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In this paper, we have studied the unified symmetry of a nonholonomic mechanical system in phase space. The

definition and the criterion of a unified symmetry of the nonholonomic mechanical system in phase space are given

under general infinitesimal transformations of groups in which time is variable. The Noether conserved quantity, the

generalized Hojman conserved quantity and the Mei conserved quantity are obtained from the unified symmetry. An

example is given to illustrate the application of the results.
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1. Introduction

The research on symmetries and conserved quan-
tities of a mechanical system possesses important
mathematical and physical significance, and is also
a new development direction in analytical mechanics.
The modern methods of finding conserved quantities
are mainly Noether symmetry,[!! Lie symmetry,!? and
Mei symmetry.?!

The conserved quantities deduced respectively
from the three symmetries mentioned above are
mainly Noether conserved quantity, Hojman con-
served quantity and Mei conserved quantity. The
research on the three symmetries and corresponding
conserved quantities has achieved lots of important
results.[4=19]

Previous studies on symmetries and conserved
quantities are all carried out for from a certain kind
of symmetry to seek for a type of conserved quan-
tity. Recently, Mei et all'0l gave a unified symmetry
of Lagrange system, Xu et all!7~19 studied the uni-
fied symmetries of holonomic system and the Hamil-
ton system.

In this paper, we generalize the unified symme-
try to a nonholonomic system in phase space, study
the unified symmetry of the nonholonomic system in
phase space, give the definition and criterion of a uni-
fied symmetry of nonholonomic mechanical system in
phase space, and obtain all the Noether conserved
quantity, generalized Hojman conserved quantity and
Mei conserved quantity from the unified symmetry.
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2. Definition and criterion of uni-

fied symmetry

Suppose that the configuration of a mechanical
system is determined by n generalized coordinations
QS(S = 17 an)'
nonholonomic constraints of Chetaev’s type

fﬁ(t;Q7Q):07 (ﬂ L. 79)' (1)

Suppose that the constraints are independent of each
other.
the virtual displacement is

Zafﬁészo. (2)

The system is subject to g ideal

The limitation of constraints (1) imposed on

The equation of motion of the nonholonomic system

can be written as2%
d OL oL
I+ - = s As7
dtdgs  9gs Qe+
(821725"'5’”‘)7 (3)
AS*A(aqv )*Z)\ga(f, (4)
s=1 S

where L = L(t,q,q) is the Lagrangian of the sys-
tem, Qs = Qs(t,q,q) are the generalized nonpotential
forces, A, are the generalized nonholonomic constraint
reacting forces, Ag = A\g(t,q,q) are the constraint mul-
tipliers. According to Ref. [21], the canonical form of

Eq.(3) in phase space is

‘js = aH/apsv
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ps = —0H /0qs + Qs + A, and the restriction equation
(s=12--,n), (5) XOfs(t.qp) =0 (14)
where H = H(t,q,p) is the Hamiltonian, and additional restriction equation??
- - ) of -
6;2 Q ( aqa ) Q ( 7qa ( 7qap))a aqﬁ (gs _ QS€O) — 0’ (15)
As =A,(t,a.p) = As(t,9,4(t,0.9)). (6) )
then the symmetry is called the Lie symmetry of the
Expanding Eq.(5), we obtain nonholonomic system (5) with the nonholonomic con-
= g,(t,q.p )7 straints (8) in phase space, where
= e 0 0
=h(tep), (s=12--n. (1) XO =60 162 PR
The nonholonomic constraints (1) in phase space can . . P ’
be expressed as XV = XO (£ - 4:60) XN
fo = fs(t.ap) = fo(t.a.a(t,ap) =0.  (8) ¥ (s — pefo) (16)

Definition If symmetry is Noether symmetry
that is also Lie symmetry and Mei symmetry at the
same time, then the symmetry is called unified sym-
metry.

Based on the Noether theory of nonholonomic me-
chanical systems, if there exists such a gauge function
Gn = Gx(t,q,p) that the generators of infinitesimal
transformations &g, gs, s satisfy

d¢,  0H b
Psqp ~ fo - 55 dt
~ ~ . daG
+(@s + A5)(& — ¢s60) + dtN =0 9)
and restriction equations[‘q
005 (¢, — &) = 0 (10)
945 ’

the symmetry is called the Noether symmetry of the
nonholonomic mechanical system (5) with the non-
holonomic constrains (8) in phase space, here 0 f3/9¢s
should be expressed as a function of ¢,q,p, where

% g +958?1 + hs ais (11)
Based on the Lie theory of nonholonomic mechanical
systems, if the generators of infinitesimal transforma-
tions &p, &s, ns satisfy

OH
XM (g,
(q aps) ’
OH ~
XD (p, ) = 12
(Pt 5 )=0. (2
or its equivalent expression
&fs dfO
_ — x
arar (9s);
dm d€0
_ = xOp.
ar ~qr (),

(s=1,2,-- ,n), (13)

Ops
Based on the Mei theory of nonholonomic mechanical
systems, if the generators of infinitesimal transforma-
tions &g, &s, s satisfy

0

G KO )] =0
S
o R
J XU = XO@Q, +45) =0, (1)
and the restriction equation

XO(fs(t.q.p)] =0, (18)
then the symmetry is called the Mei symmetry of the

nonholonomic system (5) with the nonholonomic con-
straints (8) in phase space.
According to the above definition of the unified

12), (14), (15),

), we can obtain the following criterion.

symmetry and the relations (9), (10), (
(17) and (18
Criterion If there exists such a gauge function
Gn = Gx(t,q,p) that the generators of the infinitesi-
mal transformations &, &5, s satisfy the condition

&, oH . OH.  pd&

{ps T 50 " g & — dt
) . _ d Gy

Qs +4:)(Es — dsb0) + = }

(zis + oH

H{x (- g} +x0(e g

-Qs —/L)}Q + {%XW)(H)}2

b . N2
Hgo X0 - xO@Q. +A} =0, (19)

and

{xOlfan} + {526 - a0} =0 (20)

then the symmetry is called the unified symmetry of

the nonholonomic system (5) with the nonholonomic
constraints (8) in phase space.
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3. The conserved quantities de-
duced from the unified symme-

try

Under some conditions, the unified symmetry can
lead to the Noether conserved quantity, the gener-
alized Hojman conserved quantity and the Mei con-
served quantity.

