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Support vector machines (SVM) have been widely used in chaotic time series predictions in recent years. In order

to enhance the prediction efficiency of this method and implement it in hardware, the sigmoid kernel in SVM is drawn

in a more natural way by using the fuzzy logic method proposed in this paper. This method provides easy hardware

implementation and straightforward interpretability. Experiments on two typical chaotic time series predictions have

been carried out and the obtained results show that the average CPU time can be reduced significantly at the cost of

a small decrease in prediction accuracy, which is favourable for the hardware implementation for chaotic time series

prediction.
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1. Introduction

With the rapid development of chaos theory and
its application, chaos system control and chaos signal
prediction! 3] have become research hotspots now.
Chaos signal, derived from a certain nonlinear sys-
tem as a type of broad band noise, is characteris-
tic of being div-dimensional, sensitive to initial con-
ditions, and difficult to make a long-term prediction.
Therefore, chaos theory is now increasingly playing an
important role in the areas of communication, radar,
control, signal processing, medicine, etc. The chaotic
time series prediction is based on embedding theo-
rem and phase space reconstruction theory, which was
proposed by Takens!¥] to regain chaos attractors in a
higher-dimensional space.

A statistical learning theory (SLT) introduced by
Vapnik is specific for machine learning with small sam-
ples, based on which a support vector machines (SVM)
was proposed as a new and promising classification
and regression technique. The SVM has better gen-
eralization ability due to its principle of structural
risk minimization. Furthermore, by transforming the
problem of solving optimal classification plane into

the problem of solving convex quadratic programming,

it is capable of resolving practical problems about,
for examples, small data samples, non-linearity, high
dimension, local minimization, etc. There have ex-
isted some successful examples in chaotic time series
prediction;® % however, they are devoted only to the
prediction accuracy but not the implementation effi-
ciency. When the SVM is used, input data need to
be mapped into high-dimension featured space by ap-
plying a symmetric and positive semi-definite (PSD)
kernel function, in order to transform linear non-
separable problems into linear separable ones. Math-
ematically, those kernel functions must meet Mercer
conditions;|” linear, polynomial, Gauss and sigmoid
kernel functions are often used. Note that the sig-
moid function has some restrictions and works only
when some specific constraints (slope term « and off-
set term (3) are satisfied; however, it has salient classi-

fication performance when applied to neural networks.

The sigmoid kernel function is a nonlinear func-
tion, therefore it is difficult to perform the hardware
implementation, and time consuming as well. One so-
lution is to use subsection linearization, but it may
lead to being non-differentiable at subsection points.

Another method is to extract the first term (linear
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term) of Taylor expansion at the cost of losing impor-
tant nonlinear characteristics. In this study, the sig-
moid function is combined with fuzzy logic method,
which is favourable for predigesting calculation and
hardware implementation. Experiments on two typ-
ical chaotic time series predictions have been carried
out and the obtained results show that the average
CPU time can be decreased significantly at the cost
of a slight reduction in prediction accuracy.

The rest of the paper is organized as follows. In
Section 2, the principle of SVM based on the fuzzy sig-
moid kernel is presented. Then, two chaotic time se-
ries prediction examples are given in Section 3 to show
the advantages of the proposed method. Finally, the
conclusions drawn from our study are given in Section
4.

2.Principle of fuzzy sigmoid
kernel-based SVM

Given a training set {zg,yr;k=1,2,..,N},
where z; € R™ and y; € R are the input and out-
put data, respectively. By appropriately choosing a
nonlinear function &(e), the above training set can
be mapped into high-dimension featured space F', in
which the optimized linear regression function can be

constructed as follows:
f(z) =w" - &(x) +b, (1)

which implies that the linear regression in high-
dimensional space corresponds to the nonlinear regres-
sion in low-dimensional input space.

Given the definition of Vapnik ¢ insensitive loss

function,®?! we have

0, ly — f(z)| <&,
ly—f(=)l. =
ly — f(z)] — e, else.
(2)
Therefore, solving Eq.(1) can be transformed into re-

solving the following optimization problem:

min J(w,&, &%) =

N
1 .
in, 5wTw+CZ(§k+fk)a (3)
)0, =1

yp —wl d(zg) — b < e+,
wT d(zg) +b—yp <e+&f, (4)
é.kaé.]: Z 07

where ¢ denotes the approximation accuracy, &, and

subject to

&}, are slackness variables when the accuracy of f ex-

ceeds e, and C > 0 is a punishment parameter. The

above optimization problem can be transformed into

the following Lagrange dual problem:

maxL(a a*
(o3 a(

N
1
—5 Z ap — ap)(a — of ) K (2, 2;)
k=1

)

N

N
—¢ Z(ak +af)+ Zyk(ak —ag),

k=1 k=1
(5)

N
Z (ak - aZ) = 07
k=1

ag, of €[0,C],

(6)

subject to

where oy, and oj are Lagrange multipliers and the

kernel function K (z,z;) is defined as
K(ack,;cl) = @(ack)T . !P(scl) (7)

Therefore it is only necessary to choose an appro-
priate kernel function rather than manage to know the
exact expression of @. The solution to above nonlinear

function regression is

Mz

ar — ap) K (z,x,) + b. (8)

k:l
The linear, polynomial, Gauss and sigmoid kernel

functions are defined as follows:

which are often used currently. It is well known that a
kernel function meets Mercer condition if and only if it
is a symmetric and PSD matrix. However, some non-
PSD kernels, such as the sigmoid kernel, are also used
in the expression (5). The sigmoