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This paper is devoted to the study of the underlying linearities of the coupled Harry–Dym (cHD) soliton hierarchy,

including the well-known cHD equation. Resorting to the nonlinearization of Lax pairs, a family of finite-dimensional

Hamiltonian systems associated with soliton equations are presented, constituting the decomposition of the cHD soliton

hierarchy. After suitably introducing the Abel–Jacobi coordinates on a Riemann surface, the cHD soliton hierarchy can

be ultimately reduced to linear superpositions, expressed by the Abel–Jacobi variables.
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1. Introduction

The study of soliton equations is one of the cen-

tral and highlighted topics in the realm of mathemat-

ical physics, because many mathematical models are

described by nonlinear evolution equations. In reveal-

ing the basic structure of the Liouville integrability of

soliton equations, the main aim is to appropriately

choose the action-angle variables straightening out

various flows on the invariant tours by using the cele-

brated Liouville–Arnold theory.[1] Actually, there ex-

ist many excellent examples in this framework, such as

the Korteweg–de Vries equation ūt − 6ūūx + ūxxx = 0

equipped with the angular variable φ̄ = Ω̄1x+Ω̄2t+K̄,

having the well-known explicit solution[2,3]

ū(x, t) = −2∂2
x ln θ(Ω̄1x + Ω̄2t + K̄) + C̄,

and the Kadomtsev–Petviashvili equation ũt =
1

4
(ũxx + 3ũ2)x +

3

4
∂−1

x ũyy endowed with the angular

variable φ̃ = Ω̃1x + Ω̃2y + Ω̃3t + K̃, resulting in the

beautiful formula[4]

ũ(x, y, t) = 2∂2
x ln θ(Ω̃1x + Ω̃2y + Ω̃3t + K̃) + C̃.

Analogously, another powerful approach, the so-called

Hirota method,[5,6] also provides an effective way to

transform the soliton equation into a type of a bilinear

equation, and to find an exact solution by a perturba-

tion method. In contrast to finding the action-angle

variables, Hirota’s method is relatively direct, system-

atic and easy to be treated. Based on the analysis of

the Lax representations of soliton equations, it is inter-

esting to see that the nonlinearization of Lax pairs[7−9]

is also effective in linearizing soliton equations with

the help of the theory of algebraic curves, and further

in writing out the desired quasi-periodic solutions to

exhibit the quasi-periodic behaviour or characteristic

for Liouville integrability to soliton equations.[10−18]

The concrete mechanism of our manipulation consists

of three steps: the first step is a nonlinear separation

of variables, which reduces infinite dimensional soli-

ton models into finite-dimensional Hamiltonian sys-

tems (FDHSs) of ordinary differential equations using

the nonlinearization of Lax pairs; the second step is

to linearize the resulting FDHSs by Abel–Jacobi co-

ordinates on the Jacobian of a Riemann surface; fi-

nally, we write out the explicit solutions in the original

variables via the Jacobi inversion. To our knowledge,

the key process of all the above-mentioned methods

is to transform nonlinear differential equations into

linear differential equations through a change of de-

pendent variable, which are easier to be tackled with

some available tools.[19−21]

In this paper our purpose is to disclose the lin-

ear behaviour of the coupled Harry–Dym (cHD) soli-

ton hierarchy, including the well-known cHD equation

on the Riemann surface. Recalling the cHD spectral
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problem of Antonowicz and Fordy, we readily recover

the cHD soliton hierarchy. In a future step, the cHD

soliton hierarchy is reduced into FDHSs, separating

spatial and temporal variables by means of the nonlin-

earization of Lax pairs. An explicit relation between

soliton equations and the resulting FDHSs is there-

fore established through the Bargmann constraint. Fi-

nally, using the Abel–Jacobi coordinates, the associ-

ated flows determined by the cHD soliton hierarchy

are straightened as simple linear superpositions with

respect to corresponding flow variables.

The present paper is divided into five sections. In

Section 2, we briefly review some useful formulae and

partly rewrite their expressions. In Section 3, the non-

linearization of Lax pairs with Bargmann constraint

is discussed. The relation between soliton equations

and FDHSs is established in Section 4. The whole

cHD soliton hierarchy is straightened out to display

the intrinsic linearities in the window of Abel-Jacobi

coordinates in Section 5.

