Vol 15 No 7, July 2006
1009-1963/2006/15(07)/1407-07

Chinese Physics

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

On the linearization of the coupled Harry—Dym
soliton hierarchy*

Chen Jin-Bing(%4:£2)" and Geng Xian-Guo (8Kt [H)
Department of Mathematics, Zhengzhou University, Zhengzhou 450052, China

(Received 28 October 2005; revised manuscript received 13 April 2006)

This paper is devoted to the study of the underlying linearities of the coupled Harry—Dym (cHD) soliton hierarchy,

including the well-known cHD equation. Resorting to the nonlinearization of Lax pairs, a family of finite-dimensional

Hamiltonian systems associated with soliton equations are presented, constituting the decomposition of the cHD soliton

hierarchy. After suitably introducing the Abel-Jacobi coordinates on a Riemann surface, the cHD soliton hierarchy can

be ultimately reduced to linear superpositions, expressed by the Abel-Jacobi variables.
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1. Introduction

The study of soliton equations is one of the cen-
tral and highlighted topics in the realm of mathemat-
ical physics, because many mathematical models are
described by nonlinear evolution equations. In reveal-
ing the basic structure of the Liouville integrability of
soliton equations, the main aim is to appropriately
choose the action-angle variables straightening out
various flows on the invariant tours by using the cele-
brated Liouville-Arnold theory.[!! Actually, there ex-
ist many excellent examples in this framework, such as
the Korteweg—de Vries equation u; — 6ty + gy = 0
equipped with the angular variable ¢ = 2,2+ %t+ K,

having the well-known explicit solution!2!

a(z,t) = —202In 021z + ot + K) + C,

and the Kadomtsev—Petviashvili equation u; =

1 3
Z(ﬂm + 3u?), + Zaglayy endowed with the angular

variable ¢ = 1z + by + 5t + K, resulting in the
beautiful formulal4l

iz, y,t) = 202 I 0(212 + oy + 25t + K) + C.

Analogously, another powerful approach, the so-called
Hirota method,[®% also provides an effective way to
transform the soliton equation into a type of a bilinear
equation, and to find an exact solution by a perturba-
tion method. In contrast to finding the action-angle

variables, Hirota’s method is relatively direct, system-
atic and easy to be treated. Based on the analysis of
the Lax representations of soliton equations, it is inter-
esting to see that the nonlinearization of Lax pairs!”—*]
is also effective in linearizing soliton equations with
the help of the theory of algebraic curves, and further
in writing out the desired quasi-periodic solutions to
exhibit the quasi-periodic behaviour or characteristic
for Liouville integrability to soliton equations.[*0~18]
The concrete mechanism of our manipulation consists
of three steps: the first step is a nonlinear separation
of variables, which reduces infinite dimensional soli-
ton models into finite-dimensional Hamiltonian sys-
tems (FDHSs) of ordinary differential equations using
the nonlinearization of Lax pairs; the second step is
to linearize the resulting FDHSs by Abel-Jacobi co-
ordinates on the Jacobian of a Riemann surface; fi-
nally, we write out the explicit solutions in the original
variables via the Jacobi inversion. To our knowledge,
the key process of all the above-mentioned methods
is to transform nonlinear differential equations into
linear differential equations through a change of de-
pendent variable, which are easier to be tackled with

some available tools.[19~21]

In this paper our purpose is to disclose the lin-
ear behaviour of the coupled Harry-Dym (cHD) soli-
ton hierarchy, including the well-known cHD equation
on the Riemann surface. Recalling the cHD spectral
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problem of Antonowicz and Fordy, we readily recover
the cHD soliton hierarchy. In a future step, the cHD
soliton hierarchy is reduced into FDHSs, separating
spatial and temporal variables by means of the nonlin-
earization of Lax pairs. An explicit relation between
soliton equations and the resulting FDHSs is there-
fore established through the Bargmann constraint. Fi-
nally, using the Abel-Jacobi coordinates, the associ-
ated flows determined by the cHD soliton hierarchy
are straightened as simple linear superpositions with
respect to corresponding flow variables.

