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In this paper a minority game (MG) is modified by adding into it some agents who play a majority game. Such a

game is referred to as a mix-game. The highlight of this model is that the two groups of agents in the mix-game have

different bounded abilities to deal with historical information and to count their own performance. Through simulations,

it is found that the local volatilities change a lot by adding some agents who play the majority game into the MG,

and the change of local volatilities greatly depends on different combinations of historical memories of the two groups.

Furthermore, the analyses of the underlying mechanisms for this finding are made. The applications of mix-game mode

are also given as an example.
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1. Introduction

Since the study of complex systems started at the
Santa Fe Institute in 1984, 12 more and more physi-
cists, economists, mathematicians and sociologists
have been involved in this subject. Several methods
have been established to study complex systems. 34!
Among them, an agent-based model is a powerful ap-
proach to study of complex systems. A minority game
(MG) is an important agent-based financial market
model proposed by Challet and Zhang.[®! Johnson et

(6.7 extended MG by allowing a variable number

al
of active traders at each time-step—they referred to
their modified game as the Grand Canonical Minority
Game (GCMG). The GCMG, and the MG itself, can
reproduce the stylized facts of financial markets, such

as volatility clustering and fat-tail distributions.

However, there are some weaknesses in the MG
and GCMG. First, the diversity of agents is limited,
since agents all have the same historical memory and

time-horizon. Second, in real markets, some agents

) [8—15]

, who effec-

are trend-followers, i.e. ‘noise traders
tively play a majority game; while the others are ‘fun-
damentalist’, who effectively play a minority game.

Some researches on mixed Minority/Majority Games

have been done analytically and simulationally.[16—20]

In their models, the time-horizon was infinite and all
agents had the same ability to deal with historical
information and could switch between the majority
They studied the station-

ary macroscopic properties and the dynamical fea-

side and minority side.

tures of the systems with different information struc-
tures, i.e. agents received the information that was
either exogenous (‘random’) or endogenous (‘real’).
They found (a) a significant loss of informational ef-
ficiency as compared with a pure minority game (in
particular, an efficient, unpredictable phase existed
only if the fraction of agents in the majority group
< 1/2), and (b) a catastrophic increase in global fluc-
tuation if the fraction of agents in majority group
> 1/2 on the condition that agents received random
information.[!”] They also found that a small amount
of herding tendency could change the collective be-
haviour dramatically if agents received endogenous in-
formation (real history).['?! Zhong et al studies a sim-
ilar model in which they introduced contrarians into
MG who deliberately preferred to hold an opinion that
was contrary to the prevailing idea of the commons
or normal agents. Their results of numerical simula-

tions revealed that the average success rate among the
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agents depended non-monotonically on the fraction of
contrarians.?!]

In order to create an agent-based model that more
closely mimics a real financial market in this paper,
the MG model is modified by dividing agents into
two groups: each group has different historical mem-
ories and time-horizons; one group plays the minority
game and the other plays the majority game. For
this reason, we refer to this system as a ‘mix-game’
model. The difference between the mix-game and the
mixed Minority/Majority Games studied by Marsili
and Martino et al is that the two groups of agents in
the mix-game had different bounded abilities to deal
with historical information and to count their own per-
formance. This feature of the mix-game represents
that agents have bounded rationality. [

In this paper, the dynamic features of mix-game
are investigated under different combinations of his-
torical memories of the two groups and agents receiv-
ing real historical information. The study focuses on
the interplay between the strategy spaces of these two
groups. Reference [22] reported that almost all agents
played with historical memory of 6 or less in a typical
minority game with evolution. This means that mem-
ory of 6 or less is more important and worth inves-
tigating. Therefore, we focus on studying the effect
on the MG by adding some agents playing majority
game with historical memory of 6 or less. Section
2 introduces the mix-game model and the simulation
condition. Section 3 reports the simulation results and
discussion. Section 4 gives an example of application
of mix-game model. Section 5 presents the conclusions
of this study.

