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A state-observer based full-state asymptotic trajectory control (OFSTC) method requiring a scalar state is pre-

sented to asymptotically drive all the states of chaotic systems to arbitrary desired trajectories. It is no surprise that

OFSTC can obtain good tracking performance as desired due to using a state-observer. Significantly OFSTC requires

only a scalar state of chaotic systems. A sinusoidal wave and two chaotic variables were taken as illustrative tracking

trajectories to validate that using OFSTC can make all the states of a unified chaotic system track the desired trajec-

tories with high tracking accuracy and in a finite time. It is noted that this is the first time that the state-observer of

chaotic systems is designed on the basis of Kharitonov’s Theorem.
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1. Introduction

During the last two decades, much attention has
been paid to controlling chaotic systems for engineer-
ing applications.! 9 However, most tracking control
approaches involved driving a chaotic system to an
equilibrium point (e.g. the origin), and in addition,
some strategies (e.g. our previous reports Ref.[7-8])
drove only one system state to a desired trajectory.
To date, to our knowledge, driving all chaotic system
states to arbitrary desired trajectories has not been
fully reported. Some tracking control methods (e.g.,
neural network, fuzzy and variable structure control)
requiring all system states exhibited some drawbacks
in practice. It is still significant to propose a tracking
approach by using only a scalar state.

In this paper, we present a state observer based
full-state asymptotic tracking control (OFSTC) re-
quiring a scalar state for chaotic systems. Since
an asymptotic state-observer requiring only a scalar
state is proposed to estimate all the states of chaotic
systems, it is easy for OFSTC to guarantee suffi-
ciently good control performance as desired. A unified
chaotic system (UCS)[' is illustrated as an exam-
ple to validate that the proposed method can asymp-
totically drive all the states of the UCS to arbitrary
desired trajectories. We have briefly introduced the
developed synchronization approaches and tracking
control methods (e.g. Refs.[11-18]) for the UCS in
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Ref.[19] and also proposed a full-state asymptotic con-
trol strategy therein. Compared with our previous
result Ref.[19], the proposed approach here adopts a
state-observer and hence achieves better control per-
formance; in addition, it is more general and can also
be applied to many chaotic systems. Indeed our pre-
vious approach considered for the case that only the
second state of the UCS is measurable, whereas the
proposed approach here can be applied to more cases.
As we see below, we use Kharitonov’s Theorem[20:2%]
to solve the synchronization problem (or observabil-
ity problem). To our knowledge, this is the first time
Kharitonov’s Theorem has been used for the synchro-
nization problem (or observability problem). By sim-
ulation, a sinusoidal wave and two chaotic variables
were taken as illustrative tracking trajectories to vali-
date that using OFSTC can make all the states of the
UCS track the desired trajectories with high tracking

accuracy and in a finite time.

2. Principle of OFSTC

Consider a general chaotic system modelled by

&= fi(x) tu;, 1<i<n, s=ux; (1)

where x = (x1,...,2,)T; u; are control signals; and s

is a measurable scalar state.
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For system (1), OFSTC is designed as

n

ui = pi— 3 maklaa) - (b — xa),

k=1
&= fi(Z1,..., Tp)+u; —oi(T;—s)

— fi(za), (2)

Tj—1,8Tj415- -+
pi = Tig

,Tnd) T is the desired
d) and o; are parameters to be

where 1 < i < n; xq = (214, - -
trajectory vector; n;x (x
specified.

Using Eq.(2) in Eq.(1) we get

Z nzk gCd

:fz( fz :L'd

= > nik(wa) - wi (3a)
k=1
and
w; = fi(i'la .. '7§5j71a Sai'jJrla s ai'n)
= fi(®) — oiw; (3b)

for 1 <i <n, where e; = x; — T;q, w; = T; — ;.

Obviously, for system (1), the full-state trajecto-
ries control can be achieved if (i) the state-observer
(3b) can estimate all the states asymptotically; and
(ii) Mk (zq) are appropriately chosen such that system

Z Nik(Ta)

with 1 <7 < n are asymptotically stable at the origin.

