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In this paper, the definition of three-order form invariance is given. Then the relation between the three-order form

invariance and the three-order Lie symmetry is discussed and the sufficient and necessary condition of Lie symmetry,

which comes from the three-order form invariance, is obtained. Finally a three-order Hojman conserved quantity is

studied and an example is given to illustrate the application of the obtained results.
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1. Introduction

The conserved quantities of mechanical systems
are considered to be in a very important position
in physics. The discoveries of the conservation of
energy and the conservation of momentum have ex-
erted a great influence on the development of physics.
The intimate relationships between symmetries and
conserved quantities are increasingly recognized. Us-
ing the theory of mechanical symmetry, we can find
many new conserved quantities. At present there exist
mainly three methods to study conserved quantities,
i.e. Noether symmetry, Lie symmetry and form in-
variance. The studies of Noether symmetry, which was
given by German scientist Noether,[) and Lie symme-
try have made considerable progress. In recent years,
more and more attention is paid to the study on form
invariance. The form invariance of a Lagrangian sys-
tem was first given by Mei.[?l Then Wang and Mei [*!
studied the relation between the form invariance and
Lie symmetry for a non-holonomic system. Zhang and
Mei ! gave the definition and criterion of form in-
variance in a generalized classical mechanical system.
Luo et all® obtained the determining equation, con-
straint restriction equation and additional restriction
equation of form invariance for a non-holonomic sys-
tem under the special infinitesimal transformation of
time invariance. Mei and Xu[® analysed the form
invariance for Lagrangian systems and gave Lutzky
conserved quantities for the systems. Xia et all7 dis-

fCorresponding author, E-mail: shanjun@nc.jx.cn

http://www.iop.org/journals/cp http://cp.iphy.ac.cn

cussed the problems on Lie-form invariance of non-

holonomic mechanical systems.

The Hojman conserved quantity is a new con-
served quantity that was given by Hojman[®! in 1992.
Because the Hojman conserved quantity depends on
neither Lagrangian function nor Hamiltonian function
it is obviously different from the traditional Noether
conserved quantity. Some researches were carried out.
Using the invariance of differential equation under the
infinitesimal transformation, Zhangl® established the
Lie symmetry which depends on infinitesimal trans-
formation of canonical variable in a multi-dimensional
phase space and obtained the generalized Hojman con-
served quantity. Fang et all'”! made study on Hojman
conserved quantity of a mechanical system with vari-
able mass under the infinitesimal transformation in
phase space. Zhang et al[''] used the general Lie sym-
metrical group in which time and generalized coordi-
nates are variable to construct the generalized Hojman
conserved quantity.

All theories are based on the two-order differen-
tial equation of motion. In this paper, by using the
three-order differential equation the three-order form
invariance is determined and the sufficient and neces-
sary condition is discussed when the three-order form
invariance becomes the Lie symmetry. Finally a three-
order generalized Hojman conserved quantity is ob-
tained and an example is given to illustrate the appli-
cation of our results.



No.8

Three-order form invariance and conserved quantity 1673

2. Three-order form invariance

For a holonomic mechanical system that includes
N particles, the three-order differential equation of
motion can be written as follows:

E;(S):QZ(taQ7‘ja(j)v (a:1,2,3,~~~,n), (1)

d 9 10 N or;
here £} = ——— — ——, Q) = F.
vhere Bo = Giag, ~ 200 Y T 5T g
1 N
S = = > my;#; - #; is the acceleration energy. If in-
=1

finitesimal transformations are
t=1t+ At, (2)

(oo = qa + AQa; (3)

their expansive formulas are
£:t+ET(t7qaq'7d)a (4)

Qo = Go + €a (ta 4,4, Q) ) (5)
where 7, £, are referred to as functions of infinites-
imal transformation, € is an infinitesimal parame-
ter. Under the infinitesimal transformations of Eqs.(2)
and (3), S and QF have respectively the forms of
_ __dg d%q - . dg d%q
Ss(tv%aaﬁ anan:Qa tq,a dtg

Definition: Under the infinitesimal transforma-

tions of Eqs.(2) and (3), if the form of equation of
motion (1) does not change, i.e.

