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The Chebyshev polynomial approximation is applied to investigate the stochastic period-doubling bifurcation and

chaos problems of a stochastic Duffing—van der Pol system with bounded random parameter of exponential probability

density function subjected to a harmonic excitation. Firstly the stochastic system is reduced into its equivalent deter-

ministic one, and then the responses of stochastic system can be obtained by numerical methods. Nonlinear dynamical

behaviour related to stochastic period-doubling bifurcation and chaos in the stochastic system is explored. Numerical

simulations show that similar to its counterpart in deterministic nonlinear system of stochastic period-doubling bifur-

cation and chaos may occur in the stochastic Duffing—van der Pol system even for weak intensity of random parameter.

Simply increasing the intensity of the random parameter may result in the period-doubling bifurcation which is absent

from the deterministic system.
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1. Introduction

A stochastic system that we consider here means
a system with random parameters, which are typically
bounded in nature. Stochastic bifurcation that we
consider here means bifurcation in a stochastic nonlin-
ear system under harmonic excitations, which differs
from another type of stochastic bifurcation resulting
from a deterministic nonlinear system under harmonic
excitations together with random excitations. There
are several kinds of mathematical methods available
for dealing with analysis of a stochastic system. The
first one is the Monte Carlo method,* 3! which is sim-
ple and universal, but usually involves a quite amount
of computational effort. The second one is the stochas-
tic perturbation method,[*5 which involves the least
computational effort, but usually is restricted to a
system with random variables of small fluctuations

only. The third one is the orthogonal polynomial

approximation method for stochastic systems, which
was first introduced by Spanos and Ghanem,®! later
by Li and Liao.”) The third method does not re-
quire the small random perturbation assumption, thus
providing more applicability. Recently, Fang et all®!
first applied Chebyshev polynomial approximation to
the evolutionary random response problem of a linear
stochastic system, and then Leng [¥) further applied it
to study bifurcation and chaos of a stochastic Duffing
system. The authors of Ref.[10] studied the stochas-
tic bifurcation behaviour in a stochastic Duffing—van
der Pol system with bounded parameters and explored
the feature of the stochastic period-doubling bifur-
cation. Some researchers also used other numerical
methods to solve bifurcation problems of stochastic

system.[lLu]

The Duffing—van der Pol (DP for short) system,
capable of describing many practical nonlinear dy-

namical problems, is a typical nonlinear system hav-
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ing both the self-excitation property of the van der Pol
system and the cubic nonlinear stiffness of the Duff-
ing system in the same model. Holmes and Rand[*®!
studied the phase portraits and bifurcation of a DP
system free from excitation. Kozlov et all'4 explored
the complicated dynamical behaviour in a system of
coupled DP oscillators. The principal parametric res-
onance of a DP oscillator subjected to combined har-
monic and bounded random excitations was studied
by the multiple scale method.'®! Global analysis of
stochastic bifurcation in a DP oscillator by the gen-
eralized cell mapping method with diagraph was re-
ported in Ref.[16] However, all the above-mentioned
results are obtained for deterministic DP system or
DP system under random excitation, and the stochas-
tic DP system with bounded random parameters has
not been examined, including the problems of stochas-
tic bifurcation and stochastic chaos.

In this paper, the stochastic period-doubling bi-
furcation of a stochastic DP system under a harmonic
excitation F coswt is studied by the Chebyshev poly-
nomial approximation method. The equivalent de-
terministic system for the stochastic DP system is
derived first.

system are obtained by numerical methods.

Then, the responses of the equivalent
Tak-
ing w as the bifurcation parameters, we explore sys-
tematically nonlinear phenomena related to stochas-
tic period-doubling (PD for short) bifurcation and
stochastic chaos in the stochastic DP system.

This paper is organized as follows. In section 2,
the second kind of Chebyshev polynomial is intro-
duced as the base of orthogonal polynomial approx-
imation. In section 3, transformation of the stochas-
tic DP system into its equivalent deterministic one by
Chebyshev polynomial approximation is shown. Sec-
tion 4 is devoted to the investigation of various non-
linear dynamical phenomena related to stochastic PD
bifurcation, the features of the stochastic PD bifur-
cation and the stochastic chaos in the stochastic DP

system.
2.Chebyshev polynomials

Random parameters in some engineering struc-
tures are bounded in nature, so the probability den-
sity function (PDF for short) models for the bounded
random variables is taken to be an arch-like PDF of

the form

(2/m) V1 —u?,

0, lu| > 1.

lul <1,

p(u) =
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Fig.1. The arch-like PDF curve for random variable
U.

