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A new lattice Bhatnagar—Gross—Krook (LBGK) model for a class of the generalized Burgers equations is proposed.

It is a general LBGK model for nonlinear Burgers equations with source term in arbitrary dimensional space. The linear

stability of the model is also studied. The model is numerically tested for three problems in different dimensional space,

and the numerical results are compared with either analytic solutions or numerical results obtained by other methods.

Satisfactory results are obtained by the numerical simulations.
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1. Introduction

In recent years, the solutions of nonlinear equa-
tions have attracted much attention in the study of
nonlinear problems, which are central to the deeply
A class of the
generalized Burgers equation has been found to de-

developed field of nonlinear science.

scribe various kinds of phenomena such as mathe-
matical modelling of turbulence] and the approxi-
mation theory of flow through a shock wave travel-
ling in a viscous fluid.? The Burgers equation and
Navier—Stokes equation are similar in the form of their
nonlinear terms and in the occurrence of higher order
derivatives with small coefficients in both.[! It is well
known that the accuracy of the numerical computa-
tions and the computational efficiency are highly de-
pendent on the numerical schemes used to solve the
fluid flow equations. In many cases, numerical so-
lutions are likely to produce results which consist of
large non-physical oscillations if the size of the ele-
ments is not unrealistically small. Several numeri-
cal methods of these equations have been proposed,
such as algorithms based on the cubic spline func-

(4 explicit—implicit method,®! multi-

tion technique,
level scheme with ADII®! and implicit finite-difference
scheme.[”] Most of these existing works are concerned
with the one-dimensional Burgers equation. It is dif-

ficult to solve higher-dimensional Burgers equations

simply and simulate accurately.!®!

The lattice Boltzmann method (LBM) is a
new technique for simulating fluid flows and mod-
elling complex systems.[”) Unlike traditional numer-
ical methods which solve for macroscopic variables,
the LBM is based on the microscopic kinetic equa-
tion for the particle distribution function. The macro-
scopic quantities, such as density and velocity, are
then obtained through moment integrations of the dis-
tribution function. The kinetic nature of LBM intro-
duces a number of advantages, such as simple cod-
ing, intrinsic parallelism and incorporation of compli-
cated boundary conditions. In the last decade, the
lattice Bhatnagar—Gross—Krook (LBGK) model, the
most popular LBM, has achieved great success in a
variety of fields, from simple laminar flows to thermal
flows,[1911] high-speed compressible flows!'? and so
on. The LBGK model also shows the ability to simu-
late the nonlinear systems. Some LBGK models have
been proposed in Refs.[13-15] for Burgers equations,
but they are all concerned with the one-dimensional
Burgers equations. The LBGK model in Ref.[16] is
able to solve two-dimensional Burgers equations; how-
ever, it is difficult to extend to three-dimensional equa-
tions due to its complex expressions of equilibrium
distribution function.

In this paper, we propose a uniform LBGK model
for a class of Burgers equation with source term. The
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rest of the paper is organized as follows. In Section 2
the LBGK model is proposed and the class of general-
ized Burgers equations is derived. The linear stability
analysis of the model is given in Section 3. Numerical
results are found in Section 4. Finally, some conclu-
sions are made in Section 5.

2. LBGK model for a class of gen-

eralized Burgers equations

In this section, we develop a LBGK model based
on the DdQg model*™ to compute approximate solu-
tions for the following generalized d-dimensional Burg-
ers equation:

% + 6V <%u2E> =vV3u + F(x,t). (1)

Here, E= (1,1,...
d, B is a constant, and v is the diffusion constant co-

,1) is the constant vector with length

efficient. For a small value of v, the Burgers equa-
tion behaves merely as a hyperbolic partial differen-
tial equation, and the problem becomes very difficult
to solve as steep shock-like wave fronts developed, as
reported in Ref.[18]. V is the gradient operator in d

dimensions and V? is the corresponding Laplace op-
erator. The key step to develop a lattice Boltzmann
model for the macroscopic equation is how to derive

1
the nonlinear term GV - §u2E) and the source term

F(=z,t) without additional assumption.