E:; (S) = QZ; (6)
then the invariance is termed the form invariance of
three-order differential equation of holonomic mechan-

ical system.
Now introducing operators
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,n, we have

at’ 2
=Q (t,q.4,4) +eXP (QL) +0 (7). (13)

~ _ _dg d%q
2. -a: (1a 5 5)

Substituting Eqgs.(12) and (13) into Eq.(6) and con-
sidering Eq.(1), we can write the form invariance of
three-order differential equation as

E (X2(8)) = X2 (@) (14)

3. Three-order form invariance

and three-order Lie symmetry

Next we discuss the relation between the form in-
variance of three-order differential equation and Lie

2
symmetry. If the determinant det | ———| # 0 is
aQaan
satisfied, Eq.(1) can be written as
qa = Aa (ta q, (L Q) . (15)

On the other hand, from Eq.(1), we can obtain

fa (t 4,4, 4, ) E,(S)-Q,=0.  (16)

Through the transformation of Lie symmetry, Eq.(16)

fa = fa (tvq

Expanding the above equation, one has

_dq 4% d3q
f(tq,—q a )

becomes

(17)

dg d°q d°q\ _
TdtTde2’ de )

dt’ A2’ de
=fa(t,4,4,4,9)
+eX® (fa(t q,4, 4, ))—1—0( ) (18)

Substituting Eqs.(16) and (18) into Eq.(17), one can
have

X (EL(9) =X (Qr), (19)

[e3

Or[12]

€ —da 7 —3Gaf — 340t = X (4,).  (20)

Equation (19) is the determining equation of three-
order Lie symmetry. Comparing Eq.(14) with Eq.(19),
we find that the terms on the right-hand sides of the
two equations are identical. Expanding the term on
the left-hand side of Eq.(14), we have
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B (X<2> (S ))

10 : ..\ 08 d /. .. . .| 08
(dtaqa_ﬁa—){ +§k (fk—QIﬂ')a—qk‘i‘{&(gk—QkT)—QkT}a—q.k}
oS 82 or d [0S oS oS . 028
+ (8 ) TPt 04, dt (c%) B (G) g, 6k Fa (aqk) HELETR
agk oS /. ..\ OS . N [0S d /. .\ 98
JRTAT (a_qk> # (6 ) g+ (8- ) (6@) i (& 07) g0

9 dS . Td Jos [dy. N ....[08
+%(§k_(ﬂc ) (8%) + E, [dt (fk_QIﬂ')—QkT] 8_(1'k+ [E (fk—qw>—qm'] E, (a—qk)
d .. .. 028 o . ..l d /oS
+dt[ (§k Qk7->_qk7-:|f+aqa|: (ﬁk QkT)_QkT:|d (8%)
dS a8 . NOS .. . .]os
=X (B (9) + B (7) Gy + B2 (&) -+ B (G = v ) o + [E (gk—qkr)—qm}a—%
or d [0S\ 0& dS d dS
v (o) + o ar () * o (&) 5 (5
0 . . 0T oS
g Lar (6 0)] o} 3 (57.) 2

Comparing Eq.(21) with Eq.(19), we can obtain the sufficient and necessary condition as follows:

a‘Ia an

s . 98 /. . NOS d 108
8t+E (fk) +E (fk_Qk7'>a + B, {dt (&—%T)—qw}a—%

L 9r d (05 +%_ 95 | (g >_ 95
Do At \ Ot Do dt \ Igs 8qa ko dt \ 94y

Eg (7)

0 or as
m) | —d — | =] =0. 22
+{8qa { (fk QkT)] Qkaqa}dt <adk> (22)
|
.If th? system is (.:onside?e.d t(.) hav.e three-order form @ g dd de Qkﬁ - qkii i
invariance and this condition is satisfied, one can con- dt dt dt dt dt O
clude that the system has a three-order Lie symmetry. (26)
Equation (20) can be written as follows:
4. Three-order generalized Hoj- o o
4 auantit ddd, .dad
man conserved quantity FTETIE AL q“dt L
Considering the above conclusion and using the — 3%%%7 -3 a(ji;
roperty of Lie symmetry, we can study the con- -
property Y. Y. Yy _x@ (Aa). (27)

served quantity of the system when the system has
the three-order form invariance. Substituting Eq.(15)

into Bas.(7)-(11) ylelds Proposition: if a holonomic mechanical sys-

d 0 .0 G 0 tem satisfies Eq.(27) with infinitesimal quantities
— =7 tq 57—t 97— T Aa7) (23) . .
dt ot 9qa o o 7(t,q,4,4) and &, (t,q,4,§), and there is a function
0O _ T% L §kai7 (24) pw=p(t,q,q,qG) that satisfies the following equations
dk