Figure 1 shows the arch-like PDF curve for
bounded random variable U. As the orthogonal poly-
nomial basis for this kind of PDF, the second kind of
Chebyshev polynomials is the only choice. The gen-
eral expression for the second kind of Chebyshev poly-

nomials can be expressed as follows:[17]

ik K (n—k)! n—2k
U (u) =) (-1) B (n = 261 (2u)" 7. (2)
k=0

...... ) (3)

The recurrent formula for Chebyshev polynomials of

the second kind is

1

5 Un—1(uw) + Unyi (v)) - (4)

ul, (u) = 5

The orthogonality of Chebyshev polynomials of the

second kind can be expressed as
b2

/ —V1—=u?U; (u) Uj (u) =
1

Obviously, Eq.(5) represents a weighted orthogonal re-
lationship. Since the weighting function is just the
same as the arch-like PDF, p(u) in Eq.(1), the left-
hand side of Eq.(5) may be regarded as the expecta-
tion of the product of U;(u) and U;(u). Owing to the
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orthogonality of Chebyshev polynomials, any measur-
able function f (u) can be expanded into the following

series form:

Similar results

1

where ¢; = / p(u) f (w)U; (u) du.
—1

can be obtained for measurable functions of several

mutually independent random variables. We call this
expansion an orthogonal decomposition of random
function f (u), which is the theoretical base of orthog-

onal decomposition methods.
3. Chebyshev polynomial approx-
imation for stochastic DP sys-

tem

Consider a DP system with a bounded random
parameter and subject it to harmonic excitation. The
differential equation for its dynamical response may

be expressed as follows:
i+ (a+cz®)i+ba® = f(t), (6)

where a, ¢ are constant, b is a random parameter, and
f(t) = F cos (wt) is a given harmonic excitation. Sup-

pose that b can be expressed as
b=b+du, (7)

where b and §/2 are the mean value and the standard

deviation of b respectively, ¢ is taken as the intensity

of b and U is a random parameter defined on [—1,1]
with a given PDF, say an arch-like PDF. It follows
from the orthogonal polynomial approximation that
the response z (t,u) of system (6) can be expressed by

the following series:

where U; (u) represents the ith Chebyshev polynomial,

N represents the largest order of the polynomials we
1

have taken, and ; (t) = / p(uw)z (t,w) U; (u) du.
-1

Substituting Eqgs.(7) and (8) into Eq.(6), we have

N 3
The nonlinear term (Z z; (z)U; (u)) on the left
i=0

side of Eq.(9) can be exp;nded into

(Z v (1) U <u>> —a (1) US () + - + % (1) U () + 323 (1) 21 (1) UZ (u) U () + -

+3zn_1 (t) 2% () Un_1 (u) Ux (w) + 62 (t) 1 (t) o (t) Uy (u) Uy (u) Us (u) + - - -

+ GxN_Q (t) TN—-1 (t) N (t) UN_2 (U) UN_1 (U) UN (u) .

By the recurrent formulas, the triple product
polynomial of Eq.(10) can be further reduced into a
linear combination of related single polynomials. As

for Chebyshev polynomials, U; (u), we have

By denoting the coefficient of U; (u) in the linear com-

|
bination as X (t), the right side of Eq.(10) can be

finally expressed as
(Z z; (t) U; (U)>
=Xo (t) Uo (u) + -+ + Xn (t) Un (u)
3N
= Z X; () U; (u).

(12)

0,1,2,---,N, can

be derived through computer algebraic system, such

The expressions of X; (t),7 =
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as MAPLE.!'8] By the recurrent formulas Eq.(4) of
Chebyshev polynomials and by Eq.(12), the fourth
term of Eq.(9) can be reduced to

N 3
ud <Z z; (t) U; (u)>
o
=5(u D% (00 )
v ’
:55 Z Xi (t) [Uiz1 (u) + Uiga (u)]
=0

3N
:%5 DX () + X () (w), (13)

where X_; and Xpyiiare supposed to be zero due
to the approximation, Eq.(8). Substituting Egs.(12),
|

d? d 1
(@”& 3°d
(dt2 dt 3 dt

d2 d 1
<dt2 Tog 3 dt

d2 d 1
(?*“&) 3%

d2 d 1
<@+ a)mt) 3¢a

This is just the equivalent nonlinear deterministic sys-
tem reduced by Chebyshev polynomial approximation
for the stochastic DP system with a random parame-
ter U of an arch-like PDF. When N — oo in Eq.(8),

N
in (t) U; (u) is strictly equivalent to x (¢,u) of the
=0

stochastic system. Otherwise, if N is finite, Eq.(8) is
just approximately valid with a minimal residual error.
In the following numerical analysis, we take N = 4 and
obtain the numerical solution z; (¢), (¢ =0,1,2,3,4)
of Eq.(15) by effective numerical methods available.
Then, the approximate random response of the origi-

nal stochastic DP system can be expressed as
(16)

If the random parameter u = 0, namely b = b, we
obtain the so-called mean parameter system, which is

significant in the following text. The sample response

+ —ciX4 (t) +bX4 (t) + %6 (X3 () + X5 (t)] = 0.