éi = fi(w) — fi(za)

For the condition (i), we design the state-observer
here in terms of the ordinary differential equation the-
orem and Kharitonov’s Theorem instead of the widely-
used Lyapunov function. Since f;(.) are always Lip-
shitz functions for most chaotic systems and hence
theoretically we can design large enough Hurwitz poly-
nomial coefficients 7;x(zq) such that condition (ii) is
satisfied. As we see below, using OFSTC in the UCS
we can asymptotically drive all the states of the UCS
to arbitrary desired trajectories.

3. OFSTC for the UCS
The controlled UCS can be described as

&1 = (25a + 10) (22 — 1) + w1,
Tg = (28 - 3504)1'1 — T1x3 + (29a - ].)l‘g + u9,
&3 = x129 — (o 4 8)w3/3 4 us, (4)

where w1, uo, u3 are control inputs.

We will use the following Theorems 1 and 2 to de-
sign OFSTC for two cases, namely s = x; and s = 5.
Theorem 1 When s = z;, adopt following control
law in system (4):

up = p1 — (&1 — x14) — (25 + 10) (L2 — x2q),
uy = py — (12 + 29a — 1)(&2 — 2q),
uz = p3 — N3(23 — x3d) — T1d(L2 — T24), (5a)
= (25a+ 10)(&2 — s) — K(&1 — s) + u1,
= (28 — 35a)s — si3 + (29 — 1)@
— 29K (&1 — s)/25 + ua,
I3 = sig — (o + 8)i3/3 + us, (5b)

where x14, x2q and x3q are the desired smooth tra-

?)/63,

jectories, n1, 12, n3 > 0 and K > 28 + 5max(s
and

p1 = T1d — (250& + 10)(1’2(1 — l‘ld),
P2 = Toq — (290& — 1)I2d — (28 — 35a)$1d + 214234,
p3 = &3d — T1a%2d + (o + 8)x34/3. (6)

Then all the states of system (4) can asymptotically
track the desired trajectories, i.e., 1 = x14, T3 = Taq
and x3= x3q when ¢t — oo.

Proof: Using (5b) in (4) we get

'Li}l = —le —+ (250& —+ 10)?1)2,
we = —29K w1 /25 4+ (29a — 1)we — sws,
w3 = swg — (8 + a)ws/3 (7)

with wy = &1 — 21, we = To — X2, w3 = T3 — T3, i.e.,

wq -K 25a + 10 0
i wy | = | —29K/25 29a—1 —s
dt
ws 0 s —(84«)/3
w1 w1
s | we | €Al ws |. (8)
w3 w3
Let det(Al — A) = 0, then
)\3+a1)\2+a2)\+a320, (9)

where
ag =K+ 8+ «a)/3—29%+1,
as = 63K/5+ (8 + a)(K —29a +1)/3 + 52,
a3 =218 + a)K /5 + K s°.
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In terms of Kharitonov’s Theorem,2%21] the
asymptotic stability of the system (7) is guaranteed

by the following inequalities:
ai, 22;23 > 07 alQQ > dd (10)

with a, = min(as), a; = min(ag), as = max(as).

Note that a; > K — 25 and a, > 63K/5 are satis-
fied for all « € [0, 1]. Then Eq.(10) is achieved if the
following inequalities are guaranteed:

K >25, 63(K—25)/5> 21(8+a)/5+max(s?).(11)

Clearly (11) is satisfied if K > 28 + 5max(s?)/63 is
designed. Then

lim wi (t) = lim we(t) = lim ws(t) = 0. (12)
t—00 t—o00 t—oo

On the other hand, substituting Eq.(5a) into Eq.(4)
we obtain

é1= — (25 + 10 + m1)e; — mwy — (25a + 10)wa,
éa = (28 — 35ax — w3q)e1 — 122 — T14€3 — €1€3