2. Preliminaries

To describe our results, a brief survey of the prob-

lem is needed. According to the known expression,[22]

the cHD spectral problem is of the form

∂2
xϕ + uλϕ + vλ2ϕ = αϕ, (1)

which is equivalent to a matrix form

ϕx =Uϕ, U =





0 1

α − uλ − vλ2 0



 , ϕ=





ϕ1

ϕ2



 ,

(2)

where λ is a constant spectral parameter; u and v are

two potentials. Considering the adjoint representation

of Eq.(2), we have

Vx = [U, V ], V =





a b

c −a



 =
∑

j≥0





aj bj

cj −aj



λ−j ,

(3)

which coincides with

aj = −1

2
∂xbj , (4a)

Kgj−1 = Jgj , (4b)

cj = −1

2
∂2

xbj + αbj − ubj+1 − vbj+2, (4c)

where gj = (bj , bj+1)
T, and

K =







0
1

2
∂3

x − 2α∂x

1

2
∂3

x − 2α∂x u∂x + ∂xu






,

J =





1

2
∂3

x − 2α∂x 0

0 −(∂xv + v∂x)



 . (5)

Here {gj} is the Lenard sequence; K and J are the

Lenard operator pairs. Assuming that g−2 = (1, 0)T

and g−1 = (0, v−
1

2 )T, it is clear that kerJ = {ρ1g−1 +

ρ2g−2|∀ρ1, ρ2 ∈ R}; thus {gj} (j ≥ 0) can be uniquely

established (up to kerJ) by means of the recursive

relation (4b). In particular, g0 = (v−
1

2 ,−1

2
uv−

3

2 )T.

To deduce the cHD soliton hierarchy, let us intro-

duce an auxiliary spectral problem of Eq.(2),

ϕtn
= V (n)ϕ, V (n) =





V
(n)
11 V

(n)
12

V
(n)
21 −V

(n)
11



 , n ≥ 0,

(6)

where

V
(n)
11 =

n
∑

j=0

aj−1λ
n+1−j , V

(n)
12 =

n
∑

j=0

bj−1λ
n+1−j ,

V
(n)
21 =

n
∑

j=0

cj−1λ
n+1−j +λubn +λ2vbn +λvbn+1, (7)

with a−1 = b−1 = c−1 = 0. Then the compatibility

condition of Eqs.(2) and (6), i.e. ϕxtn
= ϕtnx, leads

to the zero-curvature equation

Utn
− V (n)

x + [U, V (n)] = 0, (8)

which is the cHD soliton hierarchy[22]

(u, v)Ttn
= Jgn−1, n ≥ 0. (9)

It is clear that the first nontrivial member of Eq.(9) is

the cHD equation with t = t1,

ut =
1

2
(

1√
v
)xxx−2α(

1√
v
)x, vt = ux(

1√
v
)+2u(

1√
v
)x,

(10)

which results from the compatibility condition of Lax

pairs (2) and

ϕt = V (1)ϕ,

V (1) =







1

4
v−

3

2 λ v−
1

2 λ

−3

8
v−

5

2 λ + v−
1

2 λ(α − λu − λ2v) −1

4
v−

3

2 λ






.

(11)

Let us introduce a generating function of {gk},

gλ = g−1 +

∞
∑

k=0

gkλ−k−1. (12)
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It is easy to check that (K − λJ)gλ = 0. Denoting

g = (g(1), g(2))T =

n
∑

j=0

gjλ
n+1−j ,

an immediate consequence is that V (n) can be rewrit-

ten in a concise form,

V (n) , σ[g]

=







−1

2
∂xg(1) g(1)

−1

2
∂2

xg(1) + g(1)(α − λu − λ2v)
1

2
∂xg(1)






.

(13)

After a direct calculation, we have

Vx − [U, V ] = U∗[(K − λJ)g], (14)

where

U∗(ξ) =
d

dε
U(w + εξ) |ε=0 , w = (u, v)T.