(13) into Eq.(9), we have

d2

i=0
1 3N
+ 552 [Xit1 (t) + X1 (D]Us (u) = [ (2) - (14)
i=0
Multiplying both sides of Eq.(14) by U; (u)in sequence

and taking expectation, owing to the orthogonality of
the Chebyshev polynomial, we finally have

)0 () + e Ko (045X (0) + 35X (0= £ 1),
& + ai) zy () + lcin (t) +bX, (t) + %5 [Xo (t) + X5 (t)] = 0,

z3 (t) + —cixg (t) +bX5(t) + %6 [Xo () + X4 (t)] =0,

of the mean parameter system may be expressed as

@ (£,0) =2 () U (0)
=0 (t) — z2 (t) + 24 (¢). (17)

Then, the ensemble mean response of the stochastic

DP system can be obtained as

Elz(t,u)] = Z i () E [Us (u)]

—z0 (t). (18)

4. Stochastic period-doubling bi-
furcation and chaos in stochas-

tic DP system

The original stochastic DP system may be rewrit-

ten as

:'13—1—(a+cm2)dz+(l_)+5u)m3:f(t). (19)
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Its deterministic equivalent nonlinear system has been
derived as Eq.(15). Now we apply numerical integra-
tion methods to Eq.(15) to explore nonlinear phenom-
ena related to PD bifurcation and stochastic chaos in
the original stochastic DP system. As u = 0, Eq.(19)
reduces to the mean-parameter system, which is a de-

terministic one
i+(a+cm2)i+5x3:f(t). (20)

We will show the various types of responses corre-
sponding to a series of specific initial conditions and
excitations. Firstly, we find the random response
z (t,u) by Eq.(16); the sample response z(¢,0) by
Eq.(17); and the ensemble mean response FE [z (t,u)]
by Eq.(18). Then, the last one is further checked
by deterministic response x (t) of the mean parame-
ter system (20) obtained directly by the Runge-Kutta
method. Hence we offer the following three sets of re-
sponse phase trajectories in the portraits: let SRM
represent sample responses of the mean-parameter
system  (¢,0); let DRM represent deterministic re-
sponses of the mean parameter system z(t); and
let EMR represent ensemble mean response of the
stochastic DP system E [z (t,u)]. Let IC denote the
initial conditions for the deterministic equivalent sys-
tem Eq.(15):

and the initial conditions for the deterministic DP sys-
tem Eq.(20) as zo = x(0),yo = ¢ (0). In this paper,
the parameter § is taken as a small quantity, and we
take the same initial conditions for the deterministic
equivalent system Eq.(15) and deterministic DP sys-
tem Eq.(20), namely

zg = 20 (0) , 90 = &0 (0),

z; (0) =a;(0) =0,(i =1,2,3,4).

In this paper, the initial conditions are chosen as fol-

lows:

x (0) = [1.8,0,0,0,0]",
(IC-1): y(0)=1[25,0,0,0,0]",

zg = 1.8,y9 = 2.5;

x (0) = [3.0,0,0,0,0]",
y (0) = [2.0,0,0,0,0]"
o = 3.0,y0 = 20,

(IC—2):

x (0) =[2.3,0,0,0,0]",
(IC—-3): y(0)=[1.84,0,0,0,0]",
xg = 2.3,y0 = 1.84;

z (0) = [1.3,0,0,0,0]",
y (0) = [0.3,0,0,0,0] ",
Ty = 1.3,y0 = 03,

(IC—4):

4.1. Stochastic period-doubling bifurcation

phenomenon

It is proved in Ref.[19] that for a symmetrical
nonlinear deterministic dynamical system, like the
DP system, the PD bifurcation cannot happen to a
response with self-symmetrical phase trajectory. In
other words, PD bifurcation can only happen to a pair
of responses resulting from symmetry-breaking bifur-
cation. This statement is most likely the same for the
stochastic PD bifurcation.

In this case, system parameters are chosen as fol-

lows:

§ =001, F=84;

while w takes different values from 1.132 to 1.185. Nu-
merical results for a few numbers of stochastic PD bi-
furcations are shown in Fig.2.