2.The mix-game model and sim-

ulation condition

In the mix-game, there are two groups of agents;
Group 1 plays a majority game, and the Group 2 plays
a minority game. N is the total number of the agents
and Nj is number of agents in Group 1. The system
resource is R = 0.5 * N. All agents compete in the
system for the limited resource R. T7 and T5 are the
time-horizons of the two groups of agents, and m; and
my denote the historical memories of the two groups
of agents, respectively.

Only the global information available to the
agents is a common bit-string ‘memory’ of the mq or
my for most recent competition outcomes. A strategy
consists of a response, i.e. -1 or 1, to each possible bit

string; hence there are 22" or 2277 possible strate-

gies for Group 1 or Group 2, respectively, which form
full strategy spaces (FSS). At the beginning of the
game, each agent is assigned to s strategies and keeps
them unchanged during the game. After each turn,
agents assign one (virtual) point to a strategy that
would have predicted the correct outcome. For agents
in Group 1, they will reward their strategies with one
point if they are in the majority side; for agents in
Group 2, they will reward their strategies with one
point if they are in the minority side. Agents collect
the virtual points for their strategies over the time-
horizon T} or T, and they use their strategy that
If there

are two strategies that have the highest virtual point,

has the highest virtual point in each turn.

agents use coin toss to decide which strategy to be
used. Excess demand D[(¢)~] is equal to the number
of buy-order that agents choose minus the number of

sell-order that agents choose.

D[(t)i] = Mbuy—orders [t - 1] — Ngell—orders [t — ].]
N, N>
ZZal(t—l)—FZaJ’(t—l), (1)

where a;(t — 1) is the action—buy (1) or sell (—1)—
that the agent ¢ in Group 1 will take and a;(t — 1) is
the action—buy (1) or sell (-1)—that the agent j in
Group 2 will take.

According to a widely accepted assumption that
excess demand exerts a force on the price of the assets
and the change of price is proportional to the excess
demand in a financial market, [23:24] the time series of
prices of the assets P[(t)]can be calculated based on

the time series of excess demand as follows:
P[(t)] = D[t"]/ A+ P[t —1]. (2)

Volatility of the time series of prices is represented
The local

volatility Vol is calculated at each time-step by calcu-

by the variance of the increases in price.

lating the variance of the increases in price within a
small window whose width is d time-step. At time-
step ¢, Vol[t] is calculated between time-step (¢t — d)
and time-step ¢t. This small window moves along the
time series of prices as t increases. For simplicity, one
can choose A = 1. Then the increase in price is just
the excess demand. Therefore, we obtain the following

formula:

t

> o)

t—d

Vol[t] = g (3)

S
IS

§3Du12(
t—d
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In simulations, the distribution of initial strate-
gies of agents is randomly uniform in FSS and re-
mains unchanged during the game. Each agent has
two strategies. The simulation running time-steps are
3000 in number. The window length of local volatility
isd =5.

3. Simulation results and discus-
sion
3.1. The effect of mix-game on local volatilities

To see the effect of mix-game on local volatili-
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Fig.1.

ties, simulations are performed with different parame-
ter configurations of historical memories, the number
of total agents and fraction of agents in Group 1. In or-
der to see the interplay between agent strategy spaces
of the two groups, we choose three categories of config-
urations of historical memories: (a) m; < ms = 6; (b)
my = mgy < 6; (¢) my = 6 > ma. The number of total
agents (N) varies from 101 to 401. Time horizons (T}
and T3) are relatively stable. We will look at the in-
fluence of time horizons (77 and T») on volatilities of

mix-game in the future.
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The Vol/N representing the mean of local volatilities per agent which is equal to the mean of local

volatilities divided by the number of total agents (N) changes with N1 /N under the condition of m1 < mgz, Th < Th
and N varying from 101 to 401. (a), (b), (c) and (d) show the simulation results with parameters of (a) m; = 1,
mg = 6, Ty = 12 and To = 60; (b) m; = 3, ma = 6, Ty = 12 and T» = 60; (c) m1 = 3, ma = 6, T} = 50 and
T> = 100; (d) my =5, mg =6, Th = 12 and T» = 60, respectively.

