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A time delay equation for the sea–air oscillator model is studied. The aim is to create an asymptotic solving

method of nonlinear equation for the El Niño–Southern Oscillation model. And based on a class of oscillators of the

model, employing the method of ENSO singular perturbation, the asymptotic solution of corresponding problem is

obtained. It is proven from the results that the method of singular perturbation can be used for analysing the sea

surface temperature anomaly in the equatorial eastern Pacific of the atmosphere–ocean oscillation for ENSO model.
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1. Introduction

During the last decade, many studies focused

on interannual climate variability associated with

the El Niño–Southern Oscillation (ENSO). Progress

has been made in understanding and simulating the

coupled tropical ocean–atmosphere system by using

models with varying complexity.[1] A mechanism for

the oscillatory nature of ENSO was originally pro-

posed by McCreary,[2] based on reflection of subtrop-

ical oceanic upwelling Rossby waves at the western

boundary. Suarez and Schopf[3] introduced the con-

ceptual delayed oscillator as a candidate mechanism

for ENSO, by considering the effects of equatorially

trapped oceanic waves propagating in a closed basin

through a delay term. The conceptual delayed oscil-

lator model is represented by a single ordinary differ-

ential delay equation with both positive and negative

feedbacks. The positive feedback is represented by

the local ocean–atmosphere coupling in the equatorial

eastern Pacific. The delayed negative feedback is rep-

resented by free Rossby waves generated in the eastern

Pacific coupling region, which propagate to and reflect

from the western boundary, returning as Kelvin waves

to reverse the anomalies in the eastern Pacific coupling

region.

The ENSO is a natural phenomenon involved

in the tropical Pacific ocean–atmosphere interactions.

Phenomenon of the ENSO is a very attractive subject

of study in the international academic circles.[4−13]

Mo, Lin et al
[14−26] considered also a class of nonlin-

ear problems in atmospheric physics, ocean weather,

dynamic system and so on.

Recently, many scholars have investigated the ap-

proximate theory of the nonlinear problems.[27−35]

Approximate methods have been developed and re-

fined, including the method of averaging, boundary

layer method, matched asymptotic expansion method

and multiple scales method. In this paper we consider

a sea–air oscillator model by using a simple and valid

method for nonlinear singularly perturbed theory.

2. Model of equatorial Pacific

SST

The delayed oscillator model does not consider

the effect of the western Pacific on ENSO. It is as-

sumed that winds in the western Pacific do not affect

the sea surface temperature (SST) anomalies in the
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eastern Pacific and the atmosphere is in a steady state

or the Niño-4 (over 5◦S–5◦N,160◦E–150◦W) zonal

wind stress anomalies are linearly proportional to the

Niño-3 (over 5◦S–5◦N,150◦E–90◦W) SST anomalies.

We can obtain the following nonlinear time delay

model of the equatorial Pacific:[13]

dT

dt
=

ad

R
T −

bd

R
T (t − η) − εT 3, (1)

where T is the Niño-3 SST anomaly, η is a time for

waves to travel to the western boundary and return to

the eastern Pacific, a is a coefficient representing the

positive feedback between T ′s, b is a coefficient repre-

senting the negative feedback due to waves reflection

at the western boundary, d is a positive coefficient that

relates the Niño-3 SST anomalies to the Niño-4 zonal

wind stress anomalies, R is a damping coefficient and

ε is a cubic damping coefficient. We also assume that

η = c ε, where c is a positive constant and ε is a small

positive parameter.

3. Singularly perturbed solution

of SST

We now solve the asymptotic solution of the non-

linear delay model Eq.(1). Let

T (t) = T0(t) + T1(t)ε + T2(t)ε
2 + · · · . (2)

Substituting Eq.(2) into Eq.(1), expanding the non-

linear term in ε, and equating the coefficients of the

same powers correspondingly, for ε0 we obtain

dT0

dt
=

d(a − b)

R
T0.

And we have

T0 = C0 exp(
d(a − b)

R
t). (3)

For ε1 , we obtain

dT1

dt
=

d(a − b)

R
T1 +

bcd

R

dT0

dt
− T 3

0 .

From Eq.(3), we have

dT1

dt
=

d(a − b)

R
T1 +

bcd(a − b)C0

R2
exp(

d(a − b)

R
t) − C3

0 exp(
3d(a − b)

R
t).

Thus we obtain

T1 = C1 exp(
d(a − b)

R
t) −

bcd(a − b)C0

R2
t exp(

d(a − b)

R
t) −

C3
0R

2ad − 3bd
exp(

3d(a − b)

R
t). (4)

Substituting Eqs.(3), (4) into Eq.(2), we obtain the

asymptotic solution of Eq.(1). But it is not a uni-

formly valid solution. Therefore, we need to eliminate

its secular term. Let

τ = ω(ε)t, ω(ε) = 1 + ω1ε + ω2ε
2 + · · · , (5)

where ωi, i=1,2,· · ·, are constants to be undetermined.