Then (K − λJ)g = 0 implies that ∂x det σ[g] = 0.[23]

Whence, from Eqs.(12) and (13), it is easy to obtain

det σ[gλ] = 1. (15)

3. The finite-dimensional Hamil-

tonian systems

Let λ1, λ2, · · · , λN be N distinct eigenvalues and

ϕ = (pj , qj)
T. According to the principle of nonlin-

earization of Lax pairs,[7,8] we take N copies of the

spectral problem (2),




pj

qj





x

=





0 1

α − uλj − vλ2
j 0









pj

qj



 , 1 ≤ j ≤ N.

(16)

A direct calculation yields[8] (up to a constant factor)

(K − λjJ)∇λj = 0,

∇λj = (δλj/δu, δλj/δv)T = (λjp
2
j , λ

2
jp

2
j)

T. (17)

Taking into consideration the following Bargmann

constraint:[7,8]

g0 =

N
∑

j=1

∇λj , (18)

yields

u = −2〈Λ2p, p〉〈Λp, p〉−3, v = 〈Λp, p〉−2, (19)

where p = (p1, · · · , pN)T, Λ = diag(λ1, · · · , λN ), and

〈·, ·〉 stands for the standard inner product in RN .

Substituting Eq.(19) into Eq.(16) generates the fol-

lowing FDHS:























px = q = −∂H0

∂q
,

qx = αp + 2〈Λ2p, p〉〈Λp, p〉−3Λp

−〈Λp, p〉−2Λ2p =
∂H0

∂p
,

(20)

where q = (q1, · · · , qN )T, and

H0 = − 1

2
(〈q, q〉 − α〈p, p〉

+ 〈Λp, p〉−2〈Λ2p, p〉). (21)

Similarly, we can also apply the nonlinearization of

Lax pairs to the temporal parts of soliton hierar-

chy. From Eqs.(11) and (19), we obtain the Hamil-

tonian system associated with the temporal part of

cHD equation

————————————————————————————
|































pt = −〈Λp, q〉Λp + 〈Λp, p〉Λq = −∂H1

∂q
,

qt = −〈Λq, q〉Λp + 〈Λp, q〉Λq − 2〈Λ2p, p〉2
〈Λp, p〉3 Λp+

〈Λ3p, p〉
〈Λp, p〉2 Λp +

2〈Λ2p, p〉
〈Λp, p〉2 Λ2p − 1

〈Λp, p〉Λ
3p =

∂H1

∂p
,

(22)

where

H1 =
1

2

( 〈Λ2p, p〉2
〈Λp, p〉2 − 〈Λ3p, p〉

〈Λp, p〉 − 〈Λp, p〉〈Λq, q〉 + 〈Λp, q〉2
)

. (23)

|————————————————————————————

Only for the convenience, we introduce a bilinear function Qλ(ξ, η) =
∑N

j=1

ξjηj

λ − λj

. Denoting
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Gλ = g−1 +

N
∑

j=1

∇λj

λ − λj

=





Qλ(Λp, p)

〈Λp, p〉 + Qλ(Λ2p, p)



, (24)

it is not difficult to obtain (K − λJ)Gλ = 0. Substi-

tuting Eq.(24) into Eq.(13) yields

Vλ , σ[Gλ]

=







−Qλ(Λp, q) Q(Λp, p)

〈Λ2p, p〉
〈Λp, p〉2 − λ

〈Λp, p〉 − Qλ(Λq, q) Qλ(Λp, q)






,

(25)

in view of

Qλ(Λlξ, η) = λQλ(Λl−1ξ, η) + 〈Λl−1ξ, η〉, 1 ≤ l ∈ Z.