— (72 4 29a — 1)wo,
é3 = xaqe1 — N3 + (a + 8)/3es

+e1e2 — N3 w3 — T1awe, (13)

where e; = x1 — 14, €2 = T2 — Xag, €3 = T3 — T3q-

Therefore, when ¢t — oo, using Eq.(12) in

Eq.(13) we can write the remaining equations of
Eq.(13) as

é1 = —(2500+ 10 + 1y e,
é2 = (28 — 35 — x3q)e1 — Mae2 — T1q€3 — €1€3,
é3 = wage1 — [(a+ 8)/3+ nsles + erea. (14)
For the first equation in Eq.(14), we have
é1 = —(25a+ 10+ ny)eq, (15)
which indicates
tlggo e1(t) =0. (16)

Substituting Eq.(16) into the third equation we get

és = —[(a+ 8)/3 + nsles, (17)
which leads to
lim e3(t) = 0. (18)
t—o0

Using Eqgs.(16) and (18) in the second equation of
Eq.(14) we have
€y = —1peg, (19)

which implies that

lim eq(t) = 0. (20)

t—o0o

Thus Theorem 1 is proved.
Theorem 2 When s = x5, adopt the following control
law in system (4):

up = p1 — M (&1 — x1q) — (25 + 10)(&2 — xaq),
ug = p2 — (M2 + 29« — 1)(Z2 — x2q),

uz = p3 — n3(&3 — w3a) — T1a(d2 — 22q), (21a)
&1 = (250 +10)(s — &1) 4 uy,

To = (28—35a)d) — 123+ (29a—1)s— K (2—5)+ua,

i3 = d15 — (o + 8)d3/3 + us, (21Db)

where 214, T2q and x3q are the desired smooth trajec-
tories; K, m1, 12, n3 > 0, and

p1 = ®14 — (25 + 10) (224 — 714),
pP2 = Toq — (290& — 1)$2d — (28 — 35a)$1d + 14234,
p3 = T34 — T1dx2d + (Oé -+ 8)1’3d/3 (22)

Then all the states of system (4) can asymptotically
track the desired trajectories, i.e., 1 = x14, T3 = Taq
and x3 = x3q when ¢t — oo.
Proof Using Eq.(21b) into Eq.(4) we get

'(bl = 7(250& + 10)?1)1,

we = (28 — 35 o — Z3)wy — Kwe — 27 ws,

wsg = wowy — (8 + a)ws /3. (23)
For the first equation in Eq.(23), we have

lim wy(t) = 0. (24)

t—o00

Since x5 is chaotic and hence bounded, using Eq.(24)
in the third equation of Eq.(23) we get

w3y = 7(8 + a)w3/3, (25)
which implies that

lim ws(t) = 0. (26)

t—o00

Note that x3 is chaotic and thus bounded and in ad-
dition w3 = &3 — x3. Then Eq.(26) indicates that &3
also is bounded. In addition, x; is chaotic and hence
bounded. Using Eqgs.(24) and (26) in the second equa-
tion of Eq.(23) we obtain

wQ = —K’UJQ, (27)
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which indicates

tlim wa(t) = 0. (28)
Then we have
lim wy(t) = lim wy(t) = lim ws(t) = 0. (29)
t—00 t—o00 t—oo