2.1. LBGK model

The evolution equation of the density distribution
function with source in the LBGK model reads

fi@®+eAt t+ At) — fi(®,t)

__ %( Filw,t) — f@, 1)) + ALFi (@, 1)

1 OF;(x,t)
AP )
3 at @
where ¢; and At are the discrete velocity and the time
step respectively. 7 characterizes the dimensionless
relaxation time of the distribution function towards

the local equilibrium f;%, and F; is the distribution of
OF;(x,1)
ot

ward, backward difference schemes or exact solution.
fi{% and F; are defined as

the source. can be computed through for-

u’(ci- BE) | v(ei- BE)?  u’(%d _
[, t) = o [au . bl - 6d ] T (3)
7 v T 4 UJQ(GL‘ . ﬁE) u3(ci ﬁE)2 u?’ﬁQd 19 )
w; | au + 203 60§ - 603 , =1, "'-,(q— )7
FiwiF<1+T1/2'(Ci.§E)u>, (4)

where w; are the weight coefficients which are differ-

ent for different models. And « is a parameter to

adjust different conditions and enhance the ability of
the model.

The macroscopic parameters are determined from
the moments of the distribution functions as follows:

Z fi= Z £ =,
Y eifit =5u*0E.
quffq :acguIJr %UBBQEE, (5)

where I is the unit tensor. And Fj satisfies

SE=F Yer=""Lrge  ©

T

Making Taylor expansion on the left of Eq.(2) we get

fil®+c At t + At) — fi(x, 1)
9 A2 (D ?
=At| o +e6-V|fi+t— |5+ V) fi
ot 2 \ ot
(7)
Next, the Chapman—Enskog expansion is applied to
fi under the assumption that the mean free path is of
the same order as €.

fi=fotef®M 2@ 4 (8)

And we discuss changes in different time scales

0 0 0 5 0
a—a—tOJrEa—tlJrE 6_t2 (9)

Here we take ¢ = At. Applying Eqgs.(7), (8) and
(9) to Eq.(2), the series lattice Boltzmann equations
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are derived as follows:

fieq = zov (10)
9 ©_ 1.

9 Oy 11
(g e )0 =20+ )
9 L0 LY(29 )

— 1— — . {
aﬁlfz +< )(612 +ei V>fz

1/ 0
*‘(a—to e V)

2 10F
SR M=y 12
7'fZ * 2 ato ( )
From Eqgs.(5), (8) and (10), we know that
k> 1. (13)

Zfz(k) =0,

1 Ly 0 0) )
fTZ;czfi =5t <Z«:1f +V - (e f] ZqF
9
Oto

(l 25E) +V- (acgul—i— gu?’ﬁQEE) —

ou

1
o (2
=V (aciul) + o FupE.

Therefore, we obtain

gu +V- (%UQﬁE) = acge(T

1 2
o —~ §)v u+F. (15)

From the above analysis, we can see that the diffusion

1
coefficient can be determined by v = acZAt (T - 5)

And the source term is without any assumption as
shown in Ref.[19].

We can find that a class of important equations
Just take the one-
dimensional condition for example:

is derived at the same time.