As we take w = 1.185, there are two mutually
symmetric steady-state periodic trajectories with pe-
riod 17T, one of which is shown in Fig.2(a) correspond-
ing to conditions (IC-1). Decreasing w, forw = 1.15,
there are two mutually symmetric steady-state pe-
riodic trajectories with period 27T, one of which is
shown in Fig.2(b) corresponding to conditions (IC-2).
If w = 1.132, we find that there are two mutually sym-
metric steady-state periodic trajectories with period
4T, one of which is shown in Fig.2(c) corresponding
to conditions (IC-3).

From Fig.2, we can see that when w decreases
from 1.185 to 1.132, there are a set of periodic re-
sponses with period 17, 2T and 4T, partly illustrating
the stochastic PD bifurcation in the formal way in a

stochastic system.
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Fig.2. Phase portraits for illustration of PD bifurcation at w = 1.185 for (IC-1) (a), w = 1.15

for (IC-2) (b), and w = 1.132 for (IC-3) (c).

4.2. Features of stochastic bifurcation

In trying to explore the formal stochastic PD bi-
furcation from period 17" to 27", or 2T to 4T, we find
an interesting fact. When the random intensity of
the random parameter in the stochastic Duffing—van
der Pol system increases or decreases, the bifurcation
behaviour can be influenced: namely, the bifurcation
point might move. This case, we think, also exists
in the transition of stochastic chaos in a stochastic
nonlinear system. Our numerical simulations on the
phenomena related to stochastic PD bifurcation have
verified it

We do not change the other system parameters,
only making § = 0.04. As we take w = 1.185 corre-

sponding to initial condition (IC-4), there is a steady-

state periodic trajectory with 17 for DRM which
is shown in Fig.3(a), as well as a steady-state pe-
riodic trajectory with period 27 for EMR which is
shown in Fig.3(b). Figure 3(c) is the local portrait
of the pane in Fig.3(b).

pointw = 1.15, corresponding to initial condition (IC-

At another period-doubling

4), there is a steady-state periodic trajectory with pe-
riod 27 for DRM, which is shown in Fig.3(d), as well
as a steady-state periodic trajectory with period 47T
for EMR, which is shown in Fig.3(e). From Fig.3, we
know that with increasing random intensity ¢, the bi-
furcation point of the period-doubling bifurcation can
move in the stochastic system. If we further increase
4, the system can have a period-doubling bifurcation

with a large period or chaotic motion.
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Fig.3. Phase portraits of (a) the DRM with 17" and (b) the EMR with period 27T, for w = 1.185;
(c) the local portraits of Fig.3(b). Phase portraits of (d) the DRM with 27 and (e) the EMR with

period 4T, for w = 1.15.

4.3. Stochastic chaos

It is well known that a series of PD bifurcations
often pave the way to chaos in a deterministic non-
linear system. The similar way happens to stochastic

chaos in a stochastic nonlinear dynamical system.

In this case, we take the system parameters same
as those in section 4, but w as w = 1.08. Figure 4
shows the Poincaré maps of DP system corresponding

to initial condition (IC-1). The strange absorbers of

DRM, SRM and EMR are shown in Figs.4(a), 4(b)
and 4(c)
Ref.[20] the largest Lyapunov exponent of the deter-

respectively. By the algorithm listed in

ministic system and the deterministic system equiva-
lent to the stochastic Duffing—van der Pol system are
0.12756 and 0.2101 respectively. The chaos is so sen-
sitive to various conditions that the strange absorber
of the stochastic DP system keeps mainly the shape of
the deterministic system after we increase the random

factor.
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Fig.4. Poincaré maps of the chaotic state for w = 1.08 (a) DRM (b) SRM and (c) EMR.

5. Conclusions

The orthogonal polynomial approximation pro-
vides a new way to reduce a stochastic nonlinear sys-
tem with bounded random parameter into an equiva-
lent deterministic nonlinear system. Thus any numer-
ical methods for a deterministic system can be applied
to study the dynamical behaviour of a stochastic non-
linear system. In this paper, primary numerical re-
sults show that the equivalent deterministic nonlinear

system preserves the nonlinear phenomena, such as

period-doubling bifurcation and chaos of the Duffing—
van der Pol system while the harmonic excitation am-
plitude w is taken as bifurcation parameter. At the
same time, we find that with increasing random inten-
sity of the random variable, the bifurcation point of
the period-doubling bifurcation can be moved. From
the above, we can see that the proposed Chebyshev
polynomial approximation could be a new approach
to explore the abundant phenomena in stochastic DP

systems.
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