forms of

S̄ = S

(

t̄, q̄,
dq̄

dt̄
,
d2q̄

dt̄2

)

and Q̄∗
α = Q∗

α

(

t̄, q̄,
dq̄

dt̄
,
d2q̄

dt̄2

)

.

Definition: Under the infinitesimal transforma-

tions of Eqs.(2) and (3), if the form of equation of

motion (1) does not change, i.e.

E∗
α

(

S̄
)

= Q̄∗
α
, (6)

then the invariance is termed the form invariance of

three-order differential equation of holonomic mechan-

ical system.

Now introducing operators

d

dt
=

∂

∂t
+ q̇α

∂

∂qα

+ q̈α

∂

∂q̇α

+ qα

∂

∂q̈α

, (7)

X(0) =
∂

∂t
+ ξk

∂

∂qk

, (8)

X(1) = X(0) +
(

ξ̇k − q̇k τ̇
) ∂

∂q̇k

, (9)

X(2) = X(1) +

[

d

dt

(

ξ̇k − q̇k τ̇
)

− q̈k τ̇

]

∂

∂q̈k

, (10)

X(3) = X(2) +

[

d

dt

(

ξ̈k − 2q̈k τ̇ − q̇k τ̈
)

−
···
q

k τ̇

]

∂

∂qk

,

(11)

where k = 1, 2, 3, · · · , n, we have

S̄ =S

(

t̄, q̄,
dq̄

dt̄
,
d2q̄

dt̄2

)

=S (t, q, q̇, q̈) + εX(2) (S) + O
(

ε2
)

, (12)

Q̄∗
α =Q∗

α

(

t̄, q̄,
dq̄

dt̄
,
d2q̄

dt̄2

)

=Q∗
α

(t, q, q̇, q̈) + εX(2) (Q∗
α
) + O

(

ε2
)

. (13)

Substituting Eqs.(12) and (13) into Eq.(6) and con-

sidering Eq.(1), we can write the form invariance of

three-order differential equation as

E∗
α

(

X(2) (S)
)

= X(2) (Q∗
α
) . (14)

3. Three-order form invariance

and three-order Lie symmetry

Next we discuss the relation between the form in-

variance of three-order differential equation and Lie

symmetry. If the determinant det

∣

∣

∣

∣

∂2S

∂q̈α∂q̈k

∣

∣

∣

∣

6= 0 is

satisfied, Eq.(1) can be written as

qα = Aα (t, q, q̇, q̈) . (15)

On the other hand, from Eq.(1), we can obtain

fα

(

t, q, q̇, q̈,
···
q
)

= E∗
α (S) − Q∗

α = 0. (16)

Through the transformation of Lie symmetry, Eq.(16)

becomes

f̄α = fα

(

t̄, q̄,
dq̄

dt̄
,
d2q̄

dt̄2
,
d3q̄

dt̄3

)

= 0. (17)

Expanding the above equation, one has

fα

(

t̄, q̄,
dq̄

dt̄
,
d2q̄

dt̄2
,
d3q̄

dt̄3

)

=fα (t, q, q̇, q̈, q)

+ εX(3)
(

fα

(

t, q, q̇, q̈,
···
q
))

+ O
(

ε2
)

. (18)

Substituting Eqs.(16) and (18) into Eq.(17), one can

have

X(3) (E∗
α (S)) = X(2) (Q∗

α) , (19)

or[12]

···

ξ α −q̇α

···
τ −3q̈ατ̈ − 3Aατ̇ = X(2) (Aα) . (20)

Equation (19) is the determining equation of three-

order Lie symmetry. Comparing Eq.(14) with Eq.(19),

we find that the terms on the right-hand sides of the

two equations are identical. Expanding the term on

the left-hand side of Eq.(14), we have



1674 Yang Xue-Hui et al Vol. 15

E∗
α

(

X(2) (S)
)

=

(

d

dt

∂

∂q̈α

−
1

2

∂

∂q̇α

){

τ
∂S

∂t
+ ξk

∂S

∂qk

+
(

ξ̇k − q̇k τ̇
) ∂S

∂q̇k

+

[

d

dt

(

ξ̇k − q̇kτ̇
)

− q̈k τ̇

]

∂S

∂q̈k

}

=E∗
α (t)

∂S

∂t
+ τE∗

α

(

∂S

∂t

)