Burgers equation:
Ut + Puuy = Dugg;
Fisher equation: g =0, u; =

without source term, F=0,

Dugy + Au(l — u);
= Dua:a:
Diffusionless Burgers equation: v=0, F=0, u; +

Pure diffusion equation: f = 0, F=0,u,

auty, = 0;

Ordinary difference equation: g = 0, a=0, u; =
F.
That is to say we can use the LBGK model to solve
the class of the important equation. Moreover, just
through the change of the dimensions of the vector E,

Summing Eq.(11) over ¢ and using Eqgs.(5), (6) and
(13), we obtain

ou 9
g+ v (o)

F. (14)
Then taking the summation in Eqgs.(11) and (12)

about i, computing (11)+(12)xe, and using Eqs.(5),
(9), (10) and (10

ou 1 1
: (Zciff”) +V- (ZcLF) —F

Using Eqgs.(11), (14), (5) and (6), we obtain

), we get

T—1/2

FuBE

<%UQBE) - F) + V- (actul) + %FUBE

we can solve the equations in any higher dimension,
while the model in Ref.[16] is difficult to apply even in
two-dimensional equations due to their complex ex-
pressions of the equilibrium function. We use some
DdQgq models to solve several problems for example.
It is easy to develop any other DdQq model by the
same method.

2.2. The general LBGK models for the
class of the generalized Burgers
equations

In this paper, three models D1Q3, D2Q9 and
D3Q15 are adapted to simulate different problems re-
spectively. From Egs.(3) and (4), we know that only
the discrete velocities sets and the weight coefficients
are different in these models.

The particles velocity vectors for D1Q3 are de-
fined by (ep,e1,¢62)= (0, —¢, ¢) with the weight coeffi-
cients wp=2/3, w1 = wa=1/6. ¢; = ¢//3 is the sound
speed of the model, and ¢ = Axz/At is the particle
speed.
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The D2Q9 LBGK model for the two-dimensional
Burgers equation has the particles velocity vectors de-

(07 0); 1= 0;
¢ = < c(cosb;,sinb;), 0; =
V2¢(cos b;,sin6;), (0; =

The weight coefficients are chosen aswp=4/9, w1 =
wo = w3 = wy=1/9, w5 = wg = wy = wg=1/36.

It is more difficult for higher dimensions. A simple
way to extend the square lattice, with vectors to the

fined by

(i — D)r/2,i = 1,2,3,4),
(t—=5)m/2+7/4,i=15,6,7,8).

to use vectors to the sides and corners of a cube.2"]
This defines a body-centred-cubic lattice with € &
{(%¢,0,0),(0,£¢,0),(0,0,+¢)}, ef € {(£c,£¢,% )},
¢,=(0,0,0). The equilibrium distribution can be writ-

sides and corners of the square, to three dimensions is ten as
|
1ol G SR ] i
Fat) = 4 ol {au i UQ(C;C;E) UB(c%CfE)Q B u;f;d], P=1.9. .7 (16)
oo+ OB e JEE WP s,

with we=2/9, w!=1/9, wl=1/72 and ¢; = ¢//3.

3. Stability analysis

The analysis presented in what follows is similar
to that presented in Ref.[21], where the goal of the
work is to determine the stability conditions for the
new LBGK model.

We consider the condition of the evolution equa-
tion (2) without source term

Just as the analysis in the much of the previous work
showed in Ref.[22], the resulting linearized system is
fi@ et t 4+ At) = Gij fi (@, 1). (19)

And the spatial dependence of the stability is invested
by taking the Fourier transform of Eq.(19) to obtain

Fi(k,t + At) = L;; F;(k, 1), (20)
fil®+e At t+ At) — fi(®,1) . .
1 e Lij = diag{exp(—ik-¢AD}IGy.  (21)
- - _(fi(mat)*fiq(mat))' (17) . . . .
T Where G;; is the Jacobian matrix corresponding to
The update operator is defined as the coefficient of the linear term of g;(f;) in Eq.(18)
1 at the f7% which does not depend on location or time.
gi(f;) = fi(®,t) — ;(fz (@, t) — [ (®,1)). (18) According to the expression (3), we obtain that
|
u(ei- BE) | vwP(e;- BE)* W]
af? (1=a)+wi {OL + c2 2ct 22 | 1=0, (22)
of; ulei- BE) ule;- BB _wRd]
Wi [oz * c2 * 2c4 2¢2 |’ i#0.
|
Obviously, the expression of G;; is where I is the unit diagonal matrix, and w is a con-
1 1 stant which does not change with node and time. If
Gij =(1- ;)I‘f' ;ff,% (W), (23)
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we denote J;(f) = ,(ﬁ%ﬁ%
is Ji(f) = ([f5f @] — )/

J
written as

, the Jacobian matrix
Then Eq.(23) can be

Gy =1+ J¢(f).

