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The algebraic structure and Poisson’s integral theory of mechanico-electrical systems are studied. The Hamil-

ton canonical equations and generalized Hamilton canonical equations and their the contravariant algebraic forms for

mechanico-electrical systems are obtained. The Lie algebraic structure and the Poisson’s integral theory of Lagrange

mechanico-electrical systems are derived. The Lie algebraic structure admitted and Poisson’s integral theory of the

Lagrange-Maxwell mechanico-electrical systems are presented. Two examples are presented to illustrate these results.
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1. Introduction

It is well known that many methods, such as
Ermakov technique,[!! Lutzky’s approach,®=7 group

transformation method, 811

dynamical algebraic
method,['2714] and algebraic structure and Poisson’s
theory for constrained mechanical systems,>=2% have
been developed to seek invariants of mechanical and

[1-19] Among these methods, the in-

physical systems.
variants of the mechanical systems studied by us-
ing algebraic structure seem to have an extra advan-
tage of a straightforward extension to the correspond-
ing quantum mechanical systems.[?!] In fact the alge-
braic structure and Poisson’s theory have been used
to study the relativistic Birkhoffian systems by Fu
et al.?2=24 Recently, a series of the symmetries and
conservative quantities have been presented to the
mechanico-electrical systems.25-27 Algebraic struc-
ture and Poisson’s theory, while applied successfully to
mechanico-electrical systems, have not been explored
so far. In this paper, we make an effort in this direc-
tion and demonstrate the applications of the algebraic
structure and Poisson’s theory of dynamical systems
to mechanico-electrical systems.

2. Generalized Hamilton canon-
ical equations of mechanico-

electrical systems

Mechanico-electrical systems are systems in which
a mechanical process and an electromagnetic process
are coupled. The mechanical part constituting N
particles is described by n generalized coordinates ¢
(I =1,...,n), and the electrodynamical part consti-
tuting m circuits is described by m electric quantities
ex(k=1,...,m). Consider a mechanico-electrical sys-
tem composed of m circuits consisting of linear con-
ductors and capacitors. Let iy denote the current, uy
the electronic potential, Ry the resistance, and C}, the
capacitance. Then the Lagrangian of the mechanico-
electrical system is

L=T(q,q)—V(q) —We.(q,e) +Wy(g,é), (1)

where q = {q17 qz; .-, Qn}a q = {qlv QQa s Qn}a and
e = {ey,ea,...,e,} denote generalized coordinate,

generalized velocity and generalized electric quantity

1 n
respectively, T' = §as(q)q's and V = Y vs(q) are the
s=1
kinetic energy and the potential energy, and the elec-

tric field energy and the magnetic field energy of the
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mth circuit are respectively defined by Qs — 0F/9¢s = 0. Equation (6) yields
P 2 doL  OL
We=> 5c 404 Oq.
k=1 (s=1,...,n,n+1,...,n4+m), (7)
and . .
where the mechanical and electromagnetic process are
PP PP :
1 1 also coupled with each other.
= = Lipigiy = = Lypéé 2
Won l; 7; 2 otk l; 7; 2 kréer, (2) Assume that the generalized momentum of

where Ly, = Lg,(q) is the mutual-inductance between
the kth circuit and the rth circuit, Lgr = Li(q) is the
self-inductance of the kth return circuit, C, = Cx(q)
is the capacitance of kth capacitor. We point out that
the coupling characteristics of mechanical and electro-
magnetic processes are expressed in W, and W,,. For
simplicity, the repeated suffixes conventionally denote
summation in the paper.
Motion of the system is governed by the

Lagrange-Maxwell equation

ddL 9L OF

atoq  oq ' oq O

doL 9L  OF

atoe e 06
(l=1,....n;k=1,...,m), (3)

where Q] is non-potential generalized force, F' is the
dissipative function

F =F,(é)+ Fn(q,q), (4)

where é = {é1,é3,...,é,} = i denotes the electric

current, the electric dissipative function is given by

1 1
Fo= gRyip = 5Ryép, (k=1,...,m),  (5)

and F;, is the dissipative function of the viscous fric-
tional damping force.
We now take it that the ¢s(s = 1,...,n,n +