The present paper is divided into five sections. In
Section 2, we briefly review some useful formulae and
partly rewrite their expressions. In Section 3, the non-
linearization of Lax pairs with Bargmann constraint
is discussed. The relation between soliton equations
and FDHSs is established in Section 4. The whole
cHD soliton hierarchy is straightened out to display
the intrinsic linearities in the window of Abel-Jacobi
coordinates in Section 5.

2. Preliminaries

To describe our results, a brief survey of the prob-
lem is needed. According to the known expression, 22!
the cHD spectral problem is of the form

D20 +ulp + vA%0 = g, (1)
which is equivalent to a matrix form

0 1
pa=Up, U= , p= ;
a—ul—vA? 0 P2
(2)
where ) is a constant spectral parameter; v and v are
two potentials. Considering the adjoint representation
of Eq.(2), we have

a; )
V,=[UV], V= => 1" A7,
c —a S0\ ¢ —a,
which coincides with
1
a; = —56;8()]», (4&)
Kgj—1 = Jgj, (4b)

1
cj = —5892:()] —+ Oébj — Ubj+1 - Ubj+27 (4C)
where g; = (bj,bj4+1)T, and
1

K=
563 — 200, U0y + Ozu

1
0 —(0zv + v0y)

J = ()
Here {g;} is the Lenard sequence; K and J are the
Lenard operator pairs. Assuming that g_» = (1,0)T
and g_1 = (0,07 2)T, it is clear that ker J = {p1g_1 +
p2g-2¥p1, p2 € R}; thus {g;} (j > 0) can be uniquely
established (up to kerJ) by means of the recursive

1 :
relation (4b). In particular, go = (v~ 2, —§uv_%)T.

To deduce the cHD soliton hierarchy, let us intro-
duce an auxiliary spectral problem of Eq.(2),

v vy

v —
‘/'2(1") 7‘/1({1)

, n=0,

Pt, = V<n)(p7

where

n
‘/'1(2”) — Z bj_l)\n+1_j,
=0

n
Vl(ln) = Z aj_l)\”+1_j,
7=0

vy = > e a NPT o Xuby 4 A vby + Avbn g1, (7)
7=0

with a_1 = b_1 = ¢_1 = 0. Then the compatibility
condition of Eqs.(2) and (6), i.e. ¢z, = ¢t 4, leads
to the zero-curvature equation

U, — V:c(n) + [U7 V(n)] =0, (8)

which is the ¢HD soliton hierarchy(??

(u,0)) =Jgn-1, n>0. (9)

n

It is clear that the first nontrivial member of Eq.(9) is
the cHD equation with ¢t = ¢y,

1,1 1 1 1

= 5(%)959393*204(%)95; Uy = Ux(ﬁ)JrQU(ﬁ)x;
(10)

which results from the compatibility condition of Lax

Ut

pairs (2) and
Yt = V(l)(pa

—uTEA

1
vl s o4 S
—g? A+ v 2 A — Au — M) 7Y Z\

Let us introduce a generating function of {g},

gr=9g-1+ ng)\fkfy (12)
k=0
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It is easy to check that (K — AJ)gx = 0. Denoting

Zg )\nJrl ]

7=0

g= (g, g@)T

an immediate consequence is that V(") can be rewrit-

ten in a concise form,

V) £ o[g]

1
20,90 g

_ 2
—%aﬁg(l) + g (o — M — Nv) %axg(l)
(13)
After a direct calculation, we have
Vo — [U.V] = U.[(K = AJ)g). (14)
where

U.(§) =

Then (K — A\J)g = 0 implies that 9, det o[g] = 0.
Whence, from Eqs.(12) and (13), it is easy to obtain

T

di{-:U(w + 55) |a=0 P w = (U7U) .

det ofgy] = 1. (15)

3. The finite-dimensional Hamil-

tonian systems

Let )\17>\2a"' )
¢ = (pj,q;)T. According to the principle of nonlin-
earization of Lax pairs,["® we take N copies of the

An be N distinct eigenvalues and

spectral problem (2),

A direct calculation yields!®! (up to a constant factor)
(K =X\ JJ)VA; =0,
VA = (0M;/0u, 67;/6v)* ()\Jpj,)\zp?)T. (17)

