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In this paper, we investigate the length dependence of linear and nonlinear optical properties of finite-length BN

nanotubes. The recently predicted smallest BN(5,0) nanotube with configuration stabilization is selected as an example.

The energy gap and optical gap show the obvious length dependence with the increase of nanotube length. When the

length reaches about 24 Å, the energy gap will saturate at about 3.2 eV, which agrees well with the corrected quasi-

particle energy gap. The third-order polarizabilities increase with the increase of tube length. Two-photon allowed

excited states have significant contributions to the third-order polarizabilities of BN(5,0) nanotube.
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1. Introduction

Boron nitride nanotubes (BN-NTs) were

observed[1] on a plasma arc discharge apparatus soon

after Rubio et al ’s theoretical prediction.[2] Similar

to the carbon nanotubes (C-NTs),[3] BN-NTs have

attracted considerable attention since the last decade.

Although the BN pair is isoelectronic to C2 and the

geometric structure of BN-NTs is very similar to the

C-NTs, the BN-NTs show interesting mechanical,[4]

special thermal behaviour[5] and quite different elec-

tronic properties[6−8] from C-NTs. For instance, BN-

NTs have been predicted theoretically to be semi-

conductors having a gap of roughly 5.5 eV which

is independent of tube diameter, number of layers,

and chirality.[7,8] However, C-NTs show properties

ranging from metallic to semiconducting, depend-

ing on the tube diameter and chirality.[9] It has also

been confirmed experimentally[10] that all BN-NTs

are semiconducting, and p-doped in the investigation

of electron transport in single-walled(SW) BN-NTs.

Very recently, ab initio calculations have shown that

BN-NTs can be candidates for tunable gap electronic

device materials,[11] excellent piezoelectric systems;[12]

and the investigation[13] of phonon spectrum shows

that the frequencies of Raman and IR active modes

decrease with increasing diameter in low frequency

region for single-walled BN-NTs.

Special electronic structure properties of BN-NTs

result in special optical properties. It is found that

the optical properties such as polarizability[14] and

absorption spectra,[15−17] strongly depend on the ge-

ometric structure of BN-NTs. Ng and Zhang[17] in-

vestigated the optical properties of different single-

walled BN-NTs (SWBN-NTs) with respect to their

chirality, tube length, and tube diameter with a time-

dependent localized-density-matrix approach based on

a semi-empirical Hamiltonian. The results show that

the optical gap of SWBN-NTs with radius smaller

than 6 Å is independent of the chirality and slightly

dependent of the tube length for a given tube diam-

eter. Among all their nanotubes investigated, the

smallest tube length is 7.5 Å, while the largest tube

length is about 30 Å. In the present work, we will

investigate the length-dependent optical gap in the

smallest BN(5,0) nanotube configuration.[8] The tube

length changes from 7.0 to 12.5 Å in steps of 1.5 Å.

We also note that no theoretical studies about the

nonlinear optical response properties of BN-NTs have

been carried out so far. The nonlinear optical re-

sponse properties of C-NTs have been investigated

theoretically[18−20] and experimentally.[21,22] The re-
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sults indicate that the symmetry, length, diameter,

chirality, and number of caps are important for de-

termining the (hyper)polarizability of the tubes. In

our previous ab initio calculations[18,19] based on time-

dependent density functional theory at the B3LYP/3-

21G level, the third-order polarizability γ of C-NTs

has the large value in ground state and the enhance-

ment effect in the triplet excited state. The linear

polarizability α of BN-NTs was investigated by Kong-

sted et al
[14] by employing a dipole–dipole interaction

model based on classical electrostatics and an Unsöld

dispersion formula. Results obtained showed that the

C-NTs have larger polarizability components than the

corresponding BN-NTs with the same geometry and

number of atoms. All of the above investigations lead

to our study on the nonlinear optical response prop-

erties of BN-NTs.