+ τ̇
∂2S

∂q̈α∂t
+

∂τ

∂q̈α

d

dt

(

∂S

∂t

)

+ E∗
α (ξk)

∂S

∂qk

+ ξkE∗
α

(

∂S

∂qk

)

+ ξ̇k

∂2S

∂q̈α∂qk

+
∂ξk

∂q̈α

d

dt

(

∂S

∂qk

)

+ E∗
α

(

ξ̇k − q̇k τ̇
) ∂S

∂q̇k

+
(

ξ̇k − q̇k τ̇
)

E∗
α

(

∂S

∂q̇k

)

+
d

dt

(

ξ̇k − q̇k τ̇
) ∂2S

∂q̈α∂q̇k

+
∂

∂q̈α

(

ξ̇k − q̇k τ̇
) d

dt

(

∂S

∂q̇k

)

+ E∗
α

[

d

dt

(

ξ̇k − q̇k τ̇
)

− q̈k τ̇

]

∂S

∂q̈k

+

[

d

dt

(

ξ̇k − q̇kτ̇
)

− q̈k τ̇

]

E∗
α

(

∂S

∂q̈k

)

+
d

dt

[

d

dt

(

ξ̇k − q̇k τ̇
)

− q̈k τ̇

]

∂2S

∂q̈α∂q̈k

+
∂

∂q̈α

[

d

dt

(

ξ̇k − q̇k τ̇
)

− q̈k τ̇

]

d

dt

(

∂S

∂q̈k

)

=X(3) (E∗
α

(S)) + E∗
α

(τ)
∂S

∂t
+ E∗

α
(ξk)

∂S

∂qk

+ E∗
α

(

ξ̇k − q̇k τ̇
) ∂S

∂q̇k

+ E∗
α

[

d

dt

(

ξ̇k − q̇k τ̇
)

− q̈k τ̇

]

∂S

∂q̈k

+
∂τ

∂q̈α

d

dt

(

∂S

∂t

)

+
∂ξk

∂q̈α

d

dt

(

∂S

∂qk

)

+
∂

∂q̈α

(

ξ̇k − q̇k τ̇
) d

dt

(

∂S

∂q̇k

)

+

{

∂

∂q̈α

[

d

dt

(

ξ̇k − q̇k τ̇
)

]

− q̈k

∂τ̇

∂q̈α

}

d

dt

(

∂S

∂q̈k

)

. (21)

Comparing Eq.(21) with Eq.(19), we can obtain the sufficient and necessary condition as follows:

E∗
α

(τ)
∂S

∂t
+ E∗

α
(ξk)

∂S

∂qk

+ E∗
α

(

ξ̇k − q̇k τ̇
) ∂S

∂q̇k

+ E∗
α

[

d

dt

(

ξ̇k − q̇k τ̇
)

− q̈k τ̇

]

∂S

∂q̈k

+
∂τ

∂q̈α

d

dt

(

∂S

∂t

)

+
∂ξk

∂q̈α

d

dt

(

∂S

∂qk

)

+
∂

∂q̈α

(

ξ̇k − q̇k τ̇
) d

dt

(

∂S

∂q̇k

)

+

{

∂

∂q̈α

[

d

dt

(

ξ̇k − q̇k τ̇
)

]

− q̈k

∂τ̇

∂q̈α

}

d

dt

(

∂S

∂q̈k

)

= 0. (22)

|————————————————————————————

If the system is considered to have three-order form

invariance and this condition is satisfied, one can con-

clude that the system has a three-order Lie symmetry.

4. Three-order generalized Hoj-

man conserved quantity

Considering the above conclusion and using the

property of Lie symmetry, we can study the con-

served quantity of the system when the system has

the three-order form invariance. Substituting Eq.(15)

into Eqs.(7)–(11) yields

d̃

dt
=

∂

∂t
+ q̇α

∂

∂qα

+ q̈α

∂

∂q̇α

+ Aα

∂

∂q̈α

, (23)

X̃(0) = τ
∂

∂t
+ ξk

∂

∂qk

, (24)

X̃(1) = X̃(0) +

(

d̃ξk

dt
− q̇k

d̃τ

dt

)

∂

∂q̇k

, (25)

X̃(2) = X̃(1) +

(

d̃

dt

d̃

dt
ξk − 2q̈k

d̃τ

dt
− q̇k

d̃

dt

d̃

dt
τ

)

∂

∂q̈k

.