Figure 1 shows that the means of local volatil-
ities per agent change as N;/N increases from 0 to
0.4 under the condition of m; < mg = 6, Ty} < Tb,
N from 101 to 401. We can find that the means of
local volatilities per agent have the lowest points at
about N;1/N = 0.2 or 0.3. We can also notice that

the means of local volatilities per agent increase as N

increases from 101 to 401. Comparing Fig.1(b) with
Fig.1(c), we can find that the means of local volatil-
ities per agent are influenced by T) and 7. Vol/N
in Fig.1(d) increases less at N;/N = 0.4 than in
Figs.1(a), (b) and (c). Reference [21] indicates similar
results when contrarians are introduced into the MG,

but the difference is that the lowest point of volatility
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appears when the fraction of contrarians is 0.4.

From Fig.2 we can find that the means of lo-
cal volatilities per agent decrease and approach 1
with N7 /N increasing from 0 to 0.4 under the con-
dition of m; = mg < 6, T} = Tp = 12 and N =
101,201, 301,401. This means that the efficiency of a
system can be improved by adding some agents with
the same parameters (i.e. my = mg, Ty = T».) who

play the majority game.
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Fig.2. Vol/N representing the mean of local volatil-

ities per agent which is equal to the mean of local
volatilities divided by the number of total agents (V)
changes with N1 /N under the condition of m; = ma <
6, Ty =T = 12 and N varying from 101 to 401.

Reference [17] reported similar results under the
condition of ‘random information’ with N;/N < 0.5.
And Ref.
distributed computing systems. Comparing Figs.2(a)
and (b) with Fig.2(c), we can find that the means of lo-

[25] observed the similar phenomena in

cal volatilities per agent in Figs.2(a) and (b) are much
larger than those in Fig.2(c). This means that smaller
my and my make the means of local volatilities per

agent increase dramatically.
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Fig.3. Vol/N representing the mean of local volatil-
ities per agent which is equal to the mean of local
volatilities divided by the number of total agents (N)
changes with N1 /N under the condition of m; =6 >
mg, T1 = 60, To = 12 and N varying from 101 to 401.

Figure 3 shows the simulation results with m; =
6 > mo and 17 > T5, where the means of local volatil-
ities per agent decrease some times, but increase some
times as N1/N increases from 0 to 0.4. For cases of
my = 6, my = 1 and m; = 6, my = 3, the means
of local volatilities per agent decrease as Ni/N in-
creases from 0 to 0.4; for the case of m; = 6, mg = 5,
the means of local volatilities per agent have the low-
est points at N1/N = 0.1. However, we can see that

the means of local volatilities per agent increase with
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N increasing from 101 to 401. Comparing Figs.3(a)
and (b) with Figs.2(a) and Fig.2(b), we can find that
Vol/N in Figs.3(a) and (b) decrease much more slowly
than in Figs.2(a) and (b) as N1 /N increases from 0 to
0.4. Comparing Fig.3(c) with Fig.1(d) and Fig.2(c),
we notice that Vol/N in Fig.3(c) behaves quite differ-
ently from that in Fig.1(d) or Fig.2(c).

Through simulations, we find that local volatili-
ties drop to zeros in most cases when Nj/N is larger
than or equal to 0.5 under the simulation condition of
my = meg or my < mg with some initial strategy dis-
tributions. This phenomenon also can be influenced
by 7. But this phenomenon has not been found under

the simulation condition of mqi > ms.
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Fig.4. The two-phase phenomenon of local volatil-
ities under a simulation condition of m; = mg or

my < mg, where a = 2™1 /N.