Firstly, we discuss how to choose some parame-

(24)

(1-a) +A[a+3u(ei-ﬁE)
9u(e; - BE)*

ofit _
af;

B[a—i—?»u(ei - BE) +

C{a+3u(e¢ - OF) +

where e; = ¢; /e.

If 5 =1, Eq.(1) is the standard Burgers equation.
The eigenvalues of Jacobian matrix J3(f) with 7 =0
isa(-1+A+4B+4C)/7 and —1/7. Since A, B, C
represent the weight coefficients in Eq.(25) and they
satisfy A 4+ 4B + 4C' = 1, hence the eigenvalues of
J7(f) are 0 and —1/7, which have no relation with a.
That is to say, the imported parameter o is not only
to make the model for flexible and stronger ability to
simulate different conditions, but also does not limit
the stability. Moreover, Eq.(1) is the pure diffusion
equation with 8 = 0. From the above analysis, we
may know that the eigenvalues have no relation with
u. That is to say, it is easier to keep stability than the
Burgers equation.

Furthermore, when k=0, the eigenvalues of the

9 x 9 matrix G;; are 1 — lu2 and 1 — % Thus, the
stability of the new LBGK model is guaranteed. And
then in the whole k space, iterate the mean flow den-
sity and the relaxation time to determine the neutral
stability boundary. The results are presented in Fig.1
as the solid curve. We can see in Fig.1 that as the
value of 7 increases, the maximum stable velocity is
seen to increase from about 1.4. Since there is no lim-
iting stable velocity comparing with the other D2Q9
models shown in Ref.[21], the new LBGK model is
more stable at large velocity and high Reynolds, that
is large density u and low diffusive coefficient D in our
model respectively. This is different from other lattice
Boltzmann model to simulate the fluid flow. We also
find that the choice of the relaxation time values 7 in
Ref.[15] satisfies stability conditions, the same as the
choice in Ref.[16].

Some idiographic tests near the stability bound-
ary are performed. The relative global errors varying

9u®(e; - BE)*

ters in the new LBGK model by requiring that the
model fulfills the stability conditions. Just take the
D2Q9 model for example, and unit particle speed is
adapted for simplicity without loss of generality.2"

Thus, Eq.(22) can be written as

+ _9“2(%'2~ BE)?

— 3u?p?|,

- 3u252}, i=0,
i=1,2,34, (25)

3u262], i=56--,9,

as time with different 7 are validated at v=1, 0.01 re-
spectively. The results are shown in Fig.2 and Fig.3.
It can be observed that the relative error will increase
as time if computation does not satisfy the stability
conditions. But the error will become lower and lower
The
results show that the new LBGK model is easy to

as time if it satisfies the stability conditions.

achieve stability conditions and it is consistent. This
is very important for numerical methods.

3.0

//
« 25} a
[}
g /
3 //
& 20} /
: /
E]
[}
3 /
& 15f )
/
/
/
/
1.0 : : - -
00 05 1.0 1.5 20 25

Mean density u
Fig.1. Stability boundary as a function of v and 7 for
the most unstable wavenumbers. It is the neutral sta-
bility curve for the proposed D2Q9 model for each a.

0.010 , , ,
——71=1.0
5 0.008 | s 7r=1.2
E —%—T1=1.6
§  0.006f —o7=2.0 |
'ib)b —s—7=3.0
£ 0.004f
B
o]
& 0.002}
0.000 . s s
0 1 2 3 4

Fig.2. The relative global error as function of time
varied by 7. v=1.0.
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——7=1.0
—a—7=1.2
——T1=1.6
——T1=2.0

—s— 7=3.0

Relative global error

Fig.3. The relative global error as function of time
varied by 7. v=0.01.

