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The equivalent circuit with complex physical constants for a piezoelectric ceramic in thickness mode is established.

In the equivalent circuit, electric components (equivalent circuit parameters) are connected to real and imaginary parts

of complex physical coefficients of piezoelectric materials. Based on definitions of dissipation factors, three of them

(dielectric, elastic and piezoelectric dissipation factors) are represented by equivalent circuit parameters. Since the

equivalent circuit parameters are detectable, the dissipation factors can be easily obtained. In the experiments, the

temperature and the stress responses of the three dissipation factors are measured.
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1. Introduction

Loss or hysteresis in piezoelectric materials ex-
hibits both merits and demerits. For positioning actu-
ator applications, hysteresis in the field-induced strain
provides a serious problem and, for resonance actua-
tion, such as ultrasonic motors, loss generates signifi-
cant heat in the piezoelectric materials. Furthermore,
in consideration of the resonant strain amplified in
proportion to a mechanical quality factor, low (inten-
sive) mechanical loss materials are preferred for ul-
trasonic motors. In contrast, for force sensors and
acoustic transducers, high mechanical loss is help-
ful to widen a frequency range for receiving signals.
Haerdtll!] wrote a review article on electrical and
mechanical losses in ferroelectric ceramics. Losses
are considered to consist of four portions: domain
wall motion; the fundamental lattice portion, which
also occurs in domain-free monocrystalline; the mi-
crostructure portion, which occurs typically in poly-
crystalline samples; and the conductivity portion in

highly ohmic samples. However, in the typical piezo-

electric ceramic case, the loss due to domain wall
motion exceeds the other three contributions signif-
icantly. Recently, Uchino and Hirosel? reported the
phenomenological theory to deal with losses in piezo-
electric materials, and discussed various techniques
for measuring electric, mechanical, and piezoelectric
losses represented by complex coefficients. But their
conclusions were derived from only a limited number
of PZT-based soft and hard piezoelectrics, which is

not enough to generalize these conclusions.

In this paper, complex coefficients are introduced
in Mason’s equivalent model for piezoelectric mate-
rials. Based on this model, equivalent circuit pa-
rameters are connected with the complex coefficients.
Considering that the dissipation factors are defined
by complex coefficients, we derive the expression of
dissipation factors in terms of equivalent circuit pa-
rameters. Such expressions make it feasible to com-
pute dissipation factors by the measurement of equiv-
alent circuit parameters. In our derivation, no specific
piezoelectric material is referred to, so the conclusion

is generally applicable.
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2.Equivalent circuit with com-

plex physical constants

A phenomenological description of piezoelectric
effects is to use the piezoelectric equations derived
from the thermodynamic theory. A typical piezoelec-

tric equation system can be given asl®!

D
X1 = 2k — hmiDoy,

E, = —huzi + ﬁSmDma (1)

where X; and zj; are the components of the stress
and the strain tensors respectively, k, [=1-6. E,, and
D,,, are the components of electric and dielectric vec-
tors respectively, n, m=1-3; cl[,)c is the component of
elastic stiffness constant tensor at constant dielectric
D; hp,; and hy; are the components of piezoelectric
stiffness constant tensors, (35 = is the component of
impermeability tensor at constant entropy S. When
further precision is not demanded, the coefficients of
the piezoelectric equations can be regarded as real
numbers, and the piezoelectric materials are taken as
lossless systems. But, in some applications, ignoring
losses will bring about obvious errors. Land et all*]
and Martinl® generalized the concept of complex di-
electric constant and complex elastic compliance to
the dielectric loss and the mechanical loss. They in-
troduced complex piezoelectric stiffness constants into

the piezoelectric equations. The complex coefficients

are
S = B + 18,
et = e, +icly
Al = hp, = h,ml + ih”ml, (2)
where i2 = —1, ,8’75,1 and ,B'T'lfn are the real and imagi-

S

D D o
> s Cn and ¢ the real and imaginary

nary parts of 8
parts of ¢/, k', and h”,,; the real and imaginary
parts of h,,; or h,;. Based on the d-type piezoelec-
tric equation, and the definition of Poynting vector,
Holland!®") presented the physical explanation of the
imaginary parts of complex coefficients. He proved
that the imaginary part of complex impermeability is
connected to the dielectric loss; the imaginary part
of complex elastic stiffness constant connected to the
mechanical loss; and the imaginary part of complex
piezoelectric stiffness constant connected to the piezo-
electric loss.

The complex coefficients do not change the form
of the piezoelectric equation. Only the coefficients in

the solution to the electric circuit state equation and

the solution to the mechanical vibration equation take
complex numbers. In this paper, we focus on a piezo-
electric ceramic plate in thickness mode. According to
the research of Yamamoto,® the following assumption
can be given.

(A) The area of either surface of piezoelectric ce-
ramic element is large enough compared with the di-
mensions of the thickness and the surface perpendicu-
lar to the axis of symmetry of the resulting acoustical
wave fronts. This condition implies that the diame-
ter of a ceramic element is many times greater than
the wavelength of the sound in the medium, and it is
reasonably well satisfied in practice. For example, the
ultrasonic wavelength of a 1IMHz sound in water is ap-
proximately 1.5mm, while the diameter of a ceramic
element used to produce or receive the sound lies in
the range from 25 to 40mm.

(B) The surfaces of the ceramic element must be
electrical equipotential. This condition is also satisfied
because the electrical wavelength for the ultrasonic
frequency of interest is much greater than the size of
the conductor on the surfaces of the transducer, and
as a result a uniform electric field is applied to the
transducer.

(C) The ceramic element is operated at suffi-
ciently low amplitude to avoid cavitations, localized
plastic deformation, and irregular modes of vibration.

On these assumptions, the electric and mechani-

cal boundary conditions can be expressed as

x3 #0, £y = 23 = x4 = x5 = x5 = 0,

X540, X1=Xs =X, =Xs=X6=0. (3)

These boundary conditions indicate that the piezo-
electric ceramic plate is under uniaxial compressive
and tensile stress and strain. Consequently, the piezo-
electric equation system of Eq.(1) can be specified as
a component form in the 3rd-direction (z-direction) or

axial direction of the piezoelectric ceramic plate.

D
X3 = C33L3 — h33D3,

E3 = —h33x3 + ﬁ§3D3. (4)

According to Mason’s statement,[®1% the equation of

the electric circuit state can be written as
I =iwAD;3 = iwCoV — n(& + &), (5)

where I and V are the current flowing through and the
AC voltage across the device respectively, w is the op-

erational frequency. A is the area of electrode surfaces
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of the piezoelectric ceramic plate. 51 and 52 are the
particle vibrating speeds on the sides of the piezoelec-
tric ceramic plate. Cyp and n the static capacitance
and the electromechanical factor of the piezoelectric
ceramics respectively, which are connected to the im-
permeability and the piezoelectric stiffness constant of

piezoelectric ceramics as follows:
A

tB5’
_ Ahgs
t35s

where t is the thickness of the piezoelectric ceramic

Co =

(6)

plate. As mentioned above, if the losses are consid-
ered in piezoelectric materials the physical constants
should be taken as complex numbers. Substituting
the complex impermeability and piezoelectric stiffness

constant into Eq.(6), we have

$
T8
A A
TESME B M
33 33
A
=—s— (1-i}),
tB53 M
A (hj3 + h'3s)
i )
:A (h33 - 33)\)
tB55 M>
A
=—a— [(h3s —
1053 M2

Co =

A (RbsA + hlfs)
—1
LM
53A) —i(hasA + Ri3s)], (7)

where

M=(1+x2)"?,
ﬂ”s

% (8)

Notice that the impedance of the complex static ca-

pacitance can be taken as

1 1 B
pr— 9
Wl A A (92)
t3%s
or
/S
iwC, o APz
(,sz ﬂ,,sz)
wA,B”S

+ o+ o) (9b)

Equation (9) implies that the complex capacitance Cy
can be divided into two components: a capacitor and

a resistor, which are connected in series (9a) or in par-

allel (9b). They are

A
Cly=—,
033 L
,3”5 (in series) (10a)
t
R
0T oA
c’ ABss
e (,6'52 +5”52)
( 52 ﬁ"32> (in parallel) (10b)
T

The resistance resulting from the complex constants
explicitly demonstrates the physical meaning of the
energy loss. If the energy losses are not considered
and the complex constants are not introduced, there
would be no such resistance in the equivalent circuit.
In Eq.(10a), C'q is called static capacitance or cut-
off capacitance of the piezoelectric ceramic; Ry, ac-
cording to our later discussion, is nearly equal to the
impedance of the system. In Eq.(10b),C’. and R, are
the capacitance and resistance in parallel respectively.
Solving the motion equation of piezoelectric ceramics,
9 _ v2a—2£, (11)
o2 022
where £ is the particle displacement of piezoelectric
ceramics, 7 the time, and v the velocity of the longi-

tudinal wave produced by piezoelectric ceramics,

D
v=y/38 (12)
P

with p being the density of piezoelectric ceramics, we

have the simple harmonic solution for particle dis-

placement
:flsink(t—.z)—ﬁgsinkz. (13)
sinkz
The physical constants in Eqs.(12) and (13) are also

substituted by their complex counterparts, so the lon-
gitudinal wave velocity v and the wave number k be-

come complex,
! [/
V=0 +1v,

k=2 =k —ik", (14)

v

1/2
o — 033 (1+N)
2p ’

D 1/2
o C33 1M
()]

where
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w [p(1+N) 1/2 Substituting Eq.(13) in Eq.(16), we have
) [p } g Eq. q.(16),
D )
N 20/33 1o P pUA n2 (6 +£ )
" :w_7]2 {+ ' \isinkt iwCy 2 !
N [2¢8Pn1+ N ’ : 1
?;3}2 ( ) + ipv A&y tan =kt + nV,
N = (1 + 772) , 22
(A ()
=33 (15) isinkt iwCy
Cé? . 1
+ ipv A&, tan ikt +nV, (17)

Equation (14) reveals that the real part of the wave
number k is related to the longitudinal wave velocity,
and the imaginary part is related to the attenuation of
the wave amplitude. Equation (15) shows that when
loss is taken into account, k’ is a little less than its real
number counterpart k, which is represented by the real
elastic stiffness constant cZ} (ch2 ~ D). A decrement
in wave number indicates an increment in longitudinal
wave velocity. Moreover, according to Eq.(15), k' is
affected by w, indicating that the wave produced by
piezoelectric ceramics is dispersive.

The distribution of forces in a piezoelectric ce-
ramic is determined by Eq.(4). Thus we have the force

balance equations,

0
—F]_ :C3Ds <8,§> A— h33D3A,
z=0

0
—F2 :C3DB <8—§> A— h33D3A. (16)
z=t

iZmZ Rm2

where F; and F5 are forces on the surface of a piezo-
electric ceramic disc at z = 0 and z = t respectively.
Based on Egs.(5) and (17), Mason’s electric equiva-
lent circuit can be drawn, as shown in Fig.1. In this
electric circuit, the mechanical forces are equivalent to
the voltage, and the vibrating velocities of the piezo-
And
Eq.(17) can be taken as the circuit equations, follow-
ing KCL and KVL (Kirchhoff’s current and voltage

laws).[u] Generally, all the components in such an

electric element are equivalent to the current.

electric equivalent circuit are taken to be real num-
bers without taking into consideration the losses. But
when they are substituted by complex constants, the
components become complex numbers, which can be
divided into two parts. The imaginary part represents
the dissipative component and energy storage compo-
nent. We then establish an electric equivalent circuit

with these divided components.

Rm2 iZm2
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Fig.1.

parts of complex physical constants.

