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The technique of optical tweezers has been improved a lot since its invention, which extends the application fields

of optical tweezers. Besides the conventionally used Gaussian beams, different types of ring beams have also been used to

form optical tweezers for different purposes. The two typical kinds of ring beams used in optical tweezers are the hollow

Gaussian beam and Laguerre-Gaussian (LG) beam. Both theoretical computation and experiments have shown that the

axial trapping force is improved for the ring beams compared with the Gaussian beam, and hence the trapping stability

is improved, although the transverse trapping forces of ring beams are smaller than that of Gaussian beam. However,

no systematic study on the trapping forces of ring beam has ever been discussed. In this article, we will investigate

the axial and transverse trapping forces of different types of ring beams with different parameters systematically, by

numerical computation in which the ray optics model is adopted. The spherical aberration caused by the refractive

index mismatch between oil and water is also considered in the article. The trapping forces for different objectives that

obey the sine condition and tangent condition are also compared with each other. The result of systematical calculation

will be useful for the applications of optical tweezers formed by different types of ring beams.
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1. Introduction

Optical tweezers!!2! have found practical applica-
tions in various fields of science, such as biology!3—?!
and colloid chemistry,[5=9! etc, since their invention.
Different techniques of optical tweezers have been de-
veloped, such as scanning optical tweezers?! and dual
optical tweezers,'!] for applications in different cases.
To find a better beam intensity distribution for im-
proving the trapping efficiency of optical tweezers, ring
beams have been used to form optical tweezers, based
on the understanding that the central part of a beam
contributes more scattering force than gradient force.
Until now, the two typical ring beams used are the
hollow Gaussian beam formed by blocking the cen-
tre of the Gaussian mode beam,!'?! and the Laguerre—

Gaussian (LG) mode optical beam. The axial trap-

ping forces of the hollow Gaussian beam have al-
ready been calculated.3! O’Neil and Padgett!**! com-
pared the axial and transverse trapping forces of LG
mode with those of the Gaussian mode experimentally.
They also carried out some numerical calculations to
support the experiment result.

As discussed before,[12-14]

both types of ring
beams an increase the axial trapping force, as com-
pared with Gaussian beam. However, some resear-
chers showed that the hollow Gaussian beam may re-
duce the transverse trapping efficiency.[*516] For LG
mode beams, the trapping forces of individual rays
in an optical tweezers were calculated for interpreting
the experimental result in Ref.[14]. Since the above
calculation only considered some individual rays, it

cannot give a full image of the transverse force of the
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LG mode.

The effect of spherical aberration is known qual-
itatively within the community of users of optical
tweezers.!718] To understand the effect quantita-

(18-21] studied the influence

tively, some researchers
of spherical aberration on the trapping of spherical
particles both theoretically and experimentally. How-
ever, the spherical aberration has not been introduced
in the study of the optical tweezers formed by ring
beams.

In the calculation of the trapping forces using
ray optics(RO) model, different considerations of the
microscope objective will give different calculated re-
sult. Some studies considered that the microscope ob-
jective adheres to the tangent condition (with a flat
exit pupil),[20] while others considered that the objec-
tive adheres to the sine condition (with a curved exit
pupil),[ﬂ] which is believed suitable for most objec-
tives. The different considerations of objectives will
also cause the difference of the trapping force calcu-
lated.

In this paper, we will calculate the axial and
transverse trapping forces systematically for the hol-
low Gaussian beam and LG beam to show that how
the intensity distribution of the beam influences the
trapping forces. The RO model?! is used in the cal-
culation. The influence of the spherical aberration
resulting from the refractive index mismatch between
the oil and the suspending medium of particles on the

19-21] a5 also been included in the cal-

trapping force!
culation. And the trapping forces for the objectives
under the sine condition and tangent condition are

compared in this paper.
2.Calculation of the trapping

force

Using the RO model, the total force exerted on a
particle can be obtained by calculating the forces of
single rays that strike the particle and then integrating
them. According to Fresnel laws, an incident ray on a
particle will be partly transmitted through and partly
reflected form the particle surface. Each refraction
and reflection will transfer momentum and exert force
to the particle. The principal relationship between
the trapping force and power is F' = @QnP/c, where
n is the refractive index of the surrounding medium,
P is the laser power, and c is the speed of light in
free space. @ is a normalized trapping force, which is
generally named as trapping efficiency.