4. Numerical results

To evaluate the accuracy and the suitable ranges
of the LBGK model for the class of the generalized
Burgers equations, numerical tests, including the dif-
ferent dimensional Burgers equations, various parame-
ters, comparisons with analytical solutions, are carried
out. In simulations, the non-equilibrium extrapola-
tion method[?3! is adopted to deal with the boundary
condition.

4.1. Problem 1
We first take the Burgers equation

NG VY]

1
Up + Uy = DUy, 5§:ﬂ§

1
The diffusive coeflicient D is written as D = 7

e
Here, R, is a constant varying with D. The initial
and boundary conditions are

u(:ﬂ,O)D<x+tg§),

1 R,
1/2,t) = - 4+tg—
u(1/2,1) Re+t{2+g4(Re+t)}’
1 3R, |
u(3/2,t) = 3+tg—7——+]| .
B20= g P e im0
The exact solution of this problem is
1 7T Rex ]
Ue(x,t) = T+tg—m-— 26
(z,1) ol KR STy (26)

The numerical solutions of the Burgers equation
above reported in Ref.[24] and those found by the

present LBGK model with different conditions are
compared with analytic solution in Fig.4 and Fig.5.
Accuracy is evaluated by measuring the absolute er-
ror at every point in Fig.5. The absolute error is given
by

error(u) = max |u — e/, (27)

where the u means computational solution and wu, is
the analytic solution given by Eq.(26). These numeri-
cal solutions are for the case D=0.002 using time step
At = 0.002, space step Az = 0.01 and a=1.0 re-
spectively. Moreover, the relative global error is also
shown in Table 1 as the o and relaxation time varies,
the relative global error is

where the summation is over the entire system. We
can find that the best choice of the parameters can
preserve the better accuracy and stability.

3.4x108

3.2x10~3

3.0x1073%

Fig.4. The comparisons between numerical and the-
oretical results of test 1.

3x10~6

2x10~¢

Error

1x10~6

Fig.5. The error between numerical and analytical
solutions of test 1.



No.7

A lattice Bhatnagar—Gross—Krook model for a class of the ...

1447

Table 1. Comparison of results for problem 1 with D=0.002.

a Relaxation time 7 The iteration time ¢ Relative global error
0.01 125 0.4 0.0104
0.8 0.0155
0.1 1.7000 0.4 0.0017
0.8 0.0031
—4
L0 0.6200 0.4 1.9230 x10
0.8 3.6812 x10~%
—4
13 0.5923 0.4 1.5028 x10
0.8 2.8659 x10~4
—4
L5 0.5800 0.4 1.3163 x10
0.8 2.5035 x10~4
—4
L7 0.5706 0.4 1.1724 x10
0.8 2.2228 x10~4
—4
20 0.5602 0.4 1.1013 x 10
0.8 1.9088 x10~4
2.2 0.5545 0-4 _
0.8 -

Note: — means the computation is unstable.
4.2. Problem 2

The second test problem is the solution of two-
dimensional unsteady Burgers equation which is dom-
inated by moderate gradients. The equation with the
following Dirichlet boundary conditions is solved by
the proposed D2Q9 model:

82u>
0%y )’

Ou +u Ou + ou _ D & +

ot o dy) 0%x
u(0,y,t) = 1/[1+ e~/ CP)],
w(l,y,t) = 1/[1 + e(Hy=0/C2D)],

6x10~*

4x10~4

Error

2x10~4

u(@,0,t) = 1/[1 4"~ /CP)),
u(z,1,t) = 1/[1 + e+e—t/2D)],

And the initial condition is that u(z,y,0) = 1/[1 +
e(“‘"’y)/@D)], 0<x<1,0<y <1 The exact solution
is ue(w, y;t) = [1 +e@Ty=0/CD)=1 The errors at ev-
ery point to compare analytic and numerical results at
time t=2.5 and t=3, are shown in Fig.6, with grid size
(128 x 128), and D=0.1. Moreover, the computed so-
lutions using the new LBGK model at different time,
with different grid sizes and the relative global errors
defined as Eq.(28) are presented in Table 2.