Equivalent circuit with separated components represented by real and imaginary

Substituting complex physical constants into Eq.(17), we have

pvA n?
isinkt iwCy

> = le + iZm.la

1
ipv A tan Ekt = Rpna +1Zm2,
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where

<2n'n”C’0 + nu?CuO - nl2C”0> (sin2 k't cosh k"t + cos? k't sinh? k‘”t)

Rm = )
! w(Clo+ C"y) (sin2 k't cosh® k"'t + cos? k't sinh? k”t)
p _n'2C"0 - nII2CIO +2n'n"'C",
ml = w (Clo + 0”0) ’
R pA (v'sinh k"t — v” sin k't)
m2 — )
1 1 1 1
2 [ cos? k't cosh? k"'t + sin? —k/t sinh? =kt
2 2 2 2
pA (v'sin k't + v"” sinh k"'t
Zmz = 1 : 1 1 ) T\ (19)
2 [ cos? k't cosh? k"'t + sin? —k/t sinh® =kt
2 2 2 2
|
Generally, the measurements of equivalent circuit pa-  According to Egs.(9) and (10), we have
rameters are taken when piezoelectric elements are )
considered to be free of mechanical load. Then, equiv- R +iwC’, = 1 i (22)
alent circuits can be simplified because the forces on N Ry + Wl
the piezoelectric elements in such a case are regarded 0
as null, and the equivalent electric parts in the equiv- Thus it leads to
alent circuits are taken to be short circuited. From 1
Fig.1, we can simplify the equivalent circuit to Fig.2. Ze = i 1
+
1 Z 1
Ry G Ro+ o6 gr«&+mﬂ)
SYAVAY )

/1

A

)
o
\
N
[
3

T [

_/\ "\/ \—

_LAA)\J_

5
L

1:{n! —in'

—

“Rot — (= R+L2(23)
T L, Z TSNy

Substituting Eq.(20) in Eq.(21) and considering the
equality

. . . . . . . . . tana
Fig.2. Simplified equivalent circuit in free vibration = — Z v=1, 3, 5,--, (24)
mode.
In Fig.2, we have
we have
. Rm2 + IZm2
Z =R, Ll + ——————
P Ze=Ro+ —
9 . 1 iwC'’y
_( PvA n n ipvAtan 5kt 1
" \isinkt  iwC 2 + Z o 1 1 N 1 )
1 wpvA? ) v wCh iwL'y [0 R’l/v2 R, [v?
= —n
iwCo \ tB5; sinkt (25)
1
S 2
wBgskpvA® tan ikt where
— . (20)
2kt 9 9
o _ Cot?w?  Atpw?® Rl — h'3
Q22 2
We can obtain the equivalent input impedance Z, of 8u2ks; 8 (hézg + h'gl,g)
the circuit in Fig.2 I 8k2,
! m2Cyw?
7. = 1 21 2 02
Tl e 1 2 8 (h’33 i hg?’)
R, zZ 1 CAm2W? | oD (R — W) + 2050 hbshits
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l
1

2
o (r+ngd)
T Atpw®  hhghlls
(h/2 +h/’2)2
8t 33 33

Am?w | el (R4 — hY3) — 2¢%5 hhshs

R", . (26)

According to Eq.(25), the equivalent circuit of a piezo-

electric ceramic in free vibration mode (Fig.2) can
be transformed to another form of equivalent circuit
(Fig.3) with separated equivalent-circuit parameters.
These parameters are connected to real and imagi-
nary parts of complex physical constants as shown in

Eq.(26).

gt %! a
Ay Ay Ay
/| /1 /|
R, Rl R
o n VW WA A
[} 0
H }—/\N\/i R;, Rlll/g R/I//vz —
WA A A
L, L, /9 Ly/v?

Fig.3. Equivalent circuit with equivalent parameters in free vibration mode.

Commonly, the equivalent circuit parameters in
Fig.3 can be detected easily by a network analyser,
for example an Anritsu network analyser (MS4630B).