Proposition 1 For a nonholonomic mechanical
system in phase space, the unified symmetry leads to
the Noether conserved quantity

In =ps&s — HE + Gn = const. (21)

Proof Because the unified symmetry is certainly a
Noether symmetry, such a gauge function Gy =
Gn(t,q,p) makes Eq.(9) hold true.
Noether symmetry theory of the nonholonomic sys-

By using the

tem, the unified symmetry can lead to the conserved
quantity (21).

Proposition 2 If there exists a function y =
u(t,q,p) satisfying

dgs Ohs dlnp B
dqs  Ops At

0, (22)

then the unified symmetry leads to a generalized Ho-
jman conserved quantity

_ 19(pgo) 4L
po ot po 0gs
19(uns)  d&

p o Ops dt

I 1 O(pés)

= const. (23)

Proof According to the definition, the unified sym-
metry must be Lie symmetry, using similar method to
that in Ref.[9], we can obtain the generalized Hojman
conserved quantity (23).

Proposition 3 If there exists a function Gy =
Gum(t,q,p) satisfying
d¢  d

—[x©
=+ X0k

X (p,)
—X(O)[X(O)(H)] —X(O)(H)%

+[XO(Qs + A)](& — dso)
dGu

= 24
M, (24)

then the unified symmetry leads to the Mei conserved
quantity

Ivn = XOpy)&s — XO(H)E + Gu = const.  (25)

Proof We have

d v
L X O (p,
1z (ps)

d¢  d
== 4 X O p e,
1 T )l
d&o 0
S0 1 ZxO g
dt ot (H)
0 0
+ 47— X (H) + ps
Qs X H) +beg -
dGu
dt ’
Based on the definition, the unified symmetry must
be Mei symmetry. Substituting Eqs.(17) and (24) into
Eq.(26), we can obtain
d Iy
dt

_ X(O)(H)

X O(H)| ¢

(26)

~0. (27)

4. Example

Take an Appell-Hamel example. The Lagrangian
of the problem is

1 . .
L= m(di + ¢ + d3) — mgas, (28)
and the constraint equation is
f=d+d —d3=0. (29)
Now let us study the unified symmetry and its con-
served quantity of the nonholonomic mechanical sys-
tem in phase space.

We can have the Hamiltonian of the system as
follows:

1
H= %(p?erngpg)erg% (30)

So Eq.(7) can be written as

. D1 . D2
q = —), q2 = —),
m m
(]-3 = @a 151 = 2)\&a
m m
po =222 py= —mg— 222, (31)
m m

The constraint equation (29) can be expressed as
F=pi+p—-pi=0. (32)

Combining Eqgs.(31) with Eq.(32), we can obtain

2
m-q
A= ——=. 33
1ps (33)
Then we can obtain
. D1 . D2 .
a=q=— g2=Q¢=—, g3=q3=—,
m m
m . m
hy = py = ap1 hy = Py = gp2
2p3 2p3
. 7 mygpi1
h = = — — A = —
3 =DP3 2mg, 1 23
P mgps 1
Ay = — A3 = —=mg. 34
2 2p3 ) 3 ng ( )
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We have
XOH) = %(771171 + m2p2 + M3p3) + &My,
X(O)(Q1 +4,) = *mgn—pz + 13 77;;])2;1’
KO ) = 2 1 I
XO(Qs3 +43) = 0, (35)

XO(f) = 2mp1 + 2m2p2 — 213ps,

‘;‘2? (€ — du60) = 26101 + 2625 — 26ads. (36)

Choosing the generators of the infinitesimal transfor-

mations as

50:]-; 51:171; 52:p27 53:7737
_ mPgm _ mPgpy
m=—— =
2ps3 2ps3
1

and considering expressions (34), then we will have

XOmH) =0, X9Q, +4,) =0,
XO(Qy +45) =0, XO(Q3+45) =0,
X(O)(fﬁ) = Oa g{;ﬁ (55 - q$€0) =0. (38)

It is easy to verify that when the gauge function is
Gn = 2m?%gqs. Equations (19) and (20) hold true.
So, the generators (37) are unified symmetrical.
From Proposition 1 we can have the Noether con-
served quantity deduced from the unified symmetry of

the nonholonomic mechanical system in phase space
as follows:

In=(2m— 1)(]7% + mgqg). (39)

From Eq.(21), we obtain

mg d
— =—1 40
P A (40)
with 1
p= (p3 + 5m9t>p§2- (41)
According to Proposition 2, we have
2
[y — gt mg (42)
2p3 +mgt

which is the generalized Hojman conserved quantity
deduced from the unified symmetry of the nonholo-
nomic system in phase space.

From Eq.(24) we obtain

1
Gy = f5m392t +pi 4+ p3+migqs.  (43)

From Proposition 3, we have

1
Iv = p3 +m?g(gs — p3) — §m392t7 (44)

which is the Mei conserved quantity deduced from
the unified symmetry of the nonholonomic system in
phase space.

It is obvious that both the generalized Hojman
conserved quantity (42) and the Mei conserved quan-
tity (44) are non-Noether conserved quantities.
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