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The depletion interactions between two large-spheres immersed in a fluid of small spheres under unsymmetrical

geometrical confinement are studied through the acceptance ratio method. The numerical results show that no matter

whether the volume fraction is large or small, both the depletion potential and depletion force are affected by the

presence of the two plates; the closer the two large spheres are to the plate, the larger the effects of the unsymmetrical

confinements.
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1. Introduction

Depletion interactions arise when two large-

spheres are immersed in a fluid of small spheres.

The fact that the depletion attraction between the

two large-spheres comes from the unbalanced osmotic

pressure exerted by small spheres was first described

by Asakura and Oosawa.[1] In the last few years, focus-

ing on the force acting on the colloidal spheres as well

as on the phase separation of the colloidal suspensions,

hard sphere mixtures were the subject of experimental

and theoretical studies.[2−4] Many interesting results

on depletion interactions have been obtained through

computer simulations,[5−7] theory analyses,[8−15] and

experimental measurements.[16−19] These studies have

significantly improved our understanding of the struc-

ture and the equilibrium behaviour of the hard sphere

fluids. Recent research work shows that the depletion

interactions are affected by the presence of geometric

confinements. For example, we can confine the col-

loidal system between two parallel plates. Generally

speaking, according to the influence of the two plates

on the depletion interaction, a geometric confinement

can be of the symmetrical or unsymmetrical type: if

the distances between the two large-spheres and the

two plates are equal, the influences of the two plates

on the depletion interaction are the same, then the

influence is the symmetrical confinement; otherwise,

the confinement will be unsymmetrical, i.e., the influ-

ences of the two plates on the depletion interaction

are different (see Fig.1).

Fig.1. Schematic diagram of the model under unsymmet-

rical geometric confinement. h ≥ 0 is the minimal gap

between the two fixed hard large-spheres, and D is the dis-

tance from the large-spheres’ centre to the plate P2. The

zones between the dashed line and plate or large-sphere

are the forbidden regions for the small spheres.

Investigations on the cases under the symmetrical con-

finement show that the depletion interactions are sen-

sitive to the confinement.[20] However, we note that

the symmetrical confinement is a very special one.

Usually a system is found to be confined under the

unsymmetrical confinement. Therefore further inves-

tigations on the effect of the unsymmetrical confine-

ments are needed. In addition, we note that, if a sys-

tem is confined under an unsymmetrical confinement,
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the density distribution of the small-spheres near the

two large-spheres is different from that if the system is

confined under the symmetrical confinement: for the

symmetrical confinement, the symmetric distribution

of small-spheres in the direction along the line of the

two large-spheres’ centres is kept, but for the unsym-

metrical confinement, this symmetry is broken down.

Obviously the depletion force between the two large-

spheres under unsymmetrical confinements cannot be

determined through the density integration method.

So some new questions arise in the calculations of de-

pletion forces in the cases of unsymmetrical confine-

ments. Fortunately, we will see that, for unsymmetri-

cal confinements, the acceptance ratio method (ARM)

is still valid and can be used in calculations. In this

paper, we use the ARM to study the depletion inter-

actions between the two large-spheres in the fluid of

small spheres under unsymmetrical geometric confine-

ments.

This paper is organized as follows. A brief review

of the theory of ARM is given in Section 2, and the nu-

merical results about the unsymmetrical confinements

will be given in Section 3, then in Section 4, we will

summarize our conclusions.

2. Simulation method

We know that the depletion force is usually deter-

mined through the differentiation of the depletion po-

tential, which can be conveniently obtained through

the ARM introduced by Bennett,[21] and details of

the ARM and its implementation can be found in

Refs.[7,22–25]. In the ARM, two systems of the hard-

sphere fluid in an external potential characterized by

two large spheres located in the simulated cell should

be considered. If the potential and the partition func-

tion of the two systems are V0, Q0 and V1, Q1 respec-

tively, the free energy difference between these two

systems is given by

β∆F = βF1 − βF0 = −ln
Q1

Q0
, (1)

where β = (kBT )−1. Introducing a weight function

W (r), the ratio of the partition functions of the two

systems shifts to

Q1

Q0
=

Q1

Q0

∫

drW (r)exp[−β(V1 + V0)]
∫

drW (r)exp[−β(V1 + V0)]
=

〈W exp(−βV1)〉0
〈W exp(−βV0)〉1

, (2)

where r represents the coordinates of all particles in

the system and the subscripts 0 and 1 denote the av-

erages with respect to the Boltzmann factor of V0 and

V1, respectively. Since the weight function is arbi-

trary, it therefore can be chosen in such a way that

the calculations will be reduced. If we choose it as

W ∝

[

Q0

n0
exp(−βV1) +

Q1

n1
exp(−βV0)