3. Measuring dissipation factors
through equivalent circuit pa-

rameters

As mentioned above, dissipation factors are used
to represent energy losses in piezoelectric materials.
However, the measurement of the dissipation factors
is always indirect. In Uchino and Hirose’s methods,?!
dissipation factors are given by energy ratio between
input and output fields. But the field energy is hard
to be measured or accurately measured in most ap-
plications. In this paper, we propose a method of
computing dissipation factors of piezoelectric materi-
als through equivalent circuit parameters. Since the
equivalent circuit parameters are easily detectable,

dissipation factors can be obtained easily.

In the statement of Uchino and Hirose,[? three
kinds of dissipation factors of piezoelectric materials
can be defined as ratios of imaginary and real parts
of corresponding complex physical constants. In the
thickness mode of piezoelectric ceramics as mentioned
above, only one component (in the 3rd-direction) of

complex constant tensors is concerned. So we can

specify the dissipation factors as follows:

nS
_ P33
tand = 5
33
nD

c
_ C33
tan ¢ = ok
C33

A

h 33
I

h33

tanf = (27)

In researches about the dielectric loss in dielec-
tric materials, a Debye equation is always used to de-
scribe the relationship between the relative dielectric
constants and the frequency pheonomenologically.!*?!
In the Debye equation, the ratio of imaginary and real
parts of a complex dielectric constant is represented
by tand (dielectric dissipation factor), where ¢ is the
phase delay between an applied electric field and a
produced dielectric field. In Eq.(27), other two dissi-
pation factors can be defined similarly. tan¢ is con-
nected to the mechanical loss and is called the elastic
dissipation factor, where ¢ is the phase delay between
the stress and the strain; tan6 is connected to the
piezoelectric loss and is called the piezoelectric dissi-
pation factor, where 6 is the phase delay between an
applied stress field and the produced dielectric field
(direct piezoelectric effect), or the phase delay be-
tween an applied electric field and the produced strain
field (converse piezoelectric effect). Both delay phases

are exactly the same if we introduce the same com-
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plex piezoelectric constant hss into the piezoelectric
equations.

Considering that equivalent circuit parameters
are easy to be detected, we propose a method for mea-
suring dissipation factors through equivalent circuit
parameters. From Eq.(10), tand can be represented
by the product of C’y and Ry, i.e.

tané = wC’yRy. (28)

Notice that, in Fig.3, when the frequency is high
enough, C’; in each parallel branch is short cir-
cuited, and Ry in the series arm can be taken as
the impedance of the equivalent circuit at such a fre-
quency. Z, is the impedance at higher resonance fre-
quency which is also called anti-resonance frequency
fa of a resonator. So, it is reasonable to regard Z, as
a measure of Ry.
In Fig.3, we define a resistance R;, which repre-
sents the parallel resistances of R’y and R"{, i.e.
R, = Bt RN (29)
‘I%/l‘R/I1
R, is called dynamic resistance, which also can be de-
tected easily. Considering that the imaginary parts
of the complex constants are far smaller than the real
parts, the quadratic terms of the imaginary parts in
Eq.(26) can be ignored. So we have
C'1R: Z—Cll (7 + BY)
R’lRHI

D
_27T2w hachs + ptiwhhs

7r2hg3cg§ ’
Lll _LllRllRul . wpt2 Ié3 + 1 (30)
Ry Ry +R"T  mlhlgell  w

Solving Eq.(30), tané is given by

wL’10’1 — RlC’l
w (R1 + Cll - 2wL’1C"1 + 2R10’1) '

tanf =

(31)

The dynamic inductance L'y and capacitance C’; are
two other parameters which can be measured by many
devices. According to Eqgs.(26) and (31), the elastic

dissipation factor tan ¢ can be given by

wL'y —wL'{ tan? @ + 2R, tand
Ry — Rytan?0 —wlL'; tan6

tan ¢ = (32)

Thus, the three dissipation factors are repre-
sented by equivalent circuit parameters according to
Eqs.(28), (31) and (32). Since all the equivalent circuit
parameters mentioned above are detectable, measure-
ments of dissipation factors of piezoelectric materials

in thickness mode can be achieved easily.