Taking into consideration the following Bargmann

constraint:[7-8]
N
g0=>_ VX, (18)
j=1
yields
u=—2(Ap,p)(Ap,p)~°, wv=(Ap,p)~3,  (19)
where p = (p1,--- ,pn)T, A = diag(A1, -+, Ax), and

(-,-) stands for the standard inner product in R¥.
Substituting Eq.(19) into Eq.(16) generates the fol-
lowing FDHS:

o 78H0
Pe=4=—"5"
gz = ap+ 2(A%p, p)(Ap,p)3Ap (20)
0H,
_ A —2A2 —
(Ap,p)—2A%p o
where ¢ = (q1, e ,QN)T, and
1
Hy=— §(<q7q> —a{p,p)
+ (Ap,p) "3 (A%p, p)). (21)

Similarly, we can also apply the nonlinearization of
Lax pairs to the temporal parts of soliton hierar-

pi) _ 0 1 Pj 1<j<N. chy. From Egs.(11) and (19), we obtain the Hamil-
q;j a—uAj — ’U)\? 0 q; tonian system associated with the temporal part of
(16)  cHD equation
|
_0H
pi = —(Ap,q)Ap + (Ap,p)Ag = ———,
@ = —(Ag,¢)Ap+ (Ap,q)Aq — 2 >§ Ap+ (22)
A3 2(A? 1 OH
{ p,piAp+ { p,zﬁ _ A3y = 2
(Ap,p) (Ap,p) (Ap,p) Ip
where App)? (M)
1 PP PP 2
Hy =5 - — (Ap,p)(Aq, q) + (Ap, q ) 23
=3 (T~ )~ (4 + 29)

Only for the convenience, we introduce a bilinear

TN &inj

function Qx(&,7n) = =L N
j

Denoting
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N
VA
GA—9—1+JZ=;)\7AJ_

_ Qx(Ap, p) (24)

(Ap,p) + QA(A?p, p)

it is not difficult to obtain (K — AJ)Gy = 0. Substi-
tuting Eq.(24) into Eq.(13) yields

Vi £ 0[Gi]
—Qx(Ap,q) Q(Ap,p)
= Wpp) X N
(Ap,p)2  (Ap,p) Qx(Ag,q) Qa(Ap,q)
(25)
in view of

QA(A'En) =AM T ) + (AT ), 1<IEL

Supposing that F\ = det V), it is evident that F) is
invariant under the action of x—flow. Hence the gen-
erating function of integrals of motion for Eq.(20) can
be written as

F 7)\Q)\(Ap,p) . <A2p7p>Q)\(Ap7p)
N\ =

(Ap,p) (Ap, p)?

Qx(Ap,p) Qx(Ap,q)
Qx(Ap,q) Qx(Aq,q)

=14 FuA " (26)
m=1

where

o _A"pp)  (A%p,p) (AT p,p)

(Ap,p) (Ap, p)?
+mi:1 (A F1p,p) (A™Ip, q) @)
oo | (AFp,g) (Mg, q)

Assuming that F) is the Hamiltonian function of the

symplectic space (R?Y,dp A dq), we recall that the

Poisson bracket of two functions F' and G is defined
(1]

as

N
OF 0G  OF 0G
Fey =Y (aar -
{56 jz_:l<5qjapj 517]‘5%)

Denoting the conjugate variable of F\ by 7y, a direct

calculation leads to the following canonical equation:

d [ pe CIVF — —0F\/0qr
dm |\ g OF\/0pg
—wooa [ 7. (28)
gk
where
0 -1
I= ’
1 0
2
W()\,[L) = A _M’uv/\
 2uQx(Ap,p) 2<A2 > 0
(Ap,p)2 | A4yt 22207
(Ap, p)

(29)

Similar to the previous calculation, '8! we derive a cru-
cial Lax equation as follows.

