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Based on Bogoliubov’s truncated Hamiltonian Hp for a weakly interacting Bose system, and adding a U(1)

symmetry breaking term vV (lap + \*

ag') to Hp, we show by using the coherent state theory and the mean-field

approximation rather than the c-number approximations, that the Bose-Einstein condensation(BEC) occurs if and only

if the U(1) symmetry of the system is spontaneously broken. The real ground state energy and the justification of the

Bogoliubov c-number substitution are given by solving the Schrodinger eigenvalue equation and using the self-consistent

condition.
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Bose-Einstein condensations (BEC) of atoms
have been extensively studied both experimentally
and theoretically. In treating the many-body Hamilto-
nian of a weakly interacting Bose system, Bogoliubov
made two approximations: the first is to expand the
Bosonic Hamiltonian to second order in the operators
apand ajy (p # 0) of the excited states, and the second
is the c-number substitution for the operators ag and
ag of the condensate state (p = 0).["? Justifications
of the c-number substitutions were given by Ginibre
in 1968, and recently by Lieb et all*! and Siit5.1°! In
these treatments, the Hamiltonian with a U(1) sym-
metry breaking term vV (Aag + A*af) was used to
show the equivalence of BEC and the U(1) symme-
try breaking. We here show the same point by (i)
linearizing the symmetry broken Bogoliubov Hamil-
tonian but without the c-number approximation, and
then (ii) solving the Schrédinger eigenvalue equation.
From the solution we can give the condition for BEC
and several other relations.

Starting from the grand-canonical Hamiltonian
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for a weakly interacting Bose system, we obtain the
Bogoliubov truncated Hamiltonianl with U(1) sym-

metry breaking
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with ep = P?/2m — p, A = |Ne'?, and go = Up/V.
Here p is the chemical potential of the system, and
Zpa; ap is the total number of the parti-

cles. Under the U(1) symmetry transformation U =
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exp[—if (af ao + ajap+ a’pa_p)], H} becomes
UtH\U = Hy_y +VV (e @ag+ X e al)  (3)

It is clear that H}_, has U(1) symmetry; however,
this symmetry is broken for A\ # 0. Linearizing H}
and introducing the following Bose realizations of the
generators of the SU(1,1) Lie algebra:[6:7]
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and
K; = a;afp, K, =apa_p,
3 1
K = E(a;a,, +alap+1) (5)
with
[ngKi]::tKiv [K+,K_]:*2K37 (6)
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we have
H{ = —2uK§ +29K{ + 29" Ky
n
+ £~ 2K
1
- Z(w,,KiJr 9K  + 9" K, — 50;,,)
p#0
+VV(ao + Nag) (7)
with wp = ep + 290(2(K3) — 1/2), and g =

Up/V(Ky) = |gle 7'¢". Although the linearization has
broken the U(1) symmetry of H_,, the residual sym-
metry exists if ¢’ = 26’. Thus we can still discuss the
effects of U(1) symmetry breaking on the BEC. We
should note that the Bogoliubov c-number substitu-
tion corresponds to (K3) = [(K5)| ~ 1Ny = (ag ao).
Since the dynamical algebras of H) are SU(1,1) and
harmonic oscillator lie algebras, its eigenstate can
be written as displaced generalized SU(1,1) coherent

statel7l
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where Dy(ag) = exp(apag — ajag) the displacement

operator, T'(z) = exp(z KT — 2*K ™) the squeeze op-

erator, z = fge*w, ap = |agle!, 0 € (—o0,00),

¢ € [0,27], kg = 1/4, and kp, = 1/2. If n=0,

then T'(z)|k,0) is just the Perelomov SU(1,1) coher-

ent state.[® Using(®-7]
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Ky ko, no) = [no(no + 2ko — 1)]*?|ko, no — 1).  (10)
We can now exactly solve the Schrodinger eigenvalue
equation
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with @9 = ¢p, Yo + 27 = £m, v+ 3 =0, tanhf, =
—290|(Kq)|/wp, wp = €p + 290 No, and
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(¥lao|t) = ao. (17)

From the above solutions we now discuss the fol-
lowing issues:
(i) Chemical potential p. The chemical potential can
be determined by the condition (See Eq.(12))

a ’
a—]VOE/\@: 0) =0, (18)
which gives
W = 2900 | (WK 1) 2 (19)
ANy 0

It is clear that the chemical potential p/ deter-
mined by Eq.(19) is not equal to the chemical potential
w determined by Eq.(15). But from the self-consistent

condition

lim p = elim = lhe, (20)
0—00

6g—o00
we can obtain the correct value of the chemical poten-
tial
pe = gollaw|? + (no + ko)e™] = goNo  (21)

and the correct energy of the Bose system

. 1
Eieo = Jim_Eieo = 500NG
1
+ 3 [(np+ kp)y/uwh — NG — 5wa| (22)
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with 2| (Y| KE[W) |~ No ~ [| ao |? +(no + ko)e%].
It is clear that Eqs.(21-22) are the same as that ob-
tained by Bogoliubov approximations.[':2l From the
above discussions we can give the condition for BEC:

lim tanh 6y = 1. (23)
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(i) Spontaneous U(1) symmetry breaking.

If tanh 6y /4 1, then A = 0 leads to cg = 0 (See
Eq.(16)). This means that before the generation of
BEC the Bosonic Hamiltonian has U(1) symmetry,
and the state of the system is the generalized SU(1,1)
coherent state. In this case we have

;imo angley|ao|y) = 0. (24)

However, if tanh 6y — 1(BEC), then ag can take non-
zero values for A = 0 (see Eq.(16)), which gives (see
Eq.(17))

;i_%@“adw = Qg (25)

for any value of A. These results indicate that
BEC implies a spontaneous U(1) symmetry breaking,
and causes the displacement of the condensate state.
Equations (13), (14) and (17) give the following in-

equalities:

(iii)  [(¢laolv)|* < (¥lag aol¥)(fo # 0), (26)
(wlag aolw) (Wlaoag [¥) > (Wlag 1) (wad|w).(27)

The equality in Eq.(27) holds for y — oo (BEC) (See
Eqgs.(13-14)).

In conclusion, we have shown the equivalence be-
tween the BEC and the spontaneous U(1) symmetry
breaking by using the coherent state theory and the
mean-field approximation rather than the c-number
approximation. Our direct solution to the Schrodinger
eigenvalue equation also shows that (i) the Bogoliubov
c-number substitutions are correct and (ii) the sym-
metry breaking causes the displacement of the con-
densate state. The rigorous solutions to the subject
treated in this paper can be found in Refs.[4,5,9].
Our results may be useful in treating the quantum
interferences!?! and the quantum statistics® of the
BEC.
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