In this paper, we will investigate the third-order

polarizability γ of the smallest BN(5,0) nanotube[8]

using the time-dependent density functional theory

at B3LYP level combined with the sum-over-state

(SOS) method. The length-dependent energy, the op-

tical gap and the third-order polarizability of a given

BN(5,0) nanotube will be described. In the follow-

ing sections, we will give our computational method

in Section 2, and present our results and discussions

in Section 3 which consists of three subsections: 3.1

Length dependence of energy gap and optical gap; 3.2

Length dependence of third-order polarizability; 3.3

Comparison with the C(5,0)-NT. Finally, a conclusion

will be given in Section 4.

2. Computational method and re-

lated theory

The expression of third-order polarizability γ can

be obtained by the conventional SOS method:[23,24]

γabcd(−ωp; ω1, ω2, ω3) = (2π/h)3K(−ωp; ω1, ω2, ω3)e
4

×
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where the 〈o|ra|k〉 is an electronic transition moment

corresponding to the a (a = x, y, z) component be-

tween the reference state 〈o| and the excited state 〈k|;

〈k|r∗b |j〉 denotes the dipole difference operator equal to

〈k|rb|j〉 - 〈o|rb|o〉 δkj ; ωko is the transition frequency

between state k and reference state o; ω1, ω2 and ω3

are the three frequencies of the applied electric fields;

ωp = ω1 + ω2 + ω3 is the polarization response fre-

quency. The prefactor K(−ωp; ω1, ω2, ω3) is a numer-

ical coefficient,[23] in the following calculations, we use

the same prefactor K in order to compare the curves

plotted for the three types of nonlinear polarizability

with respect to common axis. More details of calcula-

tion have been described in Ref.[19].

Equation (1) indicates that dipole matrix ele-

ments between ground and excited states, excita-

tion energies, and excited state dipole moments are

required in order to compute the γ response. In

this paper, we obtain these data using the time-

dependent density functional theory (TDDFT) at

the B3LYP/3-21G approximation level that has been

widely used[25−28] in the calculations of molecular

electronic structures and energies. The validity that

the TDDFT/B3LYP method is employed to compute

excitation energy and frequency-dependent response

functions of γ was described in Refs.[18] and [29]. In

Eq.(1), the first summation involves the two-photon

allowed states, referred to as the type-II terms, and

the second summation involves four-photon volleys be-

tween the reference state and the one-photon allowed

states, referred to as the type-I terms. Before comput-

ing the excited state properties, we optimize the geo-

metric structure of BN-NTs at B3LYP/6–31G* level.

Note that the excited-state calculations are based on

3–21G level for systematic comparisons to investi-

gate the length-dependence. Geometry optimizations

and excited state calculations are carried out with

the Gaussian 03 program.[30] In order to study the

length-dependent optical properties of the BN (5,0)

nanotube, we select four different-length (5,0) nan-
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otubes indicated by B5nN5nH10 (n = 4, 5, 6, 7). Both

ends of a tube are terminated by hydrogen atoms.

3. Results and discussion

3.1. Length dependence of energy gap

and optical gap

Before investigating the length-dependent opti-

cal gap, we show the length-dependent energy gap of

ground states at the 6–31G* level in Fig.1. The en-

ergy gaps of nine tubes are obtained in order to check

whether the energy gap will converge with increas-

ing tube length. Note that, the energy gap is defined

as the energy difference between the highest occupied

molecular orbital (HOMO) and the lowest unoccupied

molecular orbital (LUMO) at the ground state.

Fig.1. Energy gaps of B5nN5nH10 nanotubes with

n = 4 − 12.

Xiang et al
[8] have investigated a series of zigzag

nanotubes and suggested that the energy gap of small

zigzag nanotubes should decrease rapidly with the de-

crease of radius. For a given BN(5,0) nanotube, we

find that the energy gap decreases rapidly with the

increase of length and will converge at about 3.2 eV.

The saturated value 3.2 eV is in good agreement with

the corrected quasi-particle energy gap[8] for BN(5,0)

nanotube. The length-dependent energy gap implies

that the BN (5,0) nanotube with length from 0.7 to 2.5

nm can be used as the tunable gap electronic device

materials. Furthermore, Fig.2 shows the pictures of

HOMO(215) and LUMO(216) orbitals for B35N35H10

nanotube. It is found that the π−π∗ electronic transi-

tions have significant contributions to the energy gap

and the end-effect feature of charge transfer. The

end-effect feature is mainly exhibited in HOMO and

LUMO orbitals.

