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The stability of the Schwarzschild black hole is restudied in the Painlevé coordinates. Using the Painlevé time

coordinate to define the initial time, we reconsider the odd perturbation and find that the Schwarzschild black hole

in the Painlevé coordinates is unstable. The Painlevé metric in this paper corresponds to the white-hole-connected

region of the Schwarzschild black hole (r > 2m) and the odd perturbation may be regarded as the angular perturbation.

Therefore, the white-hole-connected region of the Schwarzschild black hole is unstable with respect to the rotating

perturbation.
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1. The stability problem

Regge and Wheeler first treated the stability
problem of the Schwarzschild black hole in 1957. They
divided the perturbations into two classes: odd and
even ones.l!! Later, it was found that the odd one re-
ally represents the angular perturbation to the metric,
while the even one is the radial perturbation to the

metric.[2]

The Schwarzschild coordinates have been used to
study the stability problem in the work of Regge and
Wheeler. The background metric has an apparent sin-
gularity at the horizon » = 2m in the Schwarzschild
coordinates. So, it is very difficult to discriminate the
real divergence in the perturbation at » = 2m from a
spurious one caused by the improper choice of the co-
ordinates. The Kruskal reference frame is singularity-

free at the horizon r = 2m. Vishveshwaral3l

pro-
posed a solution to the problem. He transformed the
perturbation fields h;,, (ts,7, 0, ¢) in the Schwarzschild
coordinates into h,ljl,(v,u,ﬁ,gb) of the Kruskal refer-
ence frame, where (ts,7,0,¢) and (v,u,0,¢) are the

Schwarzschild and Kruskal coordinates respectively.

The perturbation fields hi‘w (v,u, 6, ¢) should have no
Neverthe-
less, there arises the problem what time coordinate

spurious divergence, though &}, have.

should be chosen to define the initial time. Though
hhy(v, u, 8, ¢) apparently depends on the Kruskal co-
ordinates (v, u, 0, ¢), it is the Schwarzschild time co-
ordinate ty that Vishveshwara used to define the ini-
tial time. In this way, the Schwarzschild black hole is
proven stable by Vishveshwara.[?!

In fact, the metric in the Schwarzschild coordi-
nates has another obvious drawback: the time coor-
dinate ts (usually denoted as ¢ in references) is not
proper for analysis of the physical process at the hori-

zon r = 2m. 14

For example, a process near the horizon
r = 2m is described in the Schwarzschild time coordi-
nate as from ts — 0, r — 2m to ty — 400, 7 — 2m.
The time coordinate t5 changes infinitely in the pro-
cess. But in Kruskal time coordinate v, which is more
realistic physically, it is just from v — 0, u — 0 with
Y L 0tow — 0, u— 0with £ — +1. That is,
gt r = 2m, the infinite change in %Js only corresponds
to the infinitesimal change in v. The example clearly
shows that the Schwarzschild time coordinate s loses

its meaning near or at r = 2m.
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Therefore, it is not unreasonable to suspect the
correctness of the conclusion of Vishveshwara’s which
is obtained by the Schwarzschild time coordinate. One
should choose a ‘good’ time coordinate to study the
stability problem and to find what results would be

obtained consequently.5—13]

2. Argument for the Painlevé

metric

There are several well-known coordinates for the
Schwarzschild black-hole, which are regular at r = 2m:
for example, the Kruskal coordinate system. Here, we
mainly select Painlevé coordinates for the study of
the stability problem. The Painlevé coordinates were
discovered independently by Painlevé in 1921 and
Kraus and Wilezck[1516] in 1994. The Painlevé metric

is
2m 9
(1 - 7) d?
2
—2y/ Zdrdt, + dr? + r2dQ?
r
5 2
m
=—dt + <dr - \/Tdtp> L2402 (1)

It is obtained from Schwarzschild metric
9 2m 9 om\ ! 9 9149
ds*=—(1—— |dt;+|(1—— ) dr 4+rd2= (2)
r r

by the transformation

ds? = —

VI +V2m

The Painlevé metric (1) is well-behaved at the
horizon. It is obvious that the radial null geodesics

tp =ts — lQ\/ r+2mln il \/_1 (3)

are

dr

2m
— =41 4
dt, + r (4)

The upper and lower classes correspond to the out-
going and ingoing null geodesics respectively. In the
usual Penrose diagram, part I corresponds to our re-
gion (r > 2m), parts I] and II' are the black-hole

0 0 0 hor)
0 0 O0h
B = 1(r)
0 0 0 O
ho(r) hi(r) 0 0

(r < 2m) and white-hole (r < 2m) regions respec-
tively, and part I’ is another region (r > 2m) not
communicating with our region. The metric (1) cor-
responds to the region I connected with II’, and is
defined as the white-hole-connected region.

Not only is the Painlevé metric stationary and
regular at the horizon,'®~17 but also its time coor-
dinate ¢, is time-like for r > 2m. These good qual-
ities make it more suitable for the study of stability
of the Schwarzschild black hole.
out perturbation analysis entirely in the Painlevé met-

Of course, to carry

ric would be very burdensome. Nevertheless, the per-
turbation fields h,, are tensors and the perturbation
equations are also tensor equations (see Eq.(5) in the
following); they are invariant under the coordinate
transformation. One could use Vishveshwara’s result
in the Schwarzschild coordinates, and transform them
to the Painlevé coordinates and use the time coordi-
nate t;, to study the stability problem. In this way, we
obtain the conclusion that the white-hole-connected
region of the Schwarzschild black hole is unstable .

3. New discussion of the Regge—

Wheeler equation

Here, we briefly explain the perturbation of the
Schwarzschild black hole.[18:19 Suppose the back-
ground metric is g,,,, while the perturbation in it is
huw, then the contract Ricci tensors R, and R,, +
0R,,, correspond to the metrics g, and gu, + hu
respectively. The linear perturbation equations are

OR,, = 5F vt 5F =0, (5)
where the semicolons in the subscripts indicate the
covariant differentiation, and

1
5F5U = —gﬁ“

2 [h;wz;u + hl/()é;;t -

il (6)

is a tensor. After consideration of the gauge freedom,
the odd perturbations are

; 0
—iktg
e {sm 0_69} P (cosb),
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and the even ones (parametrized by Hy, Hq1, Ho, K) are

H()( _ 2m ) H1

T

Here we mainly discuss the odd perturbation. In
the odd perturbation, the linear equations (5) are
combined into a single equation: that is, the Regge—
Wheeler equation

W‘F[kQ—V]Q:Q (7)

where the effective potential V' and the tortoise coor-

dinate are
2m\ [1(I+1) 6m
= (1= _ 2
O et
* _ o
T fr+2m1n<2m 1), (9)

respectively. The perturbation fields ho(r) and hq(r)
are connected with @ by

ho(r) =3 7z (1)
A=)
and
hi(r) =7 (1 ng)lQ (11)

Because the perturbation fields h,, are tensors
and the perturbation equations (5) are also tensor
equations, they are invariant under the coordinate
transformation. Though the Regge-Wheeler equa-
tion was obtained in the Schwarzschild coordinates, it
might be regarded as the simplest one from the above
viewpoint. That is, whatever stationary coordinate
system may be chosen, after simplifying the pertur-
bation equations for calculation, the Regge—Wheeler
equation can be obtained. For example, we could cal-
culate the perturbation in the Painlevé coordinates of
the black hole (1), the perturbation equations (5) are

applied in this coordinates as

- gga {hza;wﬁ + hsa;u;ﬁ B hil/;a;ﬁ}
+ gpa {hza;ﬁ;v + hga;u;v h hiﬁ;@t;b} =0.

(12)

0 0
0 0 )
e ¥ P (cosh) .
r’K 0
0 r?Ksin?6

If we transform Eq.(12) in two ways: (1) transform-
ing the perturbation fields i}, in the Painlevé coor-

dinates into A3, (h},, is the perturbation fields in the

v
Schwarzschild coor?iinates), (2) transforming the in-
dependent variables (the Painlevé coordinates (t,, ))
into Schwarzschild coordinates (ts, ), then we would
obtain the Regge-Wheeler equation definitely after

some simplifying calculation.

4. Calculation

Therefore, we could make use of Eq.(7) as done
in Ref.[3], and obtain the perturbation field quantities
in the Schwarzschild metric coordinates for simplicity.
Then we obtain the corresponding quantities in the
metric (1) of Painlevé coordinates by transformation.
By selecting the time coordinate t;, to define the initial
condition, we prove that Rek=0, Imk > 0 is possible
for the Schwarzschild black hole in the metric (1).

Using Eq.(3), one obtains the perturbation fields

[hi;] in the metric (1) of Painlevé coordinates as

h83 = h337 (13)
s 2m 2m\ ' s
h¥s = his + - <1 - T) hos,  (14)
where
s Cikt, 1 2m dQ | ik
hig = hoe s = T {(1 - T)Q + T@} et
(15)

. om\ '
B3 = hpe e = <1 — _m) Qe = (16)
r

(see Egs.(10) and (11)), therefore, we have

hggzé Kl%m) Q+rjﬁ} e~ ikts (17)
o i [2m 2m\ "
h13: E TQ+T 1—7

X (%,/27”122 +Q>]eikt°‘. (18)
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Now, we solve the differential equation (7)

d2Q
d7n—*2+[k'2—V]Q:O.