Proposition 1 The Lax matrix V,, along with
T)—How satisfies Lax equation

v,
— = A 30
= W),V (30)
and
F, R} =0, AM\peC,
{u A} M (31)
{FjaFk}ZOa ]ak:1a27

4. Relation between the cHD soli-
ton hierarchy and FDHSs

In this section, the relation between soliton equa-
tions and FDHSs is explicitly established, such that
the solutions of soliton equations can be obtained via
solving FDHSs of ordinary differential equations. For
this purpose, defining Fy = —2Hj, a direct calculation
shows that {Fy, F),} = 0 (m > 1) and the variable z
is indeed identical to the variable ¢y simultaneously.
Next we introduce a set of polynomial integrals { H,, }
for Eq.(20),

1 1
Hy=—-Fy, H = -F
0 9 0, 1 9 1

1 1 m—1
- Fm + Z Hme—l—ja

Hpy = 3 7 2 m>2, (32)
7=0
which are in agreement with
Fy=(1-H,)?, (33)
where
(o]
Hy, = Z Ho "™ L (34)

m=0
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A simple application of Eq.(33) results in

{H/\aHM}: {FMFM}:O'

1 /FE,
Acting with J~'K upon Eq.(18) (k — 1)—times, we
have

N
Z)‘é_lV)‘j = gk-1tC3gp—3+---+crp19-1, k=2,
j=1

(35)

where c; is a constant of integral. Together with

Eq.(35), Eq.(24) can be rewritten as

Gy = cagx, (36)

where ¢y =1+ Y72 ck+3A*2. From Eqs.(15) and
(25), we have

Va = o[G\] = aleaga, (37)
|

- 7W(<AZ),Q>QA(AP;Z7) -

+ (A%, p)Qx(Ap, ¢) — (A°p, ¢)Qx(Ap, p)),

dv 8

I ) ((Ap,p)QA(Ap,q) —

(Ap, 9)Qx(Ap, p)).
(42)
On the other hand, from Eq.(20), Eqs.(41) and (42)

can be rewritten as

d .2
d—T/\(u,v) —*XJGA
Recalling Eq.(39), we obtain
d [u 1 d[u 1 2
— =— ——— =——(—7)JG
dt)\ v 20,\ dT)\ v 20)\( )\) A

k=1

which indicates that Eq.(19) is a solution of the n-th
equation of Eq.(9)

Corollary 1 Let (p(z,t),q(z,t))T be compati-
ble solutions of Hy and H; with respect to x—flow
and t—flow respectively, thus (u(z,t),v(z,t))T given
by Eq.(19) is the solution of the cHD equation (10).

(Ap, p)Qx(Ap,q)) +

F,\ = Ci. (38)

The combination of Eqs.(33) and (38) gives ¢y =
1— Hj.
and tj respectively, we have

Denoting the variables of Hy and Hj by t)

d 1 d
—_— = (39)
dt,\ 20)\ dT,\
Theorem 1 Let (p(z,ty,),
ible solutions of Hy and H,, i.e.

q(z,t,))T be compat-

p p

= IV H,, =IVH,, n>1, (40)

xT [2%
then u(z,t,) and v(x,t,) determined by Eq.(19) is a
solution of the n-th cHD equation.
Proof: Noticing Eq.(28), on one hand we have

(AMAp, p)Qx(Ap, q) — MAp, ¢)Qx(Ap, p)

(41)

8
(Ap,p)?

5. Linearizing the cHD soliton hi-

erarchy

In this section, the cHD soliton hierarchy are re-
duced into simple linear superpositions described by

Abel-Jacobi variables on a Riemann surface. From
Eqgs.(26) and (27), we define
= v -y = 20 - T )
= Qx(Ap,p) =< Ap,p > % (44)
where
N N
=T =), H (A= Anix), (45)
k=1 k=1
N—
H (A = ),
k=1
2N
R(N) = a(Mb(A) = [T (A = M) (46)
k=1

Here {uy} are called the elliptic coordinates. Noting
that the expressions of u and v in Eq.(19) only depend
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on the canonical variable p, we know that {p} indeed
meet the whole requirements in our calculation. From
the Lax equation (30), we arrive at

12
dv,
dT)\

Choosing A = iy, it follows from Eqgs.(43) and (44)
that

= 2AWH A V2 = WO, V). (A7)

—R(px)
V= : 48
m = aw) )
From Eqgs.(29), (44), (47) and (48), it is not difficult

to obtain

Ar/—R(ue) drn — a() (N — ) m’ ()

By applying the Lagrange interpolation formula for

polynomials to Eq.(49), we derive

N-1

N—j—1 N—j
S A dpe _ A , 1<j<N-1.
= 4y/—R(uy) A a(X)
(50)

