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The Hamilton–Jacobi method for solving ordinary differential equations is presented in this paper. A system

of ordinary differential equations of first order or second order can be expressed as a Hamilton system under certain

conditions. Then the Hamilton–Jacobi method is used in the integration of the Hamilton system and the solution of

the original ordinary differential equations can be found. Finally, an example is given to illustrate the application of

the result.
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1. Introduction

The Hamilton–Jacobi integration method is an

important integration method in analytical mechan-

ics. The method plays a significant role in the process

of development from classical mechanics to quantum

mechanics. Arnold pointed out that ‘Jacobi’s theo-

rem reduces solving the system of ordinary differential

equations to finding a complete integral of the partial

differential equation. It may appear surprising that

this “reduction” from the simple to the complicated

provides an effective method for solving concrete prob-

lems. Nevertheless, it turns out that this is the most

powerful method known for exact integration, and

many problems which were solved by Jacobi cannot

be solved by other methods.’[1] The Hamilton equa-

tions in analytical mechanics have an evident physi-

cal meaning. Though the general ordinary differential

equations that can be expressed as the Hamilton equa-

tions do not have an evident physical meaning, the

Hamilton–Jacobi method is also effective for them. In

order to apply the Hamilton–Jacobi method for solv-

ing ordinary differential equations, they must be ex-

pressed in the Hamilton form. Naturally, some differ-

ential equations can be realized by the Hamilton for-

mularization and the others cannot. The Hamilton–

Jacobi method can be used in solving the differential

equations provided that they can be realized by the

Hamilton formularization. This method belongs to

the mechanical methodology in mathematics.[2]

2. Hamilton formularization of

first-order differential equa-

tions

Consider the 2n first-order ordinary differential

equations

ẋµ = fµ(t, xν) (µ, ν = 1, . . . , 2n). (1)

Multiplying Eqs.(1) by

(ωµν) =





0n×n 1n×n

−1n×n 0n×n



 , (2)

and summing them over ν, we obtain

ωµν ẋν = Fµ(t, xν), (3)

where

Fµ = ωµνfν . (4)

If the functions Fµ satisfy the condition

∂Fµ

∂xν
=

∂Fν

∂xµ
, (5)

then Eqs.(3) are self-adjoint and they can be expressed

in the form[3]

ωµν ẋν =
∂H

∂xµ
, (6)
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where H is the Hamiltonian

H = xµ

∫ 1

0

Fµ(t, τxν)dτ. (7)

If the condition (5) is not satisfied, but after multi-

plying Eqs.(3) by the factor functions hµν(t, x) the

condition (5) holds, then Eqs.(1) can also be realized

by the Hamilton formularization.

3. Hamilton formularization of

second-order differential equa-

tions

Consider a system of second-order differential

equations

Ask(t, q, q̇)q̈k + Bs(t, q, q̇) = 0, s, k = 1, . . . , n. (8)

A necessary and sufficient condition for the system (8)

to be self-adjoint is that all the following conditions

are satisfied:[3]

Ask = Aks,

∂Ask

∂q̇r
=

∂Ark

∂q̇s
,

∂Bs

∂q̇k
+

∂Bk

∂q̇s
= 2

(

∂

∂t
+ q̇r

∂

∂qr

)

Ask,

∂Bs

∂qk
− ∂Bk

∂qs
=

1

2

(

∂

∂t
+ q̇r

∂

∂qr

)(

∂Bs

∂q̇k
− ∂Bk

∂q̇s

)

,

s, k, r = 1, . . . , n. (9)

The Lagrangian is given by

L = K(t, q, q̇) + Dkq̇k + C(t, q), (10)

where the n + 2 functions K, Dk and C are a solu-

tion of the linear over determined system of partial

differential equations

————————————————————————————
|

∂2K

∂q̇s∂q̇k
= Ask(t, q, q̇),

∂Dk

∂qs
− ∂Ds

∂qk
=

1

2

(

∂Bk

∂q̇s
− ∂Bs

∂q̇k

)

+
∂2K

∂qk∂q̇s
− ∂2K

∂q̇k∂qs
≡ Zks(t, q),

∂C

∂qk
=

∂Dk

∂t
− Bk − ∂K

∂qk
+

∂2K

∂q̇k∂t
+

[

∂2K

∂qk∂q̇s
+

1

2

(

∂Bk

∂q̇s
− ∂Bs

∂q̇k

)]

q̇s ≡ Wk(t, q), (11)

given by

K(t, q, q̇) = q̇k

∫ 1

0

dτ ′

{[∫ 1

0

dτAks(t, q, τ q̇)

]

q̇s

}

(t, q, τ ′
q̇),

Dk =

[∫ 1

0

dττZks(t, τq)

]

qs,

C =

[∫ 1

0

dτWk(t, τq)

]

qk. (12)

|————————————————————————————

The Lagrangian is called the ordered direct analytic

representation of the system (8), i.e.