Error

1.0

0.0 0.0 T

Fig.6. The error between numerical solution and analytical solution for all z,y € [0,1] at ¢=2.5
(left) and t=3 (right) respectively. With D=0.1, error=|u — ue|.

Table 2. The relative global error for test 2 with the D2Q9 model.

Grid size Time t=1 Time t=2 Time t=3 Time t=4 Time t=5
32x32 0.0982 0.0104 1.0595%x10~% 1.0557x10—6 1.8138x108
64 %64 0.0475 0.0047 4.4337x10° 6.9170x10~7 1.4802x10~8

128x128 0.0235 0.0022 1.7867x10~° 6.6621x10~7 1.5356x 108

256 %256 0.0117 9.4303x10~4 8.7065x10~6 3.5405x10~6 1.2704x108




1448 Yu Xiao-Mei et al

Vol. 15

4.3. Problem 3

The last test problem is the three-dimensional
Burgers equation.
ou Ju Ou Ou
Bl %%*@*@)
u 0%u  0%u
(G + g+ 32 )
0<z2,y,2<1

with the analytical solution wue(z,y,z;t) =
olatyta—0)/ ()] -1,

1+
The computed solution at
2=20/128 is shown in Fig.7. Furthermore, the ab-
solute error for the entire system is presented at the
same time in Fig.8. The grid size is 128128 and the
v=0.1. In order to show the simulation more exactly,
the relative global error for the whole (z, y) system
varies at different point z can be observed in Fig.9.

The relative global error defined by Eq.(28) can be
|

8x1073

6x10~3

4x1073

Error

2x1073

1.0
0.0 0.0 T

Fig.8. The error between numerical solution and an-
alytical solution for all z,y € [0, 1] at 2=20/128, time

t=3.
0.012
3
B
(5}
2 o0.008
]
i)
(5]
2
3
2 0.004
~
0.000

0.0 0.2 0.4 0.6 0.8 1.0

Fig.9. The relative global error at different point z
for whole (z, y) domain at t=3.

written as

_ Ziﬁ,y |u(ac,y,z) - Ue(%y,zﬂ
Zm,y |ue(x7y’ Z)|

err(z)

The results show that the numerical simulations by
the new LBGK model are in good agreement with the
analytical solution.

1.00
5
— 0.98
~
(=}
N
= 0.96
&
3
0.94
1.0
v 0.0 0.0 z
Fig.7. The computed solutions of test 3, for

2=20/128, time t=3.

Conclusions

o

In this paper, we have successfully proposed a
general LBGK model for a class of generalized Burgers
equations. We have numerically validated the model
by using the model to simulate several benchmark
problems, and have obtained satisfactory results. In
contrast to the previous work on Burgers equations,
the model is more general, simple, and can solve the
high-dimensional problems successfully. It should also
be emphasized that, the work is in part motivated
by previous work,[*? the new model can recover the
macroscopic equations with source term without any
assumption. Through the analysis of the stability, we
confirm that the LBGK model has good stability to
simulate the class of generalized Burgers equations.

One difficulty encountered in the LBGK model
is due to the nonlinear convective term, which makes
corresponding LBGK models complex and hard to ex-
tend to high dimension space directly in the previous
work. It is completely solved in our new LBGK model
by adopting the vector constant E related to dimen-
sions. However, not all nonlinear equations have been
included by the general LBGK model.
direction in the future work.

This is our
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