]−1

, (3)

where n0 and n1 are two arbitrary numbers to be de-

termined later. Equation (2) then reduces to

Q1

Q0
=

n0Q1

n1Q0

〈

[

1 +
n0Q1

n1Q0
exp[−β(V0 − V1)]

]−1
〉

0
〈

[

1 +
n1Q0

n0Q1
exp[−β(V1 − V0)]

]−1
〉

1

,

(4)

Assuming
n0Q1

n1Q0
= e−C , we have

Q1

Q0
=

〈f [β(V1 − V0) + C]〉0
〈f [−β(V1 − V0) − C]〉1

eC ,

ln
Q1

Q0
= ln

〈f [β(V1 − V0) + C]〉0
〈f [−β(V1 − V0) − C]〉1

+ C,

where f(x) = [1+exp(x)]−1 is the Fermi function. For

hard sphere potential, we choose C=0, then we obtain

β∆F = −ln
Q1

Q0

= −ln
〈f [β(V1 − V0) + C]〉0
〈f [−β(V1 − V0) − C]〉1

= −ln
N10

N01
, (5)

where N10 is the number of samples drawn out from

N simulated samples, generated under the potential

V0, with V1 being not infinite; N01 is the number of

samples drawn out from N simulated samples gener-

ated under the potential V1, with V0 being not infinite.

From Eq.(5), we see that the free energy difference

∆F is only related to the number of samples drawn

out from the N simulated samples, therefore the de-

pletion interaction is determined through the ARM

conveniently even under the unsymmetrical confine-
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ments, then the ARM is the basis of force calculation

in this paper.

3. Numerical results

To show the effects on the depletion forces from

the unsymmetrical geometric confinements, a simu-

lated cell of size Lx × Ly × Lz, with two boundless

hard plates placed at x1=0 and x2 = Lx, is consid-

ered (see Fig.1). In the cell, two large hard spheres

of radius R are placed close to plate P2 and far away

from P1, and the small hard spheres of radius r are

randomly distributed to form hard-sphere fluids. D is

the distance between the line connecting the centres of

the two large-spheres and the plate P2. The size ratio

of the large- to small-sphere R/r is 5, and the number

of the small spheres N is determined by the given vol-

ume fraction η, defined as η = NVs/(V − 2Vb), where

V = Lx × Ly × Lz is the total volume, Vs = 4
3πr3 is

the volume of a small sphere, and Vb = 4
3πR3 is the

volume of a large sphere. The effects of the unsym-

metrical geometric confinements can then be investi-

gated in the systems with the same Lx but different

D, or with a fixed D but different Lx. In the whole

process of our simulations, the distance between the

plate P1 and the line connecting the two large spheres’