Aks q̈s + Bk =
d

dt

∂L

∂q̇k
− ∂L

∂qk
= 0. (13)

If the system (8) is non self-adjoint, but after multi-

plying it by the factor functions gsk(t, q, q̇) it becomes

self-adjoint, then we have

gsk(Akr q̈r + Bk) =
d

dt

∂L

∂q̇s
− ∂L

∂qs
= 0. (14)

The Lagrangian is called the indirect analytic repre-

sentation of the system (8).

Using the Legendre transformation, we can trans-

form Eqs.(13) or Eqs.(14) into the Hamilton equations

q̇s =
∂H

∂ps
, ṗs = −∂H

∂qs
, (15)

where

H = psq̇s − L, ps =
∂L

∂q̇s
. (16)

A higher order differential equation can be expressed

as a system of differential equations of first order or

second order, and it can be realized by the Hamilton

formularization under certain conditions.
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4. Hamilton–Jacobi method

The Hamilton–Jacobi equation for Eqs.(15) is

∂S

∂t
+ H

(

qs,
∂S

∂qs
, t

)

= 0. (17)

If a complete integral of Eq.(17)

S = S(t, qs, αs) (18)

is found, then finding the solution of Eqs.(15) is re-

duced to solving the algebraic equations

∂S

∂αs
= βs,

∂S

∂qs
= ps, (19)

where αs and βs are constants. The main difficulty in

using the Hamilton–Jacobi method consists in finding

the complete integral of the Hamilton–Jacobi equation

(17). In general, one can apply the method of sepa-

ration of variables to find the complete integral of the

Hamilton–Jacobi equation.[4]

5. Illustrative example

Use the Hamilton–Jacobi method to find the so-

lution of the fourth-order differential equation

(4)
x =

4

3

···
x

2
ẍ−1. (20)

Let q = ẍ. Then Eq.(20) becomes

q̈ − 4

3
q̇2q−1 = 0. (21)

It is non-self-adjoint. Multiplying Eq.(21) by the fac-

tor q−8/3, we have

q̈q−8/3 − 4

3
q̇2q−11/3 = 0.

It is self-adjoint and the Lagrangian is

L =
1

2
q̇2q−8/3.

We have

p =
∂L

∂q̇
= q̇q−8/3, H =

1

2
p2q8/3.

The Hamilton–Jacobi equation (17) gives

∂S

∂t
+

1

2

(

∂S

∂q

)2

q8/3 = 0.

Its complete integral has the form

S = −ht − 3
√

2hq−1/3.

Then we have

t0 =
∂S

∂h
= −t − 3

2

√
2h−1/2q−1/3,

p =
∂S

∂q
=

√
2hq−4/3

and

q = −h−3/2

(√
2

3

)−3

(t + t0)
−3 = ẍ.

Integrating it, we obtain

x =
1

2
h−3/2

(√
2

3

)−3

(t + t0)
−1 + C1t + C2, (22)

where h, t0, C1 and C2 are constants.

6. Summary

The Hamilton–Jacobi method is an important in-

tegration method in analytical mechanics. In this

paper, it is used for solving the ordinary differen-

tial equations. When a system of ordinary differen-

tial equations of first order or second order can be

expressed as a Hamilton system, one can integrate

it by using the Hamilton–Jacobi method and then

find the solution of the system. The main difficulty

of the method is to find the complete integral of the

Hamilton–Jacobi equation.

———————————————————————————

References

[1] Arnold V I 1978 Mathematical Methods of Classical Me-

chanics (New York: Springer)

[2] Wu H B and Mei F X 2005 Chin. Phys. 14 2391

[3] Santilli R M 1978 Foundations of Theoretical Mechanics

I (New York: Springer)

[4] Mei F X, Liu D and Luo Y 1991 Advanced Analytical Me-

chanics (Beijing: Beijing Institute of Technology Press)

(in Chinese)