For a different size of BN-NTs, such as the group

of (4,4), (7,0) and (9,0) BN-NTs, the optical gap

is redshifted as the size increases; however, it de-

pends only slightly on the tube length.[17] Here, in

order to investigate the length-dependent optical gap

for a given tube, we calculate the optical absorption

spectra of B5nN5nH10 (n = 4, 5, 6, 7) nanotubes us-

ing the TDB3LYP method at the 3–21G level. Note

that, the first allowed transition state or absorption

peak is taken as the optical gap, that is, the optical

gap is defined as the energy difference between the

first allowed transition excited state and the ground

state. The calculated absorption spectra are plot-

ted in Fig.3. It is found that the optical gaps of

B5nN5nH10(n = 4, 5, 6, 7) nanotubes are 5.79, 5.55,

5.41 and 5.30 eV, respectively. These results show

that the optical gaps obviously depend on the tube

length and exhibit a convergent trend with increas-

ing length of the BN(5,0) nanotube. In addition, the

absorption spectra show the long tails, which implies

that the BN(5,0) nanotube is optically transparent in

the visible energy region, which is in agreement with

the recently theoretic prediction[17] for SWBN-NTs.

Fig.2. The geometric structure and orbitals for

B35N35H10 nanotube.

Fig.3. Absorption spectra of B5nN5nH10 (n =

4, 5, 6, 7) nanotubes.
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3.2. Length dependence of third-order

polarizability

To study the length-dependent third-order po-

larizabilities corresponding to the three optical pro-

cesses: third-harmonic generation (THG), electric-

field-induced second-harmonic generation (EFISHG)

and degenerate four-wave mixing (DFWM), we

calculate these parameters for the four tubes

[B5nN5nH10(n = 4, 5, 6, 7)]. It is well known that

the nanotube can be considered to be quasi-one-

dimensional structures; hence, we only show the third-

order polarizability component along the tube axis in-

dicated by γzzzz , which has a significant contribution

to the total polarizability. In the calculations using

the SOS method, we truncate 60 excited states around

which the γzzzz exhibits the convergence trend.

Figure 4 shows the plot of γzzzz as a function of

the number of excited states in the static case (i.e.

hω = 0.0 eV). Note that, in the static case, the

γzzzz(0;0,0,0) has the same value for the three optical

processes mentioned above. From Fig.4, we can find

that the γzzzz obtained by summing 60 excited states

increases with the increase of tube length. In detail,

the γzzzz is equal to 1.72, 5.35, 7.97 and 9.46×10−36

esu for B5nN5nH10(n = 4, 5, 6, 7), respectively. For

understanding the length-dependence of third-order

polarizabilities, it is necessary to investigate the origin

of third-order polarizabilities. Therefore, we will first

analyse the excited state contributions to the γzzzz in

the following.

Fig.4. Static γzzzz as a function of the number of

states for B5nN5nH10(n = 4, 5, 6, 7) nanotubes.

From Fig.4, we can also find that only two or

three excited states have significant contributions to

γzzzz, and the first significant contribution state is lo-

cated at the posterior position with the increase of

the number of boron and nitride atoms. For instance,

the first significant contribution to third-order polar-

izability is the states 17, 23, 31 and 35 for B5nN5nH10

(n = 4, 5, 6, 7), respectively. The reason is that, with

the increase of the number of boron and nitride atoms,

the number of energy levels increases and the energy

levels become denser and denser.

Table 1. The configuration state, transition energy, oscillator strength and contributions (%) to γzzzz.

nanotube state configuration state
Etranstion/eV contribution Osc.

