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In this paper the Lie-form invariance of the non-holonomic systems with unilateral constraints is studied. The

definition and the criterion of the Lie-form invariance of the system are given. The generalized Hojman conserved

quantity and a new type of conserved quantity deduced from the Lie-form invariance are obtained. Finally, an example

is presented to illustrate the application of the results.
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1. Introduction

The research on symmetries and conserved quan-
tities of a mechanical system has important theo-

As to symme-
1-3]

retical and practical significance.
tries, there are mainly the Noether symmetry,!

2-10] and the form invariance.[11—16]

the Lie symmetry!
And as to conserved quantities, there are mainly
the Noether conserved quantity,[1_3] the Hojman con-
served quantity,!”'8 and a new type of conserved
quantity.['9 Mei et al gave a unified symmetry of a La-
grangian system(2?) which could lead to the three kinds
of conserved quantities mentioned above. Wu studied
the Lie-form invariance of the Lagrange system,?2!]
from which two kinds of conserved quantities are
found. Ge and Zhang studied the Lie-form invari-
ance of holonomic mechanical systems.?? In this pa-
per, the Lie-form invariance of non-holonomic systems
with unilateral constraints is studied, from which two
kinds of conserved quantities are found.

2. Definition and criterion of the

Lie-form invariance

We suppose that the configuration of the mechani-
cal system is determined by n generalized coordinates
gs(s = 1,...,n).
jected to the unilateral non-holonomic constraints of

The motion of the system is sub-

Chetaev type,

Then, the differential equations of the system can be
expressed in the form

4 0L OL afs

=T - = Ws A )

05, og Mg,

Ag >0, f3>0,M3f3=0,
s=1,....n:8=1,...,q9, (2)

where L = T — V is the Lagrangian of the system, Qs
are the generalized non-potential forces, and Ag are
the constraint multipliers.

We consider the infinitesimal transformations of
time and generalized coordinates as

t" =t+ebo(t,q,q),q: (t") = qs(t) +&s(t,q,q), (3)

where ¢ is the infinitesimal parameter, £ and & are
the generators of infinitesimal transformations.
We introduce the infinitesimal generator vector

0 0
0 — g, = - =
X &)at+£saq y S 1,...,TL. (4)

S
The first extended infinitesimal generator is

0

x = x© .
9qs

+ (fs - QSéO) §=

1,...,n, (5)

and the second is

X®=x® 4 (&s — 24s&0 — quo)%a

S
s=1,...,n. (6)
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Then, we study an invariance of Eq.(2) under the in- Expanding Eqgs.(12), we obtain
finitesimal transformations (3).

If the system is constrained, i.e., constraints (1) s = Bs(t,q,4), s=1,...,n. (13)

take the sign of equality, we have

fﬁ(t)q7q.):()7 ﬁ:]‘?"'?g? (7)
Ap can be expressed as function of ¢,q,q. Thus,
Egs.(2) can be written as
ES(L):QS+AS) S:]-a'"ana (8)
where
400
o dtdgs  Ogs’
0
/132)\3ﬁ s=1,....,n;6=1,...,9. (9)

dqs’
Expanding Eqgs.(8), we can seek all the generalized

accelerations as

qs:As(tvan)a S:].,...,Tl. (10)

If the system is free from the constraints, that is,
the sign of inequality in constraints (1) holds strictly,

we have

fﬁ(t7qaq) > 0;

The Egs.(2) become

s=1,....m;6=1,...,9.

(11)

E(L)=Qs, s=1,...,n. (12)

Definition The symmetry that is both a Lie
symmetry and a form invariance is called a Lie-form
invariance.

For the non-holonomic systems with unilateral
constraints, the constrained Egs.(1) retain the form
invariance

XM (f5) =0

for
fs=0.