(26)

Equation (20) can be written as follows:

d̃

dt

d̃

dt

d̃

dt
ξα − q̇α

d̃

dt

d̃

dt

d̃

dt
τ

− 3q̈α

d̃

dt

d̃

dt
τ − 3Aα

d̃τ

dt

=X̃(2) (Aα) . (27)

Proposition: if a holonomic mechanical sys-

tem satisfies Eq.(27) with infinitesimal quantities

τ (t, q, q̇, q̈) and ξα (t, q, q̇, q̈), and there is a function

µ = µ (t, q, q̇, q̈) that satisfies the following equations

∂Aα

∂q̈α

+
d̃

dt
lnµ = 0, (28)
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then the system has the following conserved quantity:

I∗ =
∂τ

∂t
+

∂ξα

∂qα

+
∂

∂q̇α

(

d̃ξα

dt
− q̇α

d̃

dt
τ

)

+
∂

∂q̈α

(

d̃

dt

d̃

dt
ξα − 2q̈α

d̃τ

dt
− q̇α

d̃

dt

d̃

dt
τ

)

+ X̃(2) (lnµ) −
d̃τ

dt
. (29)

Equation (29) is called the three-order generalized Ho-

jman conserved quantity and it can be proved as fol-

lows:

d̃

dt
I∗ =

d̃

dt

[

∂τ

∂t
+

∂ξα

∂qα

+
∂

∂q̇α

(

d̃

dt
ξα − q̇α

d̃

dt
τ

)

+
∂

∂q̈α

(

d̃

dt

d̃

dt
ξα − 2q̈α

d̃τ

dt
− q̇α

d̃

dt

d̃

dt
τ

)]

+
d̃

dt

(

X̃(2) (lnµ)
)

−
d̃

dt

d̃

dt
τ. (30)

For a general function ϕ (t, q, q̇, q̈) we can have

d̃

dt

∂ϕ

∂t
=

∂

∂t

d̃ϕ

dt
−

∂Ak

∂t

∂ϕ

∂q̈k

, (31)

d̃

dt

∂ϕ

∂qα

=
∂

∂qα

d̃ϕ

dt
−

∂Ak

∂qα

∂ϕ

∂q̈k

, (32)

d̃

dt

∂ϕ

∂q̇α

=
∂

∂q̇α

d̃ϕ

dt
−

∂ϕ

∂qα

−
∂Ak

∂q̇α

∂ϕ

∂q̈k

, (33)

d̃

dt

∂ϕ

∂q̈α

=
∂

∂q̈α

d̃ϕ

dt
−

∂ϕ

∂q̇α

−
∂Ak

∂q̈α

∂ϕ

∂q̈k

, (34)

X̃(2)

(

∂ϕ

∂q̈α

)

=
∂

∂q̈α

(

X̃(2) (ϕ)
)

−
∂τ

∂q̈α

∂ϕ

∂t
−

∂ξk

∂q̈α

∂ϕ

∂qk

−
∂

∂q̈α

(

d̃ξk

dt
− q̇k

d̃τ

dt

)

∂ϕ

∂q̇k

−
∂

∂q̈α

(

d̃

dt

d̃

dt
ξk − 2q̈k

d̃τ

dt
− q̇k

d̃

dt

d̃

dt
τ

)

∂ϕ

∂q̈k

.

(35)

Considering Eqs.(31)–(34) and (27), one has

————————————————————————————
|

d̃

dt
X̃(2) (ϕ) =

d̃τ

dt

d̃ϕ

dt
+ X̃(2)

(

d̃ϕ

dt

)

, (36)

d̃

dt

[

∂τ

∂t
+

∂ξα

∂qα

+
∂

∂q̇α

(

d̃ξα

dt
− q̇α

d̃τ

dt

)

+
∂

∂q̈α

(

d̃

dt

d̃

dt
ξα − 2q̈α

d̃τ

dt
− q̇α

d̃

dt

d̃

dt
τ

)]

=
d̃

dt

d̃

dt
τ +

∂Aα

∂q̈α

d̃τ

dt
+

∂

∂q̈α

(

d̃

dt

d̃

dt

d̃

dt
ξα − 3q̈α

d̃

dt

d̃

dt
τ − q̇α

d̃

dt

d̃

dt

d̃

dt
τ − 3Aα

d̃τ

dt

)