(γi/γt
×100%)a

B20N20H10 17 0.10795Ψ111→126+0.68846Ψ115→126 5.22 25 0.0139

29 0.68684Ψ111→126 + (−0.10693)Ψ115→126 5.79 41 0.1828

B25N25H10 23 (−0.12816)Ψ139→156 + (0.68424)Ψ141→156 5.12 12 0.0136

37 0.68396Ψ139→156+0.12729Ψ141→156 5.55 30 0.2543

B30N30H10 31 (−0.22026)Ψ167→86+0.65607Ψ169→186 5.06 15 0.0182

43 0.65774Ψ167→186+0.22029Ψ169→186 5.41 74 0.3109

B35N35H10 35 (−0.40933)Ψ195→216+0.54348Ψ199→216 5.03 8 0.0176

47 0.55095Ψ195→216+0.41328Ψ199→216 5.30 93 0.3618

a γi
zzzz

= γm
zzzz

– γ
m−1
zzzz ; γt

zzzz
= γconv

zzzz
.

Table 1 lists the orbitals contributing to state-

state transitions, transition energy and the corre-

sponding oscillator strength of the significant contri-

bution states. The orbitals contributing to state–

state transitions are mainly formed by the occupied

orbital and the LUMO. For example, states 35 and

47 of the B35N35H10 nanotube are constructed from

configurations −0.40933Ψ195→216 + 0.54348Ψ199→216

and 0.55095Ψ195→216+0.41328Ψ199→216, respectively.

The molecular orbitals contributing to these two
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configuration-states and HOMO (orbital 215) are

shown in Fig.2; and it is found that the molecular or-

bitals are mostly the contributions from the pπ atomic

orbitals. Accordingly, states 35 and 47 can be assigned

as π − π∗ charge transfer excited states. From Ta-

ble 1, we can also find that transition energies of the

state which has significant contribution to third-order

polarizability are just equal to the optical gaps men-

tioned above. This means that the input frequency

region from infrared to visible, i.e. an input photon

energy less than the optical gap, will not lead to the

resonance absorption, which should be avoided in non-

linear optical devices.[31]

In order to have a better understanding of the

electric origin of the third-order polarizabilities, we

consider the two types of competing third-order vir-

tual excitation processes in determining γzzzz. The

type-II can be described in the form of Sg → Sm →

Sn → Sm → Sg, where the intermediate state Sn is

a two-photon allowed excited state, and this process

has a positive contribution to γzzzz . For example,

the γzzzz-II is 11.23×10−36 esu for B35N35H10 nan-

otube. The type-I can be described in the form of

Sg → Sm → Sg → Sm → Sg, where Sg is the ground

state and Sm is a one-photon allowed excited state.

The intermediate state is Sg itself, and this process has

a negative contribution to γzzzz in the low-frequency

region. For example, the γzzzz-I is −1.77×10−36 esu

for B35N35H10 nanotube. Comparing these two pro-

cesses, we can conclude that the type-II process has a

larger contribution to the γzzzz , and therefore deter-

mines the overall sign of γzzzz which is positive. This

feature also indicates that the two-photon allowed ex-

cited states have significant contributions to the third-

order polarizabilities of BN(5,0) nanotube.

Based on the discussions above, we may explain

the length dependence of γzzzz. From Eq.(1), the large

transition dipole moments (TDM, which is the nu-

merator of Eq.(1)) and small transition energies (TE,

which is the denominator of Eq.(1)) will result in the

large third-order polarizability. Therefore, we can as-

sume the formula γzzzz ∝ TDM/TE.

Table 2 lists the TDMs of the states which play

a significant role in polarizability. Combining Table 2

with Table 1, we can give an explanation for the third-

order polarizability variation with the tube length.

The TEs decrease with the increase of length, how-

ever, the TDMs increase with the increase of length.

This feature is shown more remarkably in state 2

than in state 1. The TEs of the 2nd state are 5.79,

5.55, 5.41 and 5.30 eV; however, the corresponding

TDMs are 1.1343, 1.3673, 1.5322 and 1.6690 a.u. for

B5nN5nH10 (n = 4, 5, 6, 7), respectively. That is to

say, the third-order polarizability becomes larger for

a longer tube with a given tube diameter. In addi-

tion, the TDMs have strong anisotropy, thus leading

to the strong anisotropy of third-order polarizability.

For instance, the γxxxx, γyyyy and γzzzz are respec-

tively 0.43, 0.43 and 9.46 ×10−36 esu in the static

case of B35N35H10. Hence, the third-order polariz-

ability component in tube axis direction receives the

largest contribution.