It was shown by Ashkin/?! that the force produced

by a single ray that impinges upon a bead can be di-
vided into two parts, ray-scattering force parallel to
the incident ray, and ray-gradient force perpendicular
to the incident ray. The trapping efficiency of the two
parts can be written as
T?[cos(20 — 2r)+ R cos(26)]
1+ R? + 2R cos(2r) ’
T?[cos(260 — 2r) + Rsin(26)]
1+ R? + 2Rcos(2r)

Qs =1+ Rcos(20) — (1)

Q. = Rsin(26) - L@
where 6 is the angle of incidence, r is the angle of re-
fraction, R and T are the Fresnel reflection and trans-
mission coefficients, respectively. Figure 1 shows the
geometry of the light propagation in a system with a

bead in a uniform medium.
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Fig.1.RO model for optical trapping (after Ashkinm).
The ray-scattering force Fs points to the direction of
the incident ray, while the gradient force Fy is perpen-
dicular to the direction of the incident ray. 6 is the
angle of incidence, r is the angle of refraction. The
intensities of the reflected and refracted rays are de-
termined by the Fresnel reflection coefficient R and
transmission T coefficient, and by the power P of the

incident ray.

For axial trapping the bead is thought to be on the
axis and the summation of the forces of all the rays is
not too difficult. In Ref.[21], the axial trapping force
for Gaussian beam was calculated using RO model by
taking the spherical aberration into consideration. In
this paper, calculation of the axial trapping forces is
similar. The difference is that the intensity distribu-
tions of the hollow Gaussian beam and the LG beam
In Ref.[21],

the objectives obey the sine condition. For the objec-

are different from the Gaussian beam.

tives obeying the tangent condition, some geometric

parameters need to be changed accordingly. The same
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consideration is taken for the calculation of the trans-
verse trapping force for beams of different intensity
distributions and for objectives obeying sine and tan-
gent conditions. However, since the bead is off axis in
this case, the geometrical analysis of the ray trace is
much more complicated than that in the case of ax-
ial trapping, which will be discussed in the following
paragraphs.

Suppose that an ideal oil immersion objective is
used, a light beam coming out from the objective
forms a light cone in index matching medium of oil—-
glass. The apex of the cone is point O in Fig.2, which
would be the focus point of the laser beam if the
medium after the objective had a uniform refractive
index of oil. The point O is taken as the origin of the

coordinate system. The z axis in the figure is along

Fig.2. Schematic illustration of light impinging on an
off-axis particle in an optical tweezers system includ-
ing a glass-water interface. O is the origin, which is the
ideal focus point of the beam in the oil-glass media.
In the figure, Fs and Fy indicate only the directions
of the scattering force and the gradient force on the
particle. The parameters in the figure are used in the

calculation and are discussed in the text.

the direction of propagation of the beam, which is up-
ward and perpendicular to the glass-water interface.
The direction of x axis is taken to be along the trans-
verse displacement of the particle for simplicity. The
position of the glass-water interface is denoted as zcg
which lies between O and the interface. In a typi-

cal experiment with optical tweezers, the light passes

through immersion oil and glass before it enters wa-
ter. The oil and glass are supposed to have identical
refraction indices ng, while the index of refraction of
water is nw, which is lower than n,. This index mis-
match causes the spherical aberration, which can be
considered automatically through ray tracing. When
the beam passes the interface between oil-glass and
water, all the rays of the beam are refracted. Each
ray propagates along its own refracted direction at an
angle ¢ with respect to the axis and intersects the
axis at a point Az apart from the point O, as shown
in Fig.2. For a typical ray in the figure, 8 is the angle
of the projection of the incident beam on the glass-
water interface with respect to the x direction. Now
considering a bead of radius 7, in the light field, its
axial position relative to the point O is z, and the
transverse position away from the axis is . The in-
cident beam and the normal on the particle form a
main plane. The directions of scattering and gradient
forces Fy and Fy are both in the main plane, which is
also shown in Fig.2.