−
∂Ak

∂t

∂τ

∂q̈k

−
∂Ak

∂qα

∂ξα

∂q̈k

−
∂Ak

∂q̇α

∂

∂q̈k

(

d̃ξα

dt
− q̇α

d̃τ

dt

)

−
∂Ak

∂q̈α

∂

∂q̈k

(

d̃

dt

d̃

dt
ξα − 2q̈α

d̃τ

dt
− q̇α

d̃

dt

d̃

dt
τ

)

. (37)

Combining Eqs.(35) and (37), we have

X̃(2)

(

∂Aα

∂q̈α

)

=
d̃

dt

[

∂τ

∂t
+

∂ξα

∂qα

+
∂

∂q̇α

(

d̃ξα

dt
− q̇α

d̃τ

dt

)

+
∂

∂q̈α

(

d̃

dt

d̃

dt
ξα − 2q̈α

d̃τ

dt

− q̇α

d̃

dt

d̃

dt
τ

)]

−
d̃

dt

d̃

dt
τ −

∂Aα

∂q̈α

d̃τ

dt
. (38)

Finally we can obtain the following equation from Eqs.(38), (28) and (36):

d̃

dt

(

X̃(2) (lnµ)
)

=
d̃

dt

d̃

dt
τ −

d̃

dt

[

∂τ

∂t
+

∂ξα

∂qα

+
∂

∂q̇α

(

d̃ξα

dt
− q̇α

d̃τ

dt

)

+
∂

∂q̈α

(

d̃

dt

d̃

dt
ξα − 2q̈α

d̃τ

dt
− q̇α

d̃

dt

d̃

dt
τ

)]

. (39)
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Substituting Eq.(39) into Eq.(30) gives

d̃

dt
I∗ = 0. (40)

5. Example

An example of one-dimensional oscillator is given

below to show the application of the above result. For

a one-dimensional oscillator, we have

S =
1

2
mq̈2, Q∗ = −kq̇. (41)

Substituting Eq.(41) into Eq.(1) yields

···
q= −

k

m
q̇. (42)

If the oscillator has the three-order form invariance

and satisfies Eq.(22), then the following equation is

satisfied

d̃

dt

d̃

dt

d̃

dt
ξ − q̇

d̃

dt

d̃

dt

d̃

dt
τ

− 3q̈
d̃

dt

d̃

dt
τ + 3

k

m
q̇

d̃

dt
τ

= −
k

m

(

d̃

dt
ξ − q̇

d̃

dt
τ

)

. (43)

Assuming that ξ and τ are the functions of t, q, q̇,

then Eq.(43) can be expanded as follows:

————————————————————————————
|

∂3

∂t3
ξ + 3q̇

∂3

∂q∂t∂t
ξ + 3q̈

∂3

∂t∂q̇∂t
ξ + 6q̈q̇

∂3

∂t∂q∂q̇
ξ + 3q̈

∂2

∂t∂q
ξ + 3q̇2 ∂3

∂t∂q∂q
ξ

+ 3q̈2 ∂3

∂t∂q̇∂q̇
ξ + 3q̈q̇2 ∂3

∂q∂q∂q̇
ξ + 3q̈q̇

∂2

∂q2
ξ + 3q̈2q̇

∂3

∂q∂q̇∂q̇
ξ + q̈3 ∂3

∂q̇3
+ 3q̈2 ∂2

∂q∂q̇
ξ

+ q̇3 ∂3

∂q3
ξ − q̇

∂3

∂t3
τ − 3q̇2 ∂3

∂q∂t∂t
τ − 3q̈q̇

∂3

∂t∂q̇∂t
τ − 6q̈q̇2 ∂3

∂t∂q̇∂q
τ − 3q̈q̇

∂2

∂t∂q
τ

− 3q̇3 ∂3

∂t∂q∂q
τ − 3q̈2q̇

∂3

∂t∂q̇∂q̇
τ − 3q̈q̇3 ∂3

∂q∂q∂q̇
τ − 3q̈q̇2 ∂2

∂q2
τ − 3q̈2q̇2 ∂3

∂q∂q̇∂q̇
τ

− q̈3q̇
∂3

∂q̇3
τ − 3q̈2q̇

∂2

∂q∂q̇
τ − q̇4 ∂3

∂q3
τ − 3q̈

∂2

∂t2
τ − 6q̇q̈

∂2

∂q∂t
τ − 6q̈2 ∂2

∂q̇∂t
τ − 6q̈2q̇

∂2

∂q∂q̇
τ

− 3q̈2 ∂τ

∂q
− 3q̇2q̈

∂2

∂q2
τ − 3q̈3 ∂2

∂q̇2
τ + 3

k

m
q̇
∂τ

∂t
+ 3

k

m
q̇2 ∂τ

∂q
+ 3

k

m
q̇q̈

∂τ

∂q̇

= −
k

m

(

∂ξ

∂t
+ q̇

∂ξ

∂q
+ q̈

∂ξ

∂q̇
− q̇

∂τ

∂t
− q̇2 ∂τ

∂q
− q̇q̈

∂τ

∂q̇

)

, (44)

|————————————————————————————

where β =

√

k

m
. Equation (44) has the following so-

lution:

ξ = −
3

4
(c1 cosβt − c2 sin βt) q̇

−
3

2
β (c1 sin βt + c2 cosβt) q

+ (c3 sin βt + c4 cosβt) , (45)

τ =c1 cosβt − c2 sin βt. (46)

Substituting Eq.(42) into Eq.(28) gives

d̃

dt
(lnµ) = 0. (47)

The solution of above equation is

µ = c5

(

β2q̇2 + q̈2
)

. (48)

Substituting Eqs.(45), (46) and (48) into Eq.(32), the

oscillator with one dimension has a conserved quantity

————————————————————————————
|

I∗ =
3

4
β (c1 sin βt + c2 cosβt) +

[

−
3

4
(c1 cosβt − c2 sinβt) q̈ +

1

4
β (c1 sin βt + c2 cosβt) q̇

−
3

2
β2 (c1 cosβt − c2 sin βt) q + β(c3 cosβt − c4 sin βt)

]

2β2q̇

β2q̇2 + q̈2

+

[

2β(c1 sin βt +c2 cosβt) q̈ −
5

4
β2 (c1 cosβt − c2 sin βt) q̇ +

3

2
β3 (c1 sin βt + c2 cosβt) q

− β2 (c1 sinβt + c2 cosβt)

]

2q̈

β2q̇2 + q̈2
, (49)
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where c1, c2, c3, c4 and c5 are constant.

6. Discussion

First, if τ (t, q, q̇, q̈) = 0 and ξα (t, q, q̇, q̈) 6= 0,

Eq.(27) can be simplified as follows:

d̃

dt

d̃

dt

d̃

dt
ξα − ξk

∂Aα

∂qk

−
d̃ξk

dt

∂Aα

∂q̇k

−
d̃

dt

d̃

dt
ξk

∂Aα

∂q̈k

= 0.

(50)

And if µ (t, q, q̇, q̈) satisfies Eq.(28) then the three-

order conserved quantity is

I∗ =
1

µ

∂

∂qα

(µξα) +
1

µ

∂

∂q̇α

(

µ
d̃ξα

dt

)

+
1

µ

∂

∂q̈α

(

µ
d̃

dt

d̃

dt
ξα

)

. (51)

Second, if ξα (t, q, q̇, q̈) = 0 and τ (t, q, q̇, q̈) 6= 0,

Eq.(27) can be simplified as follows:

q̇α

d̃

dt

d̃

dt

d̃

dt
τ + 3q̈α

d̃

dt

d̃

dt
τ

+ 3Aα

d̃τ

dt
+ τ

∂Aα

∂t
− qk

d̃τ

dt

∂Aα

∂q̇k

−

(

2q̈k

d̃τ

dt
+ q̇k

d̃

dt

d̃

dt
τ

)

∂Aα

∂q̈k

= 0. (52)

And if µ (t, q, q̇, q̈) satisfies Eq.(28) then the three-

order conserved quantity is

I∗ =
1

µ

∂

∂t
(µτ) −

1

µ

∂

∂q̇α

(

µq̇α

d̃τ

dt

)

−
1

µ

∂

∂q̈α

[

µ

(

2q̈α

d̃τ

dt
+ q̇α

d̃

dt

d̃

dt
τ

)]

−
d̃τ

dt
.

(53)

———————————————————————————
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