Supposing that Fλ = detVλ, it is evident that Fλ is

invariant under the action of x−flow. Hence the gen-

erating function of integrals of motion for Eq.(20) can

be written as

Fλ =
λQλ(Λp, p)

〈Λp, p〉 − 〈Λ2p, p〉Qλ(Λp, p)

〈Λp, p〉2

+

∣

∣

∣

∣

∣

∣

Qλ(Λp, p) Qλ(Λp, q)

Qλ(Λp, q) Qλ(Λq, q)

∣

∣

∣

∣

∣

∣

= 1 +

∞
∑

m=1

Fmλ−m−1, (26)

where

Fm =
〈Λm+2p, p〉
〈Λp, p〉 − 〈Λ2p, p〉〈Λm+1p, p〉

〈Λp, p〉2

+

m−1
∑

j=0

∣

∣

∣

∣

∣

∣

〈Λj+1p, p〉 〈Λm−jp, q〉
〈Λj+1p, q〉 〈Λm−jq, q〉

∣

∣

∣

∣

∣

∣

. (27)

Assuming that Fλ is the Hamiltonian function of the

symplectic space (R2N , dp ∧ dq), we recall that the

Poisson bracket of two functions F and G is defined

as[1]

{F, G} =

N
∑

j=1

(

∂F

∂qj

∂G

∂pj

− ∂F

∂pj

∂G

∂qj

)

=〈∂F

∂q
,
∂G

∂p
〉 − 〈∂F

∂p
,
∂G

∂q
〉.

Denoting the conjugate variable of Fλ by τλ, a direct

calculation leads to the following canonical equation:

d

dτλ





pk

qk



 = I∇kFλ =





−∂Fλ/∂qk

∂Fλ/∂pk





= W (λ, λk)





pk

qk



, (28)

where

I =





0 −1

1 0



 ,

W (λ, µ) = − 2µ

λ − µ
Vλ

− 2µQλ(Λp, p)

〈Λp, p〉2







0 0

λ + µ +
2〈Λ2p, p〉
〈Λp, p〉 0






.

(29)

Similar to the previous calculation,[16] we derive a cru-

cial Lax equation as follows.

Proposition 1 The Lax matrix Vµ along with

τλ−flow satisfies Lax equation

dVµ

dτλ

= [W (λ, µ), Vµ] (30)

and

{Fµ, Fλ} = 0, λ, µ ∈ C,

{Fj , Fk} = 0, j, k = 1, 2, · · · .
(31)

4. Relation between the cHD soli-

ton hierarchy and FDHSs

In this section, the relation between soliton equa-

tions and FDHSs is explicitly established, such that

the solutions of soliton equations can be obtained via

solving FDHSs of ordinary differential equations. For

this purpose, defining F0 = −2H0, a direct calculation

shows that {F0, Fm} = 0 (m ≥ 1) and the variable x

is indeed identical to the variable t0 simultaneously.

Next we introduce a set of polynomial integrals {Hm}
for Eq.(20),

H0 = −1

2
F0, H1 = −1

2
F1,

Hm = −1

2
Fm +

1

2

m−1
∑

j=0

HjHm−1−j , m ≥ 2, (32)

which are in agreement with

Fλ = (1 − Hλ)2, (33)

where

Hλ =

∞
∑

m=0

Hmλ−m−1. (34)
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A simple application of Eq.(33) results in

{Hλ, Hµ} =
1

4
√

FλFµ

{Fλ, Fµ} = 0.

Acting with J−1K upon Eq.(18) (k − 1)−times, we

have

N
∑

j=1

λk−1
j ∇λj = gk−1+c3gk−3+ · · ·+ck+1g−1, k ≥ 2,

(35)

where cj is a constant of integral. Together with

Eq.(35), Eq.(24) can be rewritten as

Gλ = cλgλ, (36)

where cλ = 1 +
∑∞

k=0 ck+3λ
−k−2. From Eqs.(15) and

(25), we have

Vλ = σ[Gλ] = σ[cλgλ], (37)

Fλ = c2
λ. (38)

The combination of Eqs.(33) and (38) gives cλ =

1 − Hλ. Denoting the variables of Hλ and Hk by tλ

and tk respectively, we have

d

dtλ
= − 1

2cλ

d

dτλ

. (39)

Theorem 1 Let (p(x, tn), q(x, tn))T be compat-

ible solutions of H0 and Hn, i.e.





p

q





x

= I∇H0,





p

q





tn

= I∇Hn, n ≥ 1, (40)

then u(x, tn) and v(x, tn) determined by Eq.(19) is a

solution of the n-th cHD equation.