1,...,n+m) expresses generalized coordinate in which
gs(s =1,...,n) denotes the component of space coor-
dinate, gs(s = n+1, ..., n +m) denotes the electric

component, then Eq.(3) can be written in the form

d oL OJL OF

ané - aqs + 8q5 = st

(s=1,...,n,n+1,...,n+m), (6)
where Qs(s = 1,...,n) denotes non-potential gener-
alized force, and Qs(s = n+ 1,...,n + m) denotes

generalized electrokinetic potential.
The system (5) is called the
mechanico-electrical system satisfying the condition

Lagrangian

mechanico-electrical system is
0L
9qs

and introduce the Hamiltonian of the system

Ds (s=1,...,n,n+1,...,n+m), (8)

H(ta q, q) :pst - L
ZPSQS(ta q, p) - L(tv qs, (js(ta q, p))
=H(t,q,p), 9)

where p = {p1,p2,..
mentum, then Eq.(6) can be shown by

.,Pn} denotes generalized mo-

. OH

= opy

_ OH oF

Ps ==, " (@ - 0_q's) d-=d:(bap) -
(5:1,...,n,n+1,...,n+m)a (10)

which is called the generalized Hamilton canonical
equation of mechanico-electrical system. Equation (7)
can be written as

. _OH .  O0H
s = 8]757 Ps = aqsv
(s=1,...,n,n+1,...,n4+m), (11)

which are called the Hamilton canonical equation of
Lagrangian mechanico-electrical system. In Eqs.(10)
and (11), g={q1,---,9n,Gn+1s--,qntm}, and p =
{pP1,- - yPnsPn+1,---,Pntm} denote the generalized
coordinate and momentum respectively.

3. Contravariant algebraic form

of mechanico-electrical sys-

tems

Introduce contravariant vectors

" q", (u=1,....,n,n+1,...,n+m),
a” =
pu—(n+7n), (l,L =n-+m-+ ]., ceey 2(n —+ ’T?’L))7
(12)
then Hamiltonian of the system will be written in the
form

H(t,q,p) = H(t,a"). (13)
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Using the contravariant tensor SHY = Wt T (19)
0 n-r+m n-+m I n-r+m n-r+m
(W) = (ntm)x(ntm)  S(ntm)x(ntm) , (14) (W) = O(ntm)x(n+m)  L(ntm)x(n+m) (20)
~Lntm)x (ntm) Otmtm) x (nm) —I(ntm)x (ntm) O(ntm)x(ntm)
The Hamilton canonical equation (11) can be ex-
pressed in the contravariant algebraic form (T = Ontm)x (n4m) O(ntm)x (n+m) (21)

oOH

at — W I =

da¥ ’
(mv=1,...,n+m,...,

n+m,n+m+1,...,2n+2m). (15)

For generalized Hamilton canonical equation (10)
of Lagrange—Maxwell mechanico-electrical system, we

let
oF 9 OH
(Qs - 8_115) go=a:(t.q.p) = @s = _QSka—Pk’
(57]5:1,...,n,n+1,...,n+m)a (16)
where
1 0 0
0 922 I 0
('Qs ) = , (17)

then Eq. (10) can be expressed in the contravariant
algebraic form.

O(n+m)><(n+m) _'Qkk

It is obvious that the tensor S*¥ is composed of anti-
symmetrical tensor w*” and symmetrical tensor TH".
For example, the Hamiltonian of mechanico-

electrical system

_1pt 1 p3

To2m 2

1

—kx? — mgx
2T.(0) 2 9
subjected to non-potential generalized forces @1 =
cixx, and Q2 = coé, dissipative functions F, =
503é27 csé, and F,, = csxd + cgi2, where p; = md,
and ps = Li(x)é denote generalized momentums, m
denotes mass, k and ¢; (I = 1,...,5) are constants.

Substituting H into Eq.(16) yields

- H
Q1= e Blo — sz — 2062t = fﬂma—,
m m Opk
2 D2 OH
= (¢y — - ()
Q2 = (c2 c3)L1(x) + e 2k G

then
OH
N T 11 e
ar =5 Oav 0, 7!211:611'765,@33“”206,
(wyv=1,....,n,n+1,..., b1
Doy — Ll(z)
n+mn+m+1,...,2(n+m)), (18) — (= —(c3 —c2) + ca o
|
0 0 I0 00 0 0
wy_ |0 0or| o, VY 0 0
(W) = 7000 ’ - 000130—052)—130—1—206 0
L
0 —-I00 00 0 ~(e3— )+ e ;(I)
2

Substituting w*” and T*" into Eq.(18) leads to the contravariant algebraic form of the mechanico-electrical

system
[ L — -
1 m; 2 Ll(x)a
a 7i8L1 2
87212 o
. Li(x
g =|—(c3 —c2) +ca ()

b2

m
p5 — kx +mg + <61£L' — 05—:E+206> &,
Y41 m

D2
L1 (l‘) '




1656 Liu Hong-Ji et al Vol. 15
i ico- o+ orvT orT
4. Algebraic structure of mechanico T e e —o,
. dar dar dar
electrical systems vnrp=1, 41,
Firstly, we come to study the algebraic structure n+mnt+m+1,....2(n+m)). (29)

of Lagrangian mechanico-electrical systems.
Performing full derivative of function A(a) along
the Eq.(12), one has

| DA 0

~ OdaH da¥
(wyv=1,....n,n+1,...,

n+mn+m+1,...,2(n+m)), (22)

the right-hand side of Eq.(22) is defined as a double-
linear product Ao H, i.e.

o4Oy
which satisfies the right-hand assignment law, left-
hand assignment law and scalar law, so Eq.(23) pos-
sesses the compatible algebraic structure.
Expanding Eq.(23) yields

oA ,0H 0AOH 0AJH

dar” Da” ~ O Opr  Opi O
which is the classical Poisson’s bracket (A4, B), i.e.
(A, B) = Ao B. Tt is well known that Poisson bracket
possesses the anti-symmetrical property

(24)

AoB+ BoA=0, (25)
and satisfies the Jacobi identical equation
Ao (B oC)+Bo (Co A)+C o(A oB)=0. (26)

Equations (25) and (26) are also called Lie algebra
axiom. Then one has the following theorem.
Theorem 1 Equations of motion of Lagrangian
mechanico-electrical systems possess compatible alge-
braic structure as well as Lie algebraic structure.
Secondly, one presents the algebraic structure of
Lagrange-Maxwell mechanico-electrical systems.
We perform full derivative of function A (a) along
Eq.(18), and this derivative is defined as a product
_ 04 gHv OH  ref
oa* oa¥

this product also satisfies the right-hand assignment

A(a) Ao H, (27)

law, left-hand assignment law and scalar law, and then
Eq.(18) possesses the compatible algebraic structure.

If Eq.(18) possesses the Lie algebraic structure,
then Eq.(27) satisfies Eqs.(25) and (26). When con-
sidering Egs.(19)—(21), Egs.(25) and (26) lead to con-
ditions with respect to TH¥

TH + T =0, (28)

Further, we have
O = 0,

Qs =0
Therefore, Eq.(18) having no Lie algebraic structure,

(k=1,...,n,n+1,...,n+m), (30)

(s=1,...,n,n+1,...,n4+m). (31)

we have
Theorem 2  The equations of motion of
Lagrange-Maxwell mechanico-electrical systems do
not have Lie algebraic structure.
that the

mechanico-electrical systems possess the Lie algebraic

We can prove Lagrange-Maxwell

structure admitted. For Eq.(27), we define a new
product

[A,B] == A oB-Bo A, (32)

which has anti-symmetrical property
[A,B] +[B,A] =0, (33)
and satisfies the Jacobi identical equation
[A,[B,C]] + [B,[C, A]] + [C,[A, B]] = 0. (34)

Expanding Eq.(34), the S*¥ satisfies the following
forms:

0
e _ Qpp vT _ QTV
(510 — 7)o (5" — S™)

(877 — §P) 2 (STH — SHT)

R
da’
0
TP _ QpT\_Y_ (gqur _ qupy _
+ (S S )aap(S Sy =0,
(wyv,rop=1,...;,n,n+1,...,

n+m,n+m+1,...,2(n+m)). (35)
Using Eqgs.(19)—(21), Eq.(35) leads to
0
THe _ ey Y (pyT _ v
( 2 )

(TP = TP (17— )

9
da”
0
TP _ pT MY VRN

+(T T )—aa/’(T ") = 0. (36)

where TH" is a symmetrical tensor, then Eq.(36) is ex-
plicit. The new product (32) possesses Lie algebraic
structure, then Eq.(27) possesses Lie algebraic struc-
ture accepted. We have the following theorem.