~ ~ afk . (NiT 8
XM = x(0) Sk st 2 2 8Aa d
+ ar 2ic (25) TR TR (28)
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then the system has the following conserved quantity:

o ok ) o (de, . d dt 0qq  0qq At 0qq Oy
ST T AT [ R iy
ot " g | Og, \ At e N )
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Equation (29) is called the three-order generalized Ho-
jman conserved quantity and it can be proved as fol-
. >2) [ Op
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For a general function ¢ (¢, q, ¢, §) we can have qo
dop 0dp 0A; o
dt ot ot dt ot 9y (31) Considering Eqs.(31)—(34) and (27), one has
|
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Combining Egs.(35) and (37), we have

. DA d |or
x® L R
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Finally we can obtain the following equation from Egs.(38), (28) and (36):
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Substituting Eq.(39) into Eq.(30) gives If the oscillator has the three-order form invariance

d and satisfies Eq.(22), then the following equation is

&I* =0. (40) satisfied

5. Example dt dt dt

An example of one-dimensional oscillator is given

below to show the application of the above result. For L < d d )

E—q—T

a one-dimensional oscillator, we have dr dr

1

_ .2 * L
§= 2mq @ kq. (41) Assuming that £ and 7 are the functions of ¢, ¢, ¢,

Substituting Eq.(41) into Eq.(1) yields then Eq.(43) can be expanded as follows:
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k ituting Eq.(42) i Eq.(2 i
where § = 1/ —. Equation (44) has the following so- Substituting Eq.(42) into Fq.(28) gives
m

lution: d
In = 4
t ( u) 0. ( 7)

E=— § (c1 cos Bt — cosin ft) ¢ The solution of above equation is
3 . . ..
— 56 (c1sin Bt + co cos Bt) q w=cs (52(12 + q2) . (48)

+ (g sin Bt + c4 cos Bt) (45) Substituting Eqs.(45), (46) and (48) into Eq.(32), the
T =cy1 cos Bt — ¢ sin Ft. (463 oscillator with one dimension has a conserved quantity

3 3 1
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29

’ 49
B+ )
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where ¢y, ca, c3, ¢4 and c5 are constant.

6. Discussion

First, if 7(¢,q,¢,4) = 0 and &, (t,q,4¢,G) # 0,
Eq.(27) can be simplified as follows:

ddd A,

ddd, _ d¢, 94,
dt de de ™"

Yoq.  dt Oqp  dtdt

(50)
And if u(t,q,q,qG) satisfies Eq.(28) then the three-
order conserved quantity is

Second, if &, (t,q,4,¢) = 0 and 7 (¢,q,4,q) # 0,
Eq.(27) can be simplified as follows:
. ddd y dd
Geqraar Ty a”
d'r 8A d'r 04,
é)t dt O

dr . dad )\ od.
2 : —0. 2
<q’“d tohga” ) ag, 0 2

+ 34—

And if p(t,q,q,q) satisfies Eq.(28) then the three-
order conserved quantity is

polo 10 dr
ot o 104 Hla dt

1 0 [ <2é c~1'r+q dd )] dr

- — o.M a7, a - 7,
0 dt dtdt dt
HOGa (53)

1 Oga ; o dt
10 dd
105, <Nadt€a> (51)
References

[1] Noether A E 1918 Nachr. Kgl. Ges. Wiss. Géttingen,
Math. Phys. Kl. 235

[2] Mei F X 2000 J. Beijing Inst. Technol. 9 120

[3] Wang S'Y and Mei F X 2002 Chin. Phys. 11 5

[4] Zhang Y and Mei F X 2003 Chin. Phys. 12 1058

[5] Luo S K, Guo Y X and Mei F X 2004 Acta Phys. Sin. 53
2413 (in Chinese)

[6] Mei F X and Xu X J 2005 Chin. Phys. 14 449

[7] Xia L L, Wang J, Hou Q B and Li Y C 2006 Chin. Phys.
15 467
[8] Hojman S A 1992 J. Phys. A: Math. Gen. 25 1291
[9] Zhang Y 2003 Acta Phys. Sin. 52 1832 (in Chinese)
[10] Fang J H and Zhang P Y 2004 Acta Phys. Sin. 53 4041
(in Chinese)
[11] Zhang H B, Chen L Q, Liu R W and Gu S L 2005 Acta
Phys. Sin. 54 2489 (in Chinese)

[12] Ma S J, Yang X H, Yan R and Huang P T 2006 Commun.
Theor. Phys. 45 350