As proved in Ref.[3], when k = ik, ko > 0, the
asymptotic solutions of Eq.(7) as 7* — oo are Aetk2""

and the well-behaved one is Ae=*2"" | that is,
Qoo = A" when 1* — oo. (19)

From Eq.(7), the solution Q., cannot become Ae*t*2""
as r* — —oo. Therefore, the asymptotic solution of

Eq.(7) for r* — —oo isl®!

Qom = Ae™%2"" when * — —oo. (20)

It is obvious that Qa,, is singular at the hori-
zon r = 2m(or, r* — —o0). Nevertheless, it may be
unphysical and caused by the ill-behavedness of the
Schwarzschild metric (2) at the horizon r = 2m. Sub-
stituting Eq.(20) into Eqs.(17) and (18), and using the
transformation equation (3), then, at r = 2m, that is,
r* — —o0, one could obtain the asymptotic forms of
the perturbation fields as

1 2 )
his (L. 1) =1 [(1 -0 kzr} Ack2(ts=r")

and

Actually, the asymptotic forms of the perturbation
fields hY; and h§; are the same as those of Egs.(21)
and (22) for r — oo due to the fact that Q- and Q2.

have similar forms.

The boundaries for the perturbation problem con-
sist of the spatial infinity and the horizon r = 2m of
the black hole. The boundary condition at the spatial
infinity requires that the perturbation fields should
not diverge initially as r — oco. For the boundary con-
dition at the horizon r = 2m (r* — —o0), Vishvesh-
wara implied that the perturbation fields in a ‘good’
coordinate system (where the metric is well-behaved

at the horizon) do not diverge too at the initial time. !

From Egs.(21) and (22), it is easy to see that hi,
and hb, are regular at r = 2m and r — oo at t, =
0. Therefore, the perturbation fields hY5(0,7) and
h85(0,r) initially are finite in (2m, c0), or (—oo, +00)
by use of r*. They (hY5(tp,7) and his(tp, r)) grow into
infinity as t, — oo.

If the time coordinate ¢, were suitable for analysis
of the physical process at r = 2m, we would have the
conclusion that the Schwarzschild black hole is unsta-
ble. Because the time coordinate ¢, in metric (1) has

:l |:(1 _ Q_m) _ k’g?":| Aethpek2[7r+2\/2mrf4m ln(1+1/2:n )] (21)
r

i )_1 [é@(—@)ﬂ

Aekztp ekz[—r+2\/ 2mr—4am 1n(1+ o )] ) (22)

Aekg (ts—’!‘*)

a drawback as the Schwarzschild time coordinate ¢
does, the conclusion is not sure. As a matter of fact,
the time coordinate ¢, has a drawback at » = 2m due
to the fact

goo = — (1 - Q—m) = (23)

at 7 = 2m in the metric (1). Nevertheless, we make

further transformation
T
dR = %d’l" — dtp, (24)

2
ds? = —df} + ==dR? +r2d 0 (25)

then

In this metric (25), the time coordinate t, is well-
defined. Now, we further transform the perturbation
fields into the coordinate system (25), and use the time
coordinate ¢, in the metric (25) to define the initial
time. In this case, if Imk = ko > O still belongs to the
spectrum S of the Schwarzschild black-hole, we could
gain the unstable conclusion definitely.2"]

By Eq.(24), the perturbation fields are trans-
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formed according to

A 2m

hos = hos + \/ Thﬁ)ga (26)
- 2m
hiz =/ Th§’3, (27)

where we denote the perturbation fields in coordinates
(25) as fsz. From Eq.(24), we have the variable r as
a function of the variables ¢, and R

r(ty, R) = {977”} ! (ty+ R) . (28)

So, hPy and hP, could be written as

583 (tpv R) :h83 (tpv T(tpv R))

First, at t, = 0, h%(0, R) and h4(0, R) are all well-
defined simultaneously at r = 2m and infinity simulta-
neously; this again ensures that the perturbation fields
are finite initially and they (hbs(tp, R), h¥s(tp, R)) all
grow into divergence as t, — oo as shown by Egs.(28)-
(30) and (21)-(22). Because the time coordinate ¢, in
the metric (25) is ‘good’, we could certainly conclude
that the Schwarzschild space—time is unstable with re-
spect to this kind of perturbations.

5. Conclusion

The Painlevé metric (1) corresponds to the white-
hole-connected region. The white-hole-connected re-
gion is connected with the white hole, from which ev-
ery particle must leave in a finite time. So, the white-
hole-connected region is unstable in nature. That is,
the white-hole-connected region of the Schwarzschild
space-time is unstable with respect to the angular per-
turbations.

2m
— AP (t,, r(t 2
+ T(tp,R) 13( p,r( p,R)), (29)
and
A 2m
his(tp, R) = mh‘fg(tw(tp,l%)) (30)
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