Theorem 3 Equations of motion of Lagrange—
Maxwell mechanico-electrical systems possess the
compatible algebraic structure as well as Lie algebraic
structure accepted.
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5. Poisson’s theory of mechanico-

electrical systems

It is well known that there are two main contents
in Poisson’s integral theory of conservative holonomic
systems: one is the Poisson conditions on the first in-
tegral; the other is the Poisson theorem. Poisson’s in-
tegral theory also points out that the Poisson bracket
of the two first integrals, which are not involutive, is
also a first integral. We now give the generalization
of the Poisson integral theory in mechanico-electrical
systems.

5.1. Poisson’s theory of Lagrangian
mechanico-electrical systems

We know that the theoretical foundation of Pois-
son’s integral method is equations of motion of sys-
tems and possesses Lie algebraic structure.?8! La-
grangian mechanico-electrical system (11) possesses
Lie algebraic structure, so the Poisson integral meth-
ods of conservative holonomic dynamical systems can
be used in the system. Then we have the following
proposition.

Proposition 1 The necessary and sufficient con-
dition on which I(a*,t) (u=1,...,n+ m) is first in-
tegral of the Lagrangian mechanico-electrical system
(11) is that the I(a*,t) satisfies

oI
—+(,H)=0 37
Oy .y =0, (37)
where the Poisson bracket (I, H) is expressed as
oI OH  0I 0H
LH) =208 2207
(1, H) 9qr Opr Opk Oqi
(k=1,...,n,n+1,....,n+m). (38)

Proof In fact, the I is a first integral if and only
if I = 0. Notice that

df oI 01

OH oI
_— = — —_(QH¥ = — =
= ot T e =5 TLH) =0

Equation (38) is called the Poisson condition of
the first integral for Lagrangian mechanico-electrical
system.

Proposition 2 H = c is a first integral of La-
grangian mechanico-electrical system, if the Hamilto-
nian of the system does not depend explicitly on time
t.

Proposition 3 For the Lagrangian mechanico-
electrical system (11), which possesses two first in-
tegrals I1(a*,t) and Is(a*,t) having not involution,

their Poisson bracket (I7, I2) is also the first integral
of the system.

Proof that  the
mechanico-electrical system (11) possesses the follow-

Supposing Lagrangian

ing two first integrals not having involution

Ii(a",t) = c1, I(a",t) = co, (39)

which satisfying Poisson conditions

o6 _ 0l B
E‘i‘([lvH)—O; E+(IQ,H)_O. (40)

Performing the following operation:

9 (oL ol
E(II’IQ) —(E,b) + (Ihﬁ)

oI 0wt Ol
Oatt Ot Ot’

in respect that
Owh”

ot ’
then Eq.(41) becomes

9 /o oI,
a(IMIQ) - < ot ;IQ) + ( ot 7II>- (42)

Using Lie algebraic axioms (25), (26) leads to

((117]2)aH) - ((127H)a11) - ((Hv Il)aIQ)

=(I1, (I, H)) + (I, H), I).
(43)

Combining Eq.(42) with Eq.(43) and considering
Eq.(40) yields
0

5(11, L)+ ((I1, I2), H)

<<%> + (II,H),IQ>

I
+ <Ila%+(-[2aH)) =0, (44)

then (I7, I) is also a first integral of the system and
obtained in Eq.(44).

Proposition 4 For the Lagrangian mechanico-
electrical system (11) that possesses a first integral

I(a*,t) containing ¢, and Hamiltonian that does not

oI 03I
depend explicitly on t, FTRRCTPREE

., are also first in-
tegrals of the system.

Proof By partially differentiating Eq.(37) with
respect to t, we obtain

0 o0l ol OH
§E+ (E,H> + (I’E> =0,

where H does not depend explicitly on ¢, and

0 01 oI
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oI
where e is a first integral of Eq.(11). Similarly, one
0?1 31

o2’ s
grals of the system.

can prove that ., are also the first inte-

Proposition 5 For the Lagrangian mechanico-
electrical system (11) that possesses a first integral
I(a*,t) containing a”, and Hamiltonian H that does

oI %I

- , oI o7l
not depend explicitly on a”, 507’ Dar®’ "

., are also
first integrals of the system.
Proof By partially differentiating (37) with re-

oH
n)+ (1.28) <o

where H does not depend explicitly on a”, and

o oI oI
5 57 <—H) =0, (46)

spect to a”, we have

oor (or
Oar Ot Oar’

Oa”

I
therefore % is a first integral of Eq.(11). Similarly
a
0?1 931

——,——,..., are also first inte-
2
9 02 9 03 ’

we can prove that
grals of the system.