Substituting Eq.(21a) into Eq.(4) we get
é1= — (25 + 10 + 1 )e; — mwy — (25a + 10)ws,
éa = (28 — 35ax — w3q)e1 — 122 — T14€3 — €1€3
— (m2 + 29a — 1)wo,
€3 = XT9ge1 — [773 + (Oé + 8)/3]63
+ e1eg — N3 w3 — T1qWs. (30)
Clearly Eq.(30) has the same form as Eq.(13), then
tlggo e1(t) = tlggo es(t) = tlggo es(t) = 0.
This implies that Theorem 2 has been proved.
Remark 1 When the desired trajectories are taken
to be chaotic states which are chosen from partial or
full states of a chaotic system or from partial states
of different chaotic systems, the OFSTC can make the
UCS synchronize to the chosen chaotic states and also
generate a new chaotic system as desired.
Remark 2 It is clear from Egs.(5) and (21) that both
controllers use the derivatives of the desired trajecto-
ries. Therefore, the desired trajectories must be dif-
ferentiable. This is the reason why we assume that
the desired trajectories are smooth. In addition, in
the case that the desired trajectories are differentiable
almost everywhere, the same results can still be guar-
anteed except at the singularity points.
Remark 3 We have proposed two state-observers
for both cases, namely s = x; and s = x5 respec-
tively. This implies that the two state-observers can
directly be applied to the synchronization of two dif-
ferent UCSs by a coupling signal x; and xo respec-
tively.

4. Simulation

Parameters of the controlled UCS were chosen as

£1(0) = £2(0) = 23(0) = 0. (31)

The desired trajectories were taken to be x14 = 21,
Zoa = 61 and x3q = sin(t) respectively, where

2.;1 = z2,

%9 = az + bzd + Gz + f cos(wt),

T4 = 21 (32a)

with parameters a = 1, b = —1, ¢ = —0.25, f = 0.4,
w =1, 2(0) =0, 22(0) = 1; and

01 = —0y — 03, 02 = 01 + abo,

Toq = 91 (32b)

with parameters a = 0.2, b= 0.2,¢=15.7,6,(0) =0,
62(0) = 03(0) = 1.

Obviously the desired trajectories 14 and xaq
are the states of the well-known Duffing and Rossler
systems, respectively. Systems (32a) and (32b) ex-
hibit chaotic behaviour with the chosen parameters.
Clearly the desired trajectories x14, Toq and x3q were
typical.

Simulation for the case s = 7 is plotted in Figs.1—-
3, where 71 = 2 = 13 = K = 10 is chosen in the
control law (5).
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t/s

Fig.1. Time response of tracking error e (t).

t/s

Fig.2. Time response of tracking error ex(t).

For the case s = x2, we have simulation plotted
in Figs.4-6, where 11 = 12 = n3 = 10 and K = 30
are designed in the control law (21). It is easily seen
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from Figs.1-3 that states x1, zo and x3 can track x4,
Toq and x3q respectively, with high accuracy and in
a finite time. From Figs.4-6, we also find that states
1, T2 and x3 can track x14, Toq and xs3q respectively,
with high accuracy and in a finite time. By simula-

t/s

Fig.3. Time response of tracking error es(t).

4.0 Al

g0 N S N

€2

2.0 i

t/s

Fig.5. Time response of tracking error ez (t).

5. Conclusions

In this paper, we present the OFSTC approach to
asymptotically drive all the states of chaotic systems
to arbitrary desired trajectories. Significant OFSTC
requires only a scalar state. A sinusoidal wave and
two chaotic variables were taken as illustrative track-
ing trajectories to validate that using OFSTC in the
UCS can make all the states track the desired trajec-

tories asymptotically.

Since chaotic synchronization and anti-chaos
problems can be expressed as a tracking control prob-

tion, we have also validated state-observers (5b) and
(21Db) can estimate the states x1, 2 and xg with high
accuracy and in a finite time (not plotted here for the
sake of compactness).
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Fig.4. Time response of tracking error e (¢).
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Fig.6. Time response of tracking error es(t).

lem, the proposed OFSTC can also be applied to the
synchronization and the chaos generation. Indeed, by
analysis and simulation, we have validated that the
state-observer used for the UCS can directly be ap-
plied to the synchronization of two different UCSs by
a coupling signal x1 or xs.

It is deserves to be noted that this is the first
time to design the state-observer of chaotic systems
in terms of Kharitonov’s Theorem. We have system-
atically investigated the synchronization according to
Kharitonov’s Theorem in another forthcoming paper
submitted to the Physical Review E.
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