Figure 4 shows the two-phase phenomenon of lo-
cal volatilities under the simulation condition of m; =
my or m; < m2, where o = 2™ /N. The reason why
local volatilities drop to zero is that all agents quickly
adapt themselves to using one strategy and stick to
it, i.e. all agents are ‘frozen’ in these simulation condi-
tions. Local volatilities dropping to zero can be found
frequently in a pure majority game, and the smaller
the historical memory is, the more easily the agents
become ‘frozen’. Therefore, we can say that charac-
teristics of minority game dominates in the regime
of Ny/N < 0.5 and characteristics of majority game
dominates in the regime of Ny /N > 0.5 except for two
points as shown in Fig.4 where the phases change at
Ni/N = 0.4. However, Refs. [17] and [21] did not
report such a phenomenon. A possible explanation
for this is that agents received ‘random information’
for Ref. [17] and agents rewarded their strategies ac-
cording to minority rule for Ref. [21] so that agents

failed to adapt themselves to the keeping of using one

strategy.
3.2. Analysis and discussion

In order to understand the simulation results, a
theoretical analysis can be made as follows. First, we
consider the case of m; = msy. Because these two
groups have the same historical memories, i.e. their
strategy spaces are the same, and Group 1 plays the
majority game and Group 2 plays the minority game,
their strategies can be fully anti-correlated if agents in
two groups uniformly distribute in the strategy spaces.
Therefore, the dynamic process of the mix-game with
my = mo behaves like the dynamic process of pure
minority game with “the effective number of agents”
if # = N;/N < 0.5. Reference [26] also shows the
dynamics behaviour of the mix-game with m; = my
is similar to that of the pure MG with the same pa-
rameters. According to Crowd—Anticrowd theory,!®
the volatility of MG is proportional to square of the
number of agents, i.e. Vol(z = 0) oc N2. So in the
mix-game with m; = mgy, the volatility is propor-
tional to square of ‘the effective number of agents’, i.e.
Vol(z) o< (N°#+)2, Because the strategies of these two
groups are fully anti-correlated, ‘the effective num-
ber of agents’ is equal to the number of agents in
Group 2 minus the number of agents in Group 1, i.e.
Neff: = N, — Nj. Since Ny = (1 — )N and N; = N,
we have N°f- = (1 — 22)N. Therefore, we obtain

Vol(z) o< (N°#)2 = (1 — 22)2N2. (4)
By defining
_ Vol(x)
Y= Vel =0) ?
we obtain
y=(1-22)*. (6)

Figure 5 shows the relation between y and z of
formula (6). Comparing Fig.5 with Fig.2, we can
find that Fig.2(a) and Fig.2(b) qualitatively match
Fig.5, but the volatility in Fig.2(c) decreases slowly.
This implies that the strategies of Group 1 are indeed
fully anti-correlated with those of Group 2 in the mix-
game when historical memories are m; = mo = 1
or 3, and the strategies of Group 1 is partly anti-
correlated with those of Group 2 when historical mem-
ory is m; = mg = 6. The reason for this is that the
strategy space of historical memory m = 6 is much
larger than that of m = 1 or 3 so that agents less uni-
formly distribute in the strategy space of m = 6 than

in strategy space of m =1 or 3.
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Second, we look at the case of m;y = 6 > ma.
Because the strategy space of Group 1 is much larger
than that of Group 2, the distribution of agents in the
strategy space 1 is not uniform so that the strategies
held by Group 1 have little chance to anti-correlate
with those held by Group 2. Therefore, we can as-
sume that these two groups behave independently.