5.2. Poisson’s theory of Lagrange—

Maxwell mechanico-electrical sys-
tems

Poisson’s theory also points out that[28) part of
Poisson’s integral method may be used for such sys-
tems that their equations of motion possess Lie alge-
braic structure admitted, and the Poisson’s theorem
does not hold true any more in the systems.

Proposition 6 The necessary and sufficient con-
dition on which I(a*,t) (u =1,...,n+m)is a first in-
tegral of the Lagrange-Maxwell mechanico-electrical
system (18) is that the I(a*,t) satisfies

oI
EJr[I,H]:O, (47)
where
ol ol
I H =Io H= i
|1, H] ° aa/‘S oaY

(myv=1,....,n,n+1,...,
n+m,n+m-+1,...,2(n+m)),

is Poisson bracket, and S*¥ is given by Eqgs.(19)—(21).

Proposition 7 H = (C'is a first integral of the
conservative and non-dissipative Lagrange-Maxwell
mechanico-electrical system (18), if the Hamiltonian
H of the system does not depend explicitly on time .

Proof Substituting I = H into Eq.(47) leads to

OH OH O0OH OH
e Iy ~ e el
ot +[H, H] ot + aa“S OaV

_OH __OH_,,0H

ot " dart dav

_OH _, (_0H
SOt M\ Qantmts )

(48)
Using Eq.(15), we obtain
OH 0H - OH
= 0 (e )
(s=1,...,n,n+1,...,n+m). (49)

Then H = (' is a first integral of Lagrange-Maxwell
mechanico-electrical system (18) for the case of Q, = 0
and no dissipation, when H does not depend explicitly
on t.

Proposition 8 For the Lagrange-Maxwell
mechanico-electrical system (18), which possesses a
first integral I(a*,t) containing ¢, when Hamiltonian
H, non-potential generalized force Qs and the dissi-

pative function F' do not depend explicitly on ¢, then

oI 0*1

o’ o’
Proof By partially differentiating (47) with re-

., are also first integrals of the system.

spect to t, we can obtain

d (oI oI 9Q, oI
a(a%[aﬂ* ot dar

oI o [OH

Ity <714 ) =
T 50" B ( o ) 0 (50)

When Hamiltonian H, non-potential generalized force
Qs and the dissipative function F' do not depend ex-

0 ~ 0H

plicitly on ¢, i.e. aQS:O and il 0, one has

5 (%) + |50 =0 (51)

oI
Namely T is a first integral of the system (18). Simi-
2

larly, we can prove that —

o2’

.., are also first integrals
of the system.
Proposition 9 For the Lagrange-Maxwell
mechanico-electrical system (18), which possesses a
first integral I(a*,t) containing a”, when Hamiltonian
H, non-potential generalized force Qs and the dissi-

pative function F'do not depend explicitly on a”, then
or 9%I

a7 Dot are also first integrals of the system.
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Proof By partially differentiating (47) with re-
spect to a”, we can have

0 [ oI 0 (0l O0H

Bl ) I Y e K72

ot \ Oa” da* \ Oa” daV
0Qs 01 - ol " 0 8_H _o

OaP dantmts — Jgk da? \ daP

(52)

When Hamiltonian H, non-potential general force Qg
and the dissipative function F' do not depend explic-

0 0H
itly on a”, i.e. — Q=0 and — = 0, we have

Oa¥ Oa®
0 (oI o (oI oOH
(= 2 ygur 2
ot (aaﬂ) + Oat (8aﬂ)s Oa¥
0 (oI oI
_E(%) + [%H} = 0. (53)

ol
Namely a7 is a first integral of the system (18). Sim-
a
2
ilarly, we can prove that —, ..

dar

., are also first inte-
grals of the system.