4. Experimental results

In the following experiments, PZT-4 ceramic ele-
ments experience a temperature change from —30°C to
120°C and a stress change from OMPa to 15Mpa. Ac-
cording to the researches of Berlincourt et al,['3=16
the change of temperature or stress will lead to the
variation of energy losses in piezoelectric materials.

Figure 4 shows temperature dependence of dissi-
pation factors. They are computed according to the
expression in terms of the equivalent circuit parame-
ters. Our samples used for experiments are in stress-
free thickness vibration mode. The dielectric dissipa-
tion factor tan d decreases initially in proportion to the
temperature, and exhibits a tendency to saturation
above a certain temperature (about 20°C). Uchino’s
experiments gave a result from 20°C to 100°C, but he
ignored the lower temperature range. The tempera-
ture dependences of piezoelectric and elastic dissipa-
tion factors are not mentioned in Uchino’s research
either. In Fig.4, the piezoelectric dissipation factor
tan 0 increases gradually with increasing temperature,
indicating that higher temperature results in greater
piezoelectric loss. The elastic dissipation factor shows
different features in lower and higher temperature re-
gions. When the temperature is lower than about
80°C, tan ¢ increases with the temperature, and falls
down with the increase of temperature at tempera-

tures higher than about 90°C.
0.12

0.101

tan§

0.08¢

0.06

0.065

0.060 |

tan§

0.055

0.050

0.12 ¢

tan ¢

0.10 ¢

0.08
-50 0 50 100 150

Temperature/°C

Fig.4. Dissipation factors vs. temperature.
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The stress dependences of dissipation factors are
shown in Fig.5. Dielectric dissipation factor tand in-
creases with the stress lower than about 9MPa. When
stress keeps increasing, tan § reaches its saturation and
then begins to decrease with the stress. In Uchino’s
experiments, the piezoelectric dissipation factor tan 6
was measured under both electric field and compres-
sive stress. A correlation factor was used to represent
tan @ under such a condition. In Fig.5, we give an
individual stress dependence of tan . Without the ef-
fect of electric field, tan # decreases with the increase
of stress. This fact indicates that higher voltage will
enlarge the piezoelectric loss. In our experiments, a
similar increase of elastic dissipation factor tan ¢ with

stress is also found as in Uchino’s experiment.

0.16

0.14

0.12

tané

0.10

0.08

0.075

0.070

0.065

tan

0.060

0.055

0.10

0.05

tan ¢

0.00

0 5 10 15

Compressive stress/MPa

Fig.5. Dissipation factors vs. stress.

5. Conclusion

Dissipation factors are the representations of en-
ergy losses in piezoelectric materials, and are of im-
portance in many applications where losses cannot be
ignored. However, measurements of dissipation fac-
tors are always indirect and not easy. In this paper,
we have proposed a method for obtaining the three
dissipation factors of piezoelectric materials through
equivalent circuit parameters. In an equivalent circuit
with complex physical constants, electric components
are connected to real and imaginary parts of complex
physical constants, and defined as a new set of equiv-
alent circuit parameters differing from the equivalent
circuit parameters represented by real physical con-
stants in the Mason’s equivalent circuit. Considering
that the dissipation factors are defined as ratios of
imaginary to real parts of complex physical constants,
we give the relationships between dissipation factors
and equivalent circuit parameters. Through the well-
developed instrumental techniques, equivalent circuit
parameters can be detected easily. So, measurements
of dissipation factors can be achieved.

In the experiments, PZT ceramic elements in
thickness mode are discussed. However, the deriva-
tion can also be extended to other vibration modes,
such as the longitudinal extension mode and shear vi-
bration mode etc. In each vibration mode, the dis-
sipation factor expressions in terms of the equivalent
circuit parameters may take different components of
physical constants. In any case, it provides a practical
way for measuring dissipation factors. Compared with
the results of the previous measurements implemented
in many more complicated schemes, similar character-

istics of dissipation factors have been observed.
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