From Eq.(5), we have

t = [ω(ε)]−1τ = (1 − ω1ε + 2(ω1 + ω2)ε
2 + · · ·)τ. (6)

Keeping in mind Eqs.(3), (4) and substituting Eq.(6)

into Eq.(2), we obtain

T = T0 + T1ε + · · · = C0 exp(
d(a − b)

R
(1 − ω1ε + 2(ω1 + ω2)ε

2 + · · ·)τ)

+[C1 exp(
d(a − b)

R
(1 − ω1ε + 2(ω1 + ω2)ε

2 + · · ·)τ)

−
bcd(a − b)C0

R2
(1 − ω1ε + 2(ω1 + ω2)ε

2 + · · ·)τ

×exp(
d(a − b)

R
(1 − ω1ε + 2(ω1 + ω2)ε

2 + · · ·)τ)

−
C3

0R

2ad − 3bd
exp(

3d(a − b)

R
(1 − ω1ε + 2(ω1 + ω2)ε

2 + · · ·)τ)]ε + · · ·
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= (C0 + C1ε) exp(
d(a − b)

R
τ)

−[
d(a − b)C0

R
(ω1 +

bc

R
)τ exp(

d(a − b)

R
τ)]ε

−[
C3

0R

(2a − 3b)d
exp(

3d(a − b)

R
τ)]ε + O(ε2). (7)

Thus we know that if letting ω1 = −
bc

R
, we can eliminate the secular term in Eq.(7). And from Eq.(5), we

obtain

ω = 1 +
bc

R
ε + O(ε2).

Then we have

T (t) = (C0 + C1ε)exp(
d(a − b)

R
(1 −

bc

R
ε)t)

−[
C3

0

(2a − 3b)d
exp(

3d(a − b)

R
(1 −

bc

R
ε)t)]ε + O(ε2), 0 < ε ≪ 1, (8)

where C0 and C1 are arbitrary constants. Obviously,

Eq.(8) is a first-order uniformly valid asymptotic ex-

pansion of the solution to Eq.(1).

We also can obtain even higher-order uniformly

valid solution for Eq.(1) using the same method.

4. Precision

In order to evaluate the precision of expansion (8)

of the asymptotic solution to Eq.(1), we give a set of

parameters as follows:[13] a = 1.5 × 102 ◦C·m2
· N−1

·

yr−1, b = 2.5× 102 ◦C·m2
·N−1

·yr−1, d = 3.6× 10−2

◦C·m−2
·N·yr−1, r = 2.0yr−1, c = 0, C0 = 1, C1 = 0.

Now we make a comparison between the values

of Tnum obtained from the numerical calculation and

Tasy from the asymptotic expansion (8) in the case

of different values of ε( ◦C−2
· yr−1) and t(yr) . We

obtain the following results(see Table 1).

Table 1. A comparison of the values of between Tnum and Tasy

ε T t = 0.0 t = 0.5 t = 1.0 t = 1.5 t = 2.0 t = 2.5 t = 3.0

Tnum 1.5000 0.4621 0.1735 0.0685 0.0275 0.0111 0.0045
1

Tasy 1.0062 0.4070 0.1653 0.0672 0.0273 0.0111 0.0045

Tnum 1.0290 0.4112 0.1661 0.0673 0.0273 0.0111 0.0045
0.1

Tasy 1.0006 0.4066 0.1653 0.0672 0.0273 0.0111 0.0045

Tnum 1.0028 0.4070 0.1654 0.0672 0.0273 0.0111 0.0045
0.01

Tasy 1.0001 0.4066 0.1653 0.0672 0.0273 0.0111 0.0045

Tnum 1,0003 0.4066 0.1653 0.0672 0.0273 0.0111 0.0045
0.001

Tasy 1.0000 0.4066 0.1653 0.0672 0.0273 0.0111 0.0045

5. Conclusions

(1) From the comparison of precisions obtained

as above, we can conclude that for small parameter ε,

the asymptotic expansion (8) is a good approximate

expansion of the solution for the nonlinear time delay

model (1).

(2) The ENSO is a complicated natural phe-

nomenon. Hence we need to reduce the basic mod-

els for the sea–air oscillator and solve them by using

the approximate method. The singular perturbation

approach is a simple and valid method.

(3) The singular perturbation is an asymptotic

method, which differs from general numerical method.

The expansion of a solution by means of the singular

perturbation method can be made in the analytic op-
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eration. Thus, from Eq.(8), we can further study the

quality and quantitative behaviours of the tempera-

ture anomaly and the zonal wind stress anomaly in

the equatorial eastern Pacific. But in this paper we

do not discuss this any further.
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