The volatility can be calculated as follows:
Vol(z) = Vol,1=¢(z) + Vola(z). (7)

So we have

_ Vol(z)  Volyi—¢() 4+ Vol (x) (8)
v= Vol(z = 0) Volpa(z = 0) '
Through simulation, we obtain Vol,,1-¢(z),

Vol,2(z = 0), and Vol (z). Figure 6 shows the rela-
tion between y and x of the formula (8) with N = 401,
my =6, mg =1, 3,5 and T} = T, = 12. Compar-
ing Fig.6 with Fig.3, we can find volatilities in Fig.6
qualitatively match those in Fig.3. This shows that
the argument that these two groups behave indepen-

dently is reasonable.

1.2

1.0
0.8
= 0.6 \
0.4
- \\‘\0\

0 *
0.0 0.1 0.2 0.3 0.4 0.5 0.6

Fig.5. Relation between y and  of the formula (6).

Finally, we discuss the case of m; < my = 6. Be-
cause the strategy space of Group 1 is much smaller
than that of Group 2, the distribution of agents in
the strategy space 1 is relatively uniform so that the
strategies held by Group 1 have chance to partly anti-
correlate with those held by Group 2. We refer to
On the other hand,
through simulations we find that the volatilities of the

this as ‘anti-correlated effect’.

pure majority game are several times larger than those
of the pure minority game with the same parameters.
There-

fore, the dynamic processes of the mix-game with

We refer to this as “majority game effect”.

my < mg = 6 are influenced by the interplay between
the anti-correlated effect and the majority game ef-

fect. This is why the volatilities have the minimums

at Tpmin. If @ < @pin, the anti-correlated effect domi-
nates in the mix-game. If x > xiy, the majority game
effect dominates in the mix-game. The mix-game in
this case is more interesting than in the previous two
cases because the mix-game with m; < my = 6 has
potential applications in modelling financial markets.

We will discuss this point in the following section.

2.5

2.0 L 4

Fig.6. Relation between y and z of the formula (8).

4. Application of mix-game model

4.1. The effect of mix-game on price time series

In order to see whether the mix-game is a poten-
tial model for financial markets, one needs to know
the effect of mix-game on time series of prices. There-
fore, we examine the time series of prices of MG and
mix-game with the same parameters as those in the
above section. We find that agents’ playing major-
ity game almost does not change the stylized features
of price time series of MG except for m; = 1 or
2 < myg = 6 if Ny/N < 0.5. A naive explanation
for this is that the minority game dominates in mix-
game when Ny /N < 0.5. Figure 7 shows the examples
of the time series of prices that are performed under
the condition of N =201, Ny = 72, Ty = Ty = 12 and
m1 =1, 2, 3 < mg = 6 in the mix-game.

Comparing with the price time series of the MG
with m = 6, T'= 12 and N = 201, one can find that
the features of price time series in the mix-game al-
most do not change if some agents with 6 > m; > 3
play the majority game and the other agents with
my = 6 play minority game. Figure 7(c) is an ex-
ample of this phenomenon. However, the features of
price time series change dramatically if some agents
with my; = 1 or 2 play the majority game under the
condition of my = 6 as shown in Fig.7(b) and Fig.7(d).
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1246

Gou Cheng-Ling

The price time series show strong trends, which do
not appear in real price time series of financial mar-
kets.

nomenon for the $-game in Ref. [8].

Andersen et al already noticed a similar phe-
In Ref. [26],
we find that the agents’ average winnings in the mix-
game under the condition of m; = 1 or 2, my = 6,
Ty =715 =12, N = 201 and Ny = 72 are much bigger
than those in the MG under the condition of m = 6,
N =201 and T = 12 as shown in Table 1. This result
implies that agents in the mix-game who are not only
in the majority group but also in minority group can
take the advantage of the trends of price time series

to improve their performances.

Table 1. Average winnings of both groups in mix-
game and MG where N = 201, Ny = 72 and T1 =
T =T =12.

mix-game MG

mi=1,me=6 m;i=2 ma=6 m==6

Group 1 0.693 0.612 0.466
Group 2 0.511 0.493

4.2. The rules and the example for simulating

financial markets by mix-game

From the previous sections, one can find out that
the mix-game with some parameters reproduces the
stylized features of financial time series, but some fail
to do so. Therefore, one needs to choose parameters of
my, mgy, T1, Ty, N and N; by using the mix-game to
model financial markets. The following aspects need
to be considered.