6. Example

In Fig.1 we consider a circuitry of dynamo-electric
transducer, which memorizes mechanical vibration.
Let m denote the mass of armature, k the stiff-
ness factor, Ly = Li(x) = bz (b is constant) the
self-inductance of winding. The circuitry constitutes
winding, battery and resistance, where x denotes the
displacement of plumb line, which is calculated from
original length of spring. E denotes the electromotive
force of battery, and R denotes the resistance. We
take it that the gs(s = 1,2) expresses generalized co-
ordinates in which ¢ = x denotes the component of

k k
2 2 —
L R

Ly

—1

Fig.1. Circuit of dynamo-electric transducer.

space coordinate, go = ¢ denotes the electric compo-
nent, and, further, suppose that the armature is sub-
jected to nonconservative force Eq/i + R?/4, then
we obtain the kinetic energy and magnetic energy of
the system

1 1

potential energy

1
V= 5/6302 — mgyz, (55)
and dissipative function
1 5
F= —qu . (56)
The Lagrange function of the system is written in
the form
1 ., 1, 1. .,
L =-mi®+ —bxg® — —ka® + mgz. (57)
2 2 2
Taking the generalized momenta and velocities of
the system
oL . 4
br= 7 =mr, T=—,
ot m
oL .. D2
= — = baq, = — 58
P2 =g =bvd, q=47 (58)
Hamiltonian of the system can be expressed as
Ipi [ 1p3 1, .,
H=_-—=+_-—=+—-ka* — .
om | 2be 2 MY (59)

Equations of motion of the system are described
in the partial canonical form

. D . D2
r=—, q=7,
m bz
aH . .2
pr=-%-—-EL+RL
ox T T
1p3 4 ¢
=k — P2 gl gL
TEmIt o TP T
OH
p2=———+FE—-Rq¢=FE - Rq, (60)
dq
in which
. .2 2
X q q mpa mpsy
—_pliRL _ g mpa
@ :Jc+ T bxpr b2x2’
Q= E - RZ. (61)
bx
Let
ay =z, az=¢q, az=pi1, a4 =P, (62)

Eq.(58) can be written in the contravariant algebraic
form, therefore one has

OH
U Sul/_ — 0
a S 0" (1
where

SHV = v 4 TH

() = O2x2 I2x2
*12><2 O2><2
(1) = O2x2 O2x2
O2x2 — 2k
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Using Egs.(15) and (61), we obtain

2 2.2

m2ay m?a3
-, =-F
M baia3 b2a2a3’
b
— = E% ~R. (64)

Therefore, we give the contravariant algebraic form as

. as
a; =—,
m
a G4
2 ba1
1 a2 may ma?
—k 4 _E 4
s =kay —mg+ 5 2b a? bajas b2a2as’
=F — R— 65
Qs ba1 ( )
|
ol oI oI 8H oI oOH
TH=Z 1 2 Bty T
ot + ot + 3a“ aa" Oat da?
n ﬁ o may mai
Oa3 baias b2a3as

1 ol aq
T I Rl (5B E T
2 ba? a1+mg)+aa4( bal) ’

when
Qsls =Q1 + Q2
=—Eb—+Rb2 : JFE%1
- R% —0. (66)

We know, from Proposition (7), that Hamiltonian of

the system
la2 1 a3 1
H=-34_24 4 =C 67
2m 2ba1+2 a1 mga ! (67)

is the first integral. Using Proposition 6, we can ob-

tain
ol + ol as ol a4
ot  Odalm = Oas bal

a

(68)

which is a one-order linear homogeneous partial differential equation with the characteristic equation being

dt  mda baidas azdas day
dt _mday _ barday _ osdas - . (69)
1 as a4 Ema4 n Rmaj n asay 3 n Ray
- — kaias + mga -
bay b2a? 2ba? 173 gas baq

We, from Eq.(69), can obtain the following integrals:

I, =ma; — /agdt =cy, (70)
IQ =ag — / —dt = C2, (71)
mRasays  asaszay
I3 =— E
3 2“3 + ba1 "t 2 2007
1
- §ka% + mga; = cs, (72)

Eb
I4:a2+%+ all <E@)C4

R R2 baq

The first integral I35 includes as. Using Proposition 9,
from I3 we obtain a new integral
m mRays  azay

I. — B~ =cs.
g baq + b2a? + 2ba? e

(74)

7. Conclusion

The algebraic structure and the Poisson’s theory
are extended to mechanico-electrical systems in this
paper. The results here present significant approaches
to seeking for conserved quantities in mechanico-
electrical systems.
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