These formulae naturally lead to the consideration of
the Riemann surface I' given by the affine equation
€% + R(\) = 0, which is of genus N — 1. It is known
that

AN=I=1d)\

4/—R(\)

wj (51)
are N — 1 linearly independent homomorphic differen-
tials of I'. Denoting an arbitrary point P(\) = (A, & =

—R())) and a fixed point Py on I', we introduce the

quasi-Abel-Jacobi coordinates,

- N-1 P(uy)
@:Z/ @, 1<j<N-L (52)
k=110
Therefore, Eq.(50) is of the form
dg, AN=I :
— = — 1<j<N-1. 53
dry a(\)’ == (53)

In what follows, we introduce a set of regular cy-
cle paths on I': ay,by,a2,bs,- - ,an_1,bn_1, which

are independent and have intersection numbers as

a;oa; = bzob] = O7 aiobj = 52],

Now we may takel24:25]

Aij :/ (‘D’h C= (Aij)ila 1< 27] < N_la (54)

J

then w; can be normalized into a new basis wj,

N-1
wj = E Ciawr,
=1

i,j=1,2,---,N—1.

N-1 N-1
/wj= E le/ W = E Ci Ay = 64,
@i =1 @i =1

j=1,2,--- ,N—1.

Additionally, the Abel map A(P) and Abel-Jacobi co-
ordinates are defined as

A(P)/ij, A meP) = 3 mAP),

(55)
N-1 N—1 P(ux) -
¢=A<Z P(/%)) = Z/ w=Cdh. (56)
k=1 k=17 Fo

Designating Sy = A¥ +--- + A5 and R(A™1) =
H?fl(l — XA, we know that!10]

1 o0
=Y AR (57)
A/ R(AY) k=0
where
Ay = A = L A = ! A
0=1, 1—5517 k—Q—k(SkJr Z Sidj).

it j=k,ij>1

Appealing to Eqgs.(38) and (43), a simple calculation
gives

(58)

Denoting the kth column vector of C' by Cj, we are
ready to formulate the main result in this article.

Theorem 2 The associated flows in the Abel-
Jacobi coordinates are linearized as

d o0
A N (59a)
dity
=0
d¢
-4 = k>0 59b
dtk k> - Y ( )
where (2 is designated by
1 1
.QO = 5/1001, Ql = 5(/1101 + AOCQ);
1
O = §(Ak01+"'+/110k+/100k+1)a k<N-2,
1
2 = §(Ak01+"'+Ak—N+1CN)a k=>N-1.

Proof: From Egs.(39), (56), (53) and (58), we
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have
dp _ 1d¢ _ 1 d¢
diy a 2¢cy dmy a 2¢cy  dmy
)\N 1 N+1
= ———(Ch A\~ o+ O™
2c>\a()\)( ! to O )

)\N
———(CIA P4 Oy AV
2 R(A)( ! Nt )
1
= (CA 4 Oy ATV

2\ /R(A1)
o] N-1 o]
= lekAik Z Cj)\*j — Z QAFL
2 k=0 j=1 k=0

Comparing the coefficient with A=*~1 of (59a), we see
that (59b) holds immediately.
On application of the Theorem 2, it is easy to see
that -
¢ = o+ Z Ot (60)
k=0
As a concrete application of Eq.(60), the kth cHD
equation is explicitly presented in the window of Abel-
Jacobi coordinates,

odr = ¢o + 20w + Dty (61)

In particular, the evolution picture of the cHD equa-
tion (10) in the Abel-Jacobi coordinates is described
as

¢1 = ¢o + Qox + Nt. (62)

In conclusion, we have decomposed the cHD soli-
ton hierarchy into FDHSs, and further linearized the
resulting Hamiltonian flows to display the underlying
linear behaviour of soliton equations on a Riemann
surface. To some extent, the given expressions (61)
and (62) provide the specially explicit solutions to the
kth cHD equation and the cHD equation in the Abel—
Jacobi coordinates, respectively. Analogously, some
other known soliton hierarchies can be studied in this
framework as well. For this aspect, we will provide

some other examples in the near future.
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