centres is larger than D, therefore, the influences on

the depletion interactions from P1 and P2 are differ-

ent. That is why we call this model unsymmetrical

confinement. In this way, we study the depletion po-

tentials and depletion forces not only in the systems

with the same Lx and different D, but also in the

systems with the same D and different Lx. For each

case, we take Ly = 18r and Lz = 36r, and the simula-

tions are performed in the systems with volume frac-

tions η = 0.116 and 0.229; for each η, the cases with

D = 5r, 6r and 8r are studied separately. When the

parameters η, D, Lx, Ly, Lz and the initial configura-

tion of the spheres are given, the configurations of the

small spheres are sampled according to the Metropo-

lis algorithm[26] with the two large spheres fixed at a

separation h. Each small sphere is chosen in an or-

derly way involving a trial displacement and the new

position is accepted so long as it does not result in an

overlap with the large hard spheres, the other small

spheres and the plates. The geometric confinements

are taken into account by using the fixed boundary

condition in the x direction. Obviously, the periodic

boundary condition should be used in y and z direc-

tions. When the periodic boundary condition is used

in all the three directions, it is just the case with-

out geometric confinement. Meanwhile the magnitude

of the maximum random displacement is adjusted so

that the overall acceptance ratio is about 0.3–0.5. In

our simulations, to minimize the finite size effects and

the statistical errors, Ly is enlarged when the distance

between the two plates decreases, and the number of

Monte Carlo (MC) steps is also enlarged, i.e. 2.5×105,

MC steps are used for obtaining equilibrium of the sys-

tem and other 2.5×105 MC steps to collect data. If

the free energy difference for different separations be-

tween the two large-spheres is obtained through ARM,

then the depletion potential can be obtained by fix-

ing the potential zero to a reference point. In this

paper, the contact point of the two large-spheres is

chosen to be the zero point of energy. Obviously, this

choice will not affect the depletion force because it

is obtained by the differentiation of the depletion po-

tential. In this way, all the depletion potentials and

depletion forces corresponding to the cases mentioned

above are determined and the results are shown in

Figs.2 and 3. The depletion potentials F in units of

kBT and the corresponding depletion forces in units

of πRρkBT are plotted as functions of h, where h is

measured in units of 2r, and ρ is the number density

of small spheres. In both Figs.2 and 3, the solid lines

describe the depletion potentials or depletion forces

in the systems without geometric confinements, i.e.,

D=unconfined, whereas the other lines are those un-

der unsymmetrical confinements: the dashed lines for

D = 8r, the dot-dashed lines for D = 6r, and the dot-

ted lines for D = 5r. From Figs.2 and 3, it is evident

that, no matter whether the volume fraction is large

or small, both the depletion potential and depletion

force are affected by the presence of the two plates.

Meanwhile, we also see from Figs.2 and 3 that, for

the same Lx, the nearer the large-spheres are placed

on the plate, the larger the influence on the depletion

interaction by the plates.
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Fig.2. Depletion potentials (a1)–(a3) and the corresponding depletion forces (b1)–(b3) in the systems of η = 0.116 under

the unsymmetrical confinements with different D.
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Fig.3. Depletion potentials (a1)–(a3) and the corresponding depletion forces (b1)–(b3) in the systems of η = 0.229 under

the unsymmetrical confinements with different D.

In addition, the depletion forces of the systems

with the same D but different Lx are shown in Fig.4,

in which the solid lines describe the depletion forces

with Lx = 36r, the dashed lines those with Lx = 24r,

and the dotted lines those with Lx = 18r. From Fig.4,

we also note that, for the same D, the larger the width

of the box Lx, the smaller the effect on the depletion

potential or the depletion force by the geometric con-

finements. If Lx is very large, the influence of P1

on the depletion interactions will be very small and

can be neglected as compared with the other plate

P2: i.e., the system is confined only by one plate.

Besides the cases discussed above, we can gain more

information about the geometrical confinements if the

depletion forces in the systems under the unsymmet-

rical geometric confinements are compared with that

under the symmetric confinements.
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Fig.4. Depletion forces in the systems of (a) η = 0.116 and η = 0.229 (b) under the unsymmetrical geometry confinements

with Lx.

Our simulations are performed in this way, and

the results are shown in Fig.5, in which the solid and

the dashed lines describe the systems under the un-

symmetrical confinements with Lx = 36r, 18r respec-

tively, and the dotted lines describe the systems un-

der symmetrical confinement. From Fig.5, it is ev-

ident that, for the same distance between the large

sphere and the plate, the effects of the unsymmetrical

confinements on the depletion forces are smaller than

that of the symmetrical confinements; we can also find

from Fig.5 that the influence of the unsymmetrical

confinements on the depletion forces becomes stronger

with the decrease of Lx. It is of benefit to point out

that all the simulations are performed in the canoni-

cal ensembles with a fixed number of colloidal spheres.

There can be some difference between our results and

the experimental results from which are obtained the

grand canonical ensembles with fixed chemical poten-

tials. We believe that the difference may be very small,

and our simulations reflect the real physical features

about the depletion interactions in the confined situ-

ation to some extent. Simulations performed in the

grand canonical ensembles are under way.
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Fig.5. Depletion forces in the systems under the symmetrical and unsymmetrical geometry confinements with (a) η = 0.116

and (b)η = 0.229.

4. Conclusion

In summary, we have studied the depletion po-

tentials and depletion forces in hard sphere mixtures

confined under unsymmetrical geometric confinement

through Monte Carlo simulations. From the discus-

sion above, we find that the depletion interactions

are affected by the unsymmetrical geometric confine-

ments. Furthermore, the closer the two large spheres

to the plate, the larger the effects of the unsymmet-

rical geometric confinements. On the other hand, for

the same D, the larger the Lx, the smaller the influ-

ence of the other plate.
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