Proof: Noticing Eq.(28), on one hand we have

————————————————————————————
|

du

dτλ

=
24〈Λ2p, p〉
〈Λp, p〉4 (〈Λp, q〉Qλ(Λp, p) − 〈Λp, p〉Qλ(Λp, q)) +

8

〈Λp, p〉3 (λ〈Λp, p〉Qλ(Λp, q) − λ〈Λp, q〉Qλ(Λp, p)

+ 〈Λ2p, p〉Qλ(Λp, q) − 〈Λ2p, q〉Qλ(Λp, p)), (41)

|————————————————————————————

dv

dτλ

=
8

〈Λp, p〉3 (〈Λp, p〉Qλ(Λp, q) − 〈Λp, q〉Qλ(Λp, p)).

(42)

On the other hand, from Eq.(20), Eqs.(41) and (42)

can be rewritten as

d

dτλ

(u, v)T = − 2

λ
JGλ.

Recalling Eq.(39), we obtain

d

dtλ





u

v



 = − 1

2cλ

d

dτλ





u

v



 = − 1

2cλ

(− 2

λ
)JGλ

=
1

λ
Jgλ =

∞
∑

k=1

Jgk−1λ
−k−1,

which indicates that Eq.(19) is a solution of the n-th

equation of Eq.(9)

Corollary 1 Let (p(x, t), q(x, t))T be compati-

ble solutions of H0 and H1 with respect to x−flow

and t−flow respectively, thus (u(x, t), v(x, t))T given

by Eq.(19) is the solution of the cHD equation (10).

5. Linearizing the cHD soliton hi-

erarchy

In this section, the cHD soliton hierarchy are re-

duced into simple linear superpositions described by

Abel–Jacobi variables on a Riemann surface. From

Eqs.(26) and (27), we define

Fλ = −V 12
λ V 21

λ − (V 11
λ )2 =

b(λ)

a(λ)
=

R(λ)

a(λ)2
, (43)

V 12
λ = Qλ(Λp, p) =< Λp, p >

m(λ)

a(λ)
, (44)

where

a(λ) =

N
∏

k=1

(λ − λk), b(λ) =

N
∏

k=1

(λ − λN+k), (45)

m(λ) =

N−1
∏

k=1

(λ − µk),

R(λ) = a(λ)b(λ) =
2N
∏

k=1

(λ − λk). (46)

Here {µk} are called the elliptic coordinates. Noting

that the expressions of u and v in Eq.(19) only depend
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on the canonical variable p, we know that {µk} indeed

meet the whole requirements in our calculation. From

the Lax equation (30), we arrive at

dV 12
µ

dτλ

= 2(W 11(λ, µ)V 12
µ − W 12(λ, µ)V 11

µ ). (47)

Choosing λ = µk, it follows from Eqs.(43) and (44)

that

V 11
µk

=

√

−R(µk)

a(µk)
. (48)

From Eqs.(29), (44), (47) and (48), it is not difficult

to obtain

1

4µk

√

−R(µk)

dµk

dτλ

= − m(λ)

a(λ)(λ − µk)m′(µk)
. (49)

By applying the Lagrange interpolation formula for

polynomials to Eq.(49), we derive

N−1
∑

k=1

µN−j−1
k

4
√

−R(µk)

dµk

dτλ

= −λN−j

a(λ)
, 1 ≤ j ≤ N − 1.

(50)

These formulae naturally lead to the consideration of

the Riemann surface Γ given by the affine equation

ξ2 + R(λ) = 0, which is of genus N − 1. It is known

that

ω̃j =
λN−j−1dλ

4
√

−R(λ)
, 1 ≤ j ≤ N − 1, (51)

are N −1 linearly independent homomorphic differen-

tials of Γ . Denoting an arbitrary point P (λ) = (λ, ξ =
√

−R(λ)) and a fixed point P0 on Γ , we introduce the

quasi-Abel–Jacobi coordinates,

φ̃j =

N−1
∑

k=1

∫ P (µk)

P0

ω̃j , 1 ≤ j ≤ N − 1. (52)

Therefore, Eq.(50) is of the form

dφ̃j

dτλ

= −λN−j

a(λ)
, 1 ≤ j ≤ N − 1. (53)

In what follows, we introduce a set of regular cy-

cle paths on Γ : a1, b1, a2, b2, · · · , aN−1, bN−1, which

are independent and have intersection numbers as

ai◦aj = bi◦bj = 0, ai◦bj = δij , i, j = 1, 2, · · · , N−1.