Table 2. The TDMs for some excited states which

have contributions to γzzzz.

transition Moment (a.u.)

nanotube state x y z

B20N20H10 0→17 0.0 0.0 −0.3300

0 → 29 0.0 0.0 1.1343

29→17 0.0 0.0 0.3229

B25N25H10 0→23 0.0 0.0 0.3287

0→37 0.0 0.0 1.3673

37→23 0.0 0.0 −0.0985

B30N30H10 0→31 0.0 0.0 0.3831

0→43 0.0 0.0 1.5322

43→31 0.0 0.0 −0.0015

B35N35H10 0→35 0.0 0.0 0.3776

0→47 0.0 0.0 1.6690

47→35 0.0 0.0 0.0038

In the experimental measurement of third-order

polarizability, one often obtains the value at some spe-

cial input wavelengths such as 1064 and 1907 nm, and

does not give the dispersion behaviour of third-order

polarizability. So, it is necessary to investigate the dy-

namic behaviour (i.e. frequency-dependence) of third-

order polarizability for BN(5,0) nanotube. As an ex-

ample, Fig.5 shows the dynamic behaviour of THG for

B5nN5nH10 (n = 4, 5, 6, 7). From Fig.5 we can find

that at input photon energy below 1.25 eV, the γzzzz

exhibits length dependence mentioned above; how-

ever, the length dependence cannot be ascertained at

input photon energies above 1.25 eV when oscillation

occurs. For example, the shortest tube of B20N20H10

has the smallest third-order polarizabilities, and the

longest tube of B35N35H10 has the largest third-order

polarizabilities at input energy of 1.25 eV among the
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investigated tubes.

Fig.5. Frequency-dependent third-harmonic genera-

tion (THG) of B5nN5nH10(n = 4, 5, 6, 7) nanotubes.

3.3.Comparison with the C(5,0)-NT

Now, we compare the γzzzz of BN(5,0) nan-

otube with that of C(5,0) nanotube[18] based on

the same approximation level of ab initio calcula-

tions (TDB3LYP/3-21G). As mentioned above, the

third-order polarizabilities exhibit length dependence

for nanotubes with a given diameter, therefore, we

compare the γzzzz value of the BN with that of C

nanotubes with the same length. In our previous

report,[18] the calculated length of C(5,0) nanotube

is 11.45 Å and it consists of 60 carbon atoms. The

static γzzzz of C(5,0) nanotube is 6.74×10−34 esu

which is larger than that of the B30N30(5,0) nanotube

with the same length whose static γzzzz is 0.08×10−34

esu. The reason is that the C(5,0) nanotube has

smaller TEs than the BN(5,0) nanotube, whereas the

TDMs of C(5,0) nanotube are larger than those of

BN(5,0) nanotube. For instance, the TE (TDM) of

the first state which has significant contributions to

third-order polarizability is 1.09 (1.4403 a.u.) and 5.06

eV (0.3831 a.u.) for C(5,0) and BN(5,0) nanotubes,

respectively. The ratio (i.e. approximate γzzzz) of

TDM to TE for C(5,0) nanotube is much larger than

that for BN(5,0) nanotube. According to this feature,

the BN-NTs with large TEs and small TDMs seem less

favourable for nonlinear optical materials than C-NTs.

This is due to the fact that the molecules with large

TDMs and small TEs should display large third-order

polarizabilities.[32]

4. Conclusions

We have investigated the length dependence of

energy gap and optical gap for the smallest BN(5,0)

nanotube with configuration stabilization. The en-

ergy gap and optical gap show the obvious length de-

pendence for small increment of tube length. Also,

the third-order polarizabilities increase as the tube

length increases in low input energy region (< 1.25

eV) where the oscillation does not occur. The optical

transparency in the visible region makes BN(5,0) nan-

otube become a good candidate for the nonlinear op-

tical materials, due to avoiding resonance absorption

in the nonlinear optical experiments. The third-order

polarizabilities of BN(5,0) nanotube are much smaller

than those of C(5,0) nanotube.
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