For a single ray, which comes out of the exit pupil
of the objective at a radial coordinate p, 7 is defined
as the relative pupil coordinate in terms of the radius

of the exit pupil, p, as
p
n=—. (3)

o (4)

Az = zeg

where N A is the numerical aperture of the objective.
The relationship between ¢ and 7 under sine con-
dition can be different from that under tangent con-

dition. It can be written as

sin(g) = A, Q

W

for the sine condition, and

sin(¢)

() om rmfo (B2)]}).

for the tangent condition. These two equations will
also be used in the calculation of axial trapping force.

For the ray shown in Fig.2, the vertical distance
z between the bead centre and the incident point on
the bead surface can be deduced from the above men-

tioned parameters as
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B —\/(Z(Zb — Az)tan? ¢ + 2z tan ¢ cos 8)2 — 4(tan? ¢ + 1)((zb — Az)? tan? ¢ + x2 + 2z (2, — Az) tanpcos 8 — r2)

z

(2(2z — Az) tan® ¢ + 2 tan ¢ cos 3)
B 2(tan? ¢ + 1) ‘

The intersection point of the beam on the particle
surface, the centre of the particle and the intersection
point of the incident beam with the glass—water inter-
face, form a triangle. From the parameters mentioned
above, the lengths of the three sides of the triangle
can be deduced by geometrical reasoning. Then the
incident angle 6 at the bead surface can be calculated.
Using Egs.(1) and (2), the scattering force and gradi-
ent force can be calculated.

To calculate the transverse force, it is also needed
to calculate the projection of the forces in the x di-
rection. The directions of the scattering and gradient
forces are shown in Fig.2. Using the above-mentioned
parameters, the projection angles of F; and F, made
with z axis can also be deduced by geometrical anal-
ysis.

Then the transverse force due to the single
ray can be calculated using the above equations

and analysis with the given system parameters

2(tan% ¢ + 1)

(7)

Ng, Ny, NA, 2, 2¢, b, 2,8, and 7. The total trans-
verse force can be calculated by integrating the forces

of the single rays.
In this paper, two different types of ring beams

are concerned. The first type is the hollow Gaussian
beam formed by blocking the centre of the Gaussian
beam. The beam is assumed to have a truncated and
hollow Gaussian intensity distribution at the position

of the exit pupil, I(p), given by

Toexp(=2p*/wf)  pn < p < py;
0 p>pp or p<pn,

I(p) = (8)
where Ij is the intensity at the centre of the Gaussian
beam, wy is the width of the beam at the exit pupil of
the objective, pp, is the radius of the exit pupil, py is
the radius of the hollow. In the calculation followed,

we take wg equal to pp.

For LG beam, the field amplitude can be de-

scribed in cylindrical coordinates as!??!

o

uPl(pa(Paz) :(1 + 252/2%{)1/2

—ikp?z

>< L —
eXpZ(z2 + 212;{

where zg is the Rayleigh range, w(z) is the radius of

the beam, Lf) is the associated Laguerre polynomial,

C is a constant, and the beam waist is at z = 0.

1(p) =
0

where wy = w(zep) is the radius of the beam at the
exit pupil of the objective, p;, is the radius of the exit
pupil.
following calculation, we take wg equal to p,, which is

Cy is another constant related to C. In the

the same as the calculation in the case of the hollow

Gaussian beam.