1) Firstly, make sure that the time series of mix-
game can reproduce the stylized facts of price time
series of financial markets by choosing proper param-
eters such that my and msy must be larger than 2, and
Ni/N is smaller than 0.5;

2) Secondly, pay attention to the fluctuation of
local volatilities, and ensure that the median of local
volatilities of mix-game is similar to that of the tar-
get time series by selecting N; and N since Vol/N
increases with the increase of N;

3) Thirdly, make sure that the log-log plots of ab-
solute returns look similar.

Since the median value of local volatilities of
Shanghai Index daily data from 2nd January 1992 to
19th March 2004 is 222, the combination of param-
eters of the mix-game has similar median values of
local volatilities according to Fig.1(b). This combina-
tion is m; = 3, mg = 6, Ty = 12, T, = 60, N = 201,

Vol. 15
N; =40, and s = 2.
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absolute returns which is non-Gaussian.[27].

The log-log plot of Shanghai index daily
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Fig.10. The log-log plot of mix-game absolute re-

turns with parameters of m; = 3, mg = 6, 71 = 12,

Ty = 60, N = 201, Ny = 40, and s = 2.

108

a

=

g =

—

@ 2 F N <

5 ¥ <

5]

w

& 3

- “

@] 101 F %"

5 Y .

ko) P

& “——_—

; nmmcn o o

109
10-4 1073 10-2 10~' 10° 10' 102
Absolute return

Fig.11. The log—log plot of MG absolute returns

with parameters of m = 6, T = 60, N = 201, and
s=2.

Figures 8, 9 and 10 show that the mix-game with
my =3,T) =12, my =6, Tp = 60, N; =40, N = 201
and s = 2 can reproduce similar stylized facts as of
the Shanghai stock market. As shown in Fig.11, the
MG with parameters of m = 6, T = 60, N = 201, and
s = 2 has a much fatter tail in the log—log plot of its
absolute returns than with Shanghai index daily data.
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So for simulating the Shanghai Index, the mix-game

behaves better than the MG.
4. Conclusion

In the mix-game, different configurations of agent
historical memories greatly influence the local volatili-
ties. Means of local volatilities decrease monotonously
with Ny /N increasing from 0 to 0.4 if m; = mg = 1,
3 or 6; means of local volatilities decrease first and
then increase with Ny/N increasing from 0 to 0.4 if
my < mg = 6; means of local volatilities sometimes
increase and sometimes decrease if m; = 6 > my with
N1 /N increasing from 0 to 0.4. It is found that local
volatilities drop to zero in most cases if Ny/N > 0.5
under the simulation condition of m; = my or m; <
ms with some initial strategy distributions.

The underlying mechanisms for the above findings
are as follows: if these two groups have the same his-
torical memories, their strategies are anti-correlated;
if the historical memory of Group 1 is 6 and larger
than that of Group 2, their strategies are uncorre-
lated; if the historical memory of Group 2 is 6 and
larger than that of Group 1, their strategies are partly

anti-correlated.

Besides, historical memories, m for the MG, m;
and mo for the mix-game, influence the dynamics of
price time series. Finite time horizons, T for the MG,
Ty and Ty for the mix-game, also have an influence
on the dynamics of price time series as studied by
Hart and Johnson 28! and Chalet.2°] Therefore, fur-
ther study will focus on the combined effects caused

by changing time horizons and historical memories

The mix-game can be a potentially good model
For

Shanghai Index, there is one suitable configuration of

for financial markets with specific parameters.

parameters: m; = 3, Ty = 12, mg = 6, Tp = 60,
N; =40, N = 201, and s = 2. For any other financial

markets, parameters need to be adjusted correspond-

ingly.
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