Now we may take[24,25]

Aij =

∫

aj

ω̃i, C = (Aij)
−1, 1 ≤ i, j ≤ N−1, (54)

then ω̃l can be normalized into a new basis ωj,

ωj =

N−1
∑

l=1

Cjlω̃l,

∫

ai

ωj =

N−1
∑

l=1

Cjl

∫

ai

ω̃l =

N−1
∑

l=1

CjlAli = δji,

j = 1, 2, · · · , N − 1.

Additionally, the Abel map A(P ) and Abel–Jacobi co-

ordinates are defined as

A(P ) =

∫ P

P0

ω, A
(

∑

nkPk

)

=
∑

nkA(Pk),

(55)

φ = A
(

N−1
∑

k=1

P (µk)

)

=

N−1
∑

k=1

∫ P (µk)

P0

ω = Cφ̃. (56)

Designating Sk = λk
1 + · · · + λk

2N and R̃(λ−1) =
∏2N

j=1(1 − λjλ
−1), we know that[10]

1
√

R̃(λ−1)
=

∞
∑

k=0

Λkλ−k, (57)

where

Λ0 = 1, Λ1 =
1

2
S1, Λk =

1

2k
(Sk+

∑

i+j=k,i,j≥1

SiΛj).

Appealing to Eqs.(38) and (43), a simple calculation

gives
√

R(λ) = a(λ)cλ. (58)

Denoting the kth column vector of C by Ck, we are

ready to formulate the main result in this article.

Theorem 2 The associated flows in the Abel–

Jacobi coordinates are linearized as

dφ

dtλ
=

∞
∑

k=0

Ωkλ−k−1, (59a)

dφ

dtk
= Ωk, k ≥ 0, (59b)

where Ωk is designated by

Ω0 =
1

2
Λ0C1, Ω1 =

1

2
(Λ1C1 + Λ0C2),

Ωk =
1

2
(ΛkC1 + · · · + Λ1Ck + Λ0Ck+1), k ≤ N − 2,

Ωk =
1

2
(ΛkC1 + · · · + Λk−N+1CN ), k ≥ N − 1.

Proof: From Eqs.(39), (56), (53) and (58), we
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have

dφ

dtλ
= − 1

2cλ

dφ

dτλ

= − 1

2cλ

C
dφ̃

dτλ

=
λN

2cλa(λ)
(C1λ

−1 + · · · + CN−1λ
−N+1)

=
λN

2
√

R(λ)
(C1λ

−1 + · · · + CN−1λ
−N+1)

=
1

2
√

R̃(λ−1)
(C1λ

−1 + · · · + CN−1λ
−N+1)

=
1

2

∞
∑

k=0

Λkλ−k

N−1
∑

j=1

Cjλ
−j =

∞
∑

k=0

Ωkλ−k−1.

Comparing the coefficient with λ−k−1 of (59a), we see

that (59b) holds immediately.

On application of the Theorem 2, it is easy to see

that

φ = φ0 +

∞
∑

k=0

Ωktk. (60)

As a concrete application of Eq.(60), the kth cHD

equation is explicitly presented in the window of Abel–

Jacobi coordinates,

φk = φ0 + Ω0x + Ωktk. (61)

In particular, the evolution picture of the cHD equa-

tion (10) in the Abel–Jacobi coordinates is described

as

φ1 = φ0 + Ω0x + Ω1t. (62)

In conclusion, we have decomposed the cHD soli-

ton hierarchy into FDHSs, and further linearized the

resulting Hamiltonian flows to display the underlying

linear behaviour of soliton equations on a Riemann

surface. To some extent, the given expressions (61)

and (62) provide the specially explicit solutions to the

kth cHD equation and the cHD equation in the Abel–

Jacobi coordinates, respectively. Analogously, some

other known soliton hierarchies can be studied in this

framework as well. For this aspect, we will provide

some other examples in the near future.
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