The determining equations of the Lie symmetry

(14)

are

XOHE(L)} = XW(Qs + 4:), XV (f5) =0, f3 = 0;
XOUEL(L)} = XD(Q,), fs > 0. (15)

The criterion equations of the form invariance are

Es{X(l)(L)} = X(l)(Qs + AS)vX(l)(fﬁ) =0,f3=0;
EAXD(L)} = X1(Qs), f5 > 0. (16)

According to the above definition, the following
result can be obtained.
Criterion If the generators of infinitesimal

transformations &y and & satisfy

{XONEL(L)] — XD (Qs + As)}? + {EJ[XD(L)] = XD(Qs + 45)}? =0, XV (f3) = 0, f3 = 0;

{(XPIE(L)] - XD Qo)) + {E[X V(L)) - XV(Qu)}* =0, f5 >0,

then the corresponding symmetry is a Lie-form invari-

ance.

3. The conserved quantity de-
duced from the Lie-form in-

variance

Under certain conditions, by using the Lie-form
invariance, both the generalized Hojman conserved
quantity and a new type of conserved quantity can
be obtained.

Proposition 1 For the non-holonomic systems
with unilateral constraints, if there is a function p =

(17)
|
u(t, g, q) such that
84, d
Sy = —0:
g, " arr =0 =0
8B, d
—1 1
where
d 0 0 0
— ==+ g+ A=, f3=0;
T at+qaqs+ B fs
d 0 0 0
_ - -s_ Bs_.7 0, 19
d¢ 8t+q8qs+ 04 fo > (19)
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then the Lie-form invariance will lead to a generalized
Hojman conserved quantity

Proof According to the definition, a Lie-form in-
variance must be a Lie symmetry, by using generalized
Hojman’s proof method, Proposition 1 can be proved.

Proposition 2 If there is a function Gp =

Gr(t,q,q) such that

X(l){X(l)(L)} + X(l)(L)%go + X(l)(Qs)(fs - (2550) + %GF = 0; fﬁ > 07 (21)

If the system is free from the constraint, from
Eq.(27) we obtain

L 10() | 10(s8,)
ST p Ogs
10 d o d d
+ D [M (Efs - qsafo)] - Efo
=const. (20)
|
v (D (1) v (1) d v (1) : d _ _0-
X {X (L)}+X (L)E€O+X (Q5+Aé)(€é _QS€O)+EGF —O;fﬁ —07
where
- 0 0 d d 0
1) ¢ 2 e 52
X foat +£saqs + (dtfs QSdt§O) 8q.sa (22)

then the Lie-form invariance will lead to a new type
of conserved quantity

OXW(L
+ qu()(gs - dsfo) + GF

=const. (23)

Iy ZX(I)(L)fo

Proof According to the definition, a Lie-form
invariance must be a form invariance, when a form in-
variance satisfies condition (21), there is a new type
of conserved quantity (23).

4. Illustrative example

If the Lagrangian of a system is

1. .
L= (i +d3), (24)
the non-potential generalized forces are
Q1 =0Q2=0, (25)

and the motion of the material point is subjected to

the non-holonomic unilateral constraint
f=d¢ +btga —bga+t >0, (26)

we study the Lie-form invariance and conserved quan-
tities of the system.

The differential equations of motion of the system
can be expressed as

(jl = )‘7 (jQ = bt}‘a
A>0,f>0,Af=0. (27)
If the system is under the constraint, from Eq.(26)
and (27) we have

1 .1 bt
T+ 7 Ty BT T Tiee

(28)

)\:

g1 = g2 = 0. (29)
Take generators as
50 = 0;51 = 1752 = 0; (30)

it is easy to prove that the corresponding symmetry
is Lie-form invariant.

Expression (18) gives

d
—Ilnp=0 31
ai H ’ (31)

form which we obtain
p=1 (32)

and
= g2 — btq1 + bqy. (33)

From expressions (30) and (33), by using Proposition
1, the conserved quantity expression (20) yields

Iy = b(g2 — btgr + bg1) ™" = const. (34)

This is a generalized Hojman conserved quantity
of the system deduced from the Lie-form invariance.

Expression (21) gives
Gr = g2 — btg1 + bga, (35)

and expression (23) gives
It = ¢ — btgy + bgy = const. (36)

This is a new type of conserved quantity of the system
deduced from the Lie-form invariance.
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