21 9
,0\/5 I > —2P2 .
o) ((5)) = () rom

) (5= (55)

)exp(—ihp)exp <i(2p +1+4+1)tan™! i) , 9

~—

2R

Then the intensity distribution at the exit pupil

can be written as

(10)

P> Pps

For different types of the light beam, the trapping
points may be different. To make the results compa-
rable, the trapping points of the particle for different
types of beams are first calculated. Then the trans-
verse trapping force is calculated for the particle de-

parted from the trapping point transversely.
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3. Results

In the calculation, the spherical particles have a
refractive index of 1.55. The refractive index of water
is 1.33. The indices of refraction of glass and immer-
sion oil are taken to be 1.516. N A is a constant taken
to be 1.25. As a typical case, z, is taken to be —6my
in the calculation, where 7, is the radius of the parti-
cle. The axial and transverse trapping forces depend
on the relative sizes of the particle, the beam and its
central shadow (or the order for LG mode) are cal-
culated for the different intensity distributions of the
hollow Gaussian beam and the LG beam. The objec-
tives obeying sine condition and tangent condition are
also compared with each other.

Figures 3 and 4 show the transverse trapping ef-
ficiencies for ring beams of the hollow Gaussian mode
beam and the LG beam, respectively, as compared
with that of Gaussian beam, for the objectives obey-
ing the sine condition. Figures 5 and 6 are the trans-
verse trapping efficiencies for the objectives obeying
the tangent condition. Figures 7 and 8 are the axial
trapping efficiencies for the objectives obeying the sine
condition, while Figs.9 and 10 are for the objectives
obeying the tangent condition. For Figs.3—6, the ref-
erence points for the transverse displacements are the
trapping positions. For Figs.7-10, the axial position
is relative to the point O. In the figures, the radius
of the hollow of the hollow Gaussian beam takes val-
ues 0.2, 0.4, 0.6 and 0.8wg, and the order [ of the LG
beam, as shown in Eg.(10), takes values 1, 2, 3, and
4.
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Transverse trapping efficiency Q
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B 0 N =2 LG mode
""" =3 LG mode

0.20

T {=4 LG mode
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Fig.4. The transverse trapping force vs. the transverse

displacement from the trapping positions, for Laguerre—
Gaussian beams with different orders [, compared with

the transverse force for the Gaussian beam. p is taken to

be 0. The objectives obey the sine condition.
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Fig.5. The transverse trapping force vs. the trans-
verse displacement from the trapping positions, for
hollow Gaussian beams with different radius of the hol-
low, compared with the transverse force for the Gaus-

sian beam. The objectives obey the tangent condition.
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Fig.3. The transverse trapping force vs. the trans- Fig.6. The transverse trapping force vs. the transverse

verse displacement from the trapping positions, for displacement from the trapping positions, for Laguerre—

hollow Gaussian beams with different radius of the hol- Gaussian beams with different orders !, compared with

low, compared with the transverse force for the Gaus- the transverse force for the Gaussian beam. p is taken to

sian beam. The objectives obey the sine condition. be 0. The objectives obey the tangent condition.



1396 Xu Sheng-Hua et al

Since the spherical aberration is taken into con-
sideration in this paper, the laser beam cannot con-
verge into an ideal focus in the medium, so the axial
trapping forces are not symmetrical, and the equilib-
rium points for different kind of beams are different.
From Figs.7-10 we can see that as the hollow radius of
the hollow Gaussian beam and/or the order of the LG
beam increases, the numerical value of the axial po-
sitions of the equilibrium points becomes smaller, in-
dicating that the axial trapping positions move along
the negative z direction. The difference of the trap-
ping positions for Gaussian beam compared with the
0.8 hollow beam and the fourth order LG beam can
be nearly 17r,. The figures also show that the max-
imum trapping force in the negative z direction is
larger than that in the positive z direction. Therefore,
it will be easier for particles to escape from the opti-
cal trap along the positive z direction than along the
negative z direction, which is consistent with the ex-
perimental results. To increase the trapping stability,
it is more important to increase the maximum trap-
ping forces in the positive z direction. The results of
Figs.7-10 show that when the hollow radius of the hol-
low Gaussian beam and(or) the order of the LG beam
increases, the axial trapping forces in the positive z
direction increase. The increase of the axial trapping
force can be up to 2-3 times for the high-order ring
beams compared with the Gaussian beam, indicating
that the ring beams greatly improve the stability of
the optical trapping. The results also indicate that for
the objective obeying sine condition, compared with
the tangent objective, the maximum trapping force on

positive z side increases more rapidly with the hollow

0.50

. . —— Gaussian mode
0.404 - --- hollow 0.2wg

] £ e hollow 0.4wg
0.304 (N hollow 0.6wg

N hollow 0.8wo

Axial trapping efficiency @

Axial position (ry)

Fig.7. The axial trapping force vs. the axial posi-
tions, for hollow Gaussian beams with different radius
of the hollow, compared with the axial force for Gaus-

sian beam. The objectives obey sine condition.

0.40
] i —— Gaussian mode
] ----1=1 LG mode
0301 i 1=2 L.G mode
i L {=3 LG mode
A == =4 LG mode

Axial trapping efficiency @

Axial position(ry)

Fig.8. The axial trapping force vs. the axial positions,
for Laguerre—Gaussian beams with different orders [,
compared with the axial force for Gaussian beam. p is

taken to be 0. The objectives obey the sine condition.
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g o - hollow 0.4wo
0.30 ‘E\“i ~~~~~~ hollow 0.6wo

'x 3 —eemae hollow 0.8wp

Axial trapping efficiency @

Axial position (ry,)

Fig.9. The axial trapping force vs. the axial posi-
tions, for hollow Gaussian beams with different radius
of the hollow, compared with the axial force for Gaus-

sian beam. The objectives obey the tangent condition.

0.40
4 — Gaussian mode
----[=1 LG mode
0307 % =-- =2 LG mode

i A U =3 LG mode
: T {=4 LG mode

Axial trapping efficiency Q

Axial position(ry,)

Fig.10. The axial trapping force vs. the axial posi-
tions, for Laguerre-Gaussian beams with different or-
ders [, compared with the axial force for Gaussian
beam. p is taken to be 0. The objectives obey the
tangent condition.

size of the ring beam. However, Figs.3—6 show that

the ring beams decrease the transverse trapping forces,

Vol. 15
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which means that the ring beams sacrifice the trans-
verse trapping force for improving the axial trapping
stability.

4. Discussion and conclusion

For different types of ring beams, the axial and
transverse trapping forces have been calculated and
compared with each other in this paper. The spheri-
cal aberration resulting from the refractive index mis-
match between the oil and the suspending medium
for particles are taken into consideration in the cal-
culation, and the trapping forces for the objectives
obeying the sine condition and tangent condition are
also compared in this paper. The calculated results
show that the two commonly used ring beams, hollow
Gaussian beam and LG beam, both increase the axial
trapping efficiency but decrease the transverse trap-
ping efficiency with the increase of hollow size or LG
beam order.

The result can be qualitatively explained by the
different intensity distributions of the Gaussian mode,
LG mode, and hollow Gaussian beams. For axial trap-
ping, the gradient force of the rays near the beam axis
is smaller, while the scattering force is larger as com-
pared with the rays far from the beam axis. So the ring
beams can increase the axial trapping force, which is
the most important for trapping stability because the
axial trapping force is usually an order of magnitude

weaker than the transverse one.

However, for the transverse trapping, the particle
is far from the trapping position transversely, so that
the rays near the beam axis will exert forces pointing
to the trapping position. If the intensity is small in
the centre, as the ring beams are, the restoring force
pointing to the trapping position will be small, which
causes the Gaussian beam to have larger transverse
trapping force than the ring beams.

For the objectives obeying the sine condition and
the tangent condition, the geometrical parameters of
the rays incident on the particle are different, which
causes the results to be different quantitatively. In
theoretical calculation of the trapping of optical tweez-
ers, the parameters of the objectives should be chosen
appropriately to obtain more precise result.

From the calculated result, we see that it would be
better to use the ring beams for the application when
the transverse trapping force is of minor importance.
Since LG mode beam has orbital angular momentum,
which can make some absorptive particles rotate, the
angular momentum will increase with the beam order.
It can be concluded that in the applications where the
high angular momentum is needed, the mode order
of the LG beam has to be chosen properly to gain
adequate angular momentum and transverse trapping
force. We think the results obtained in this paper will
be helpful for different kinds of experiments and ap-
plications of optical tweezers, where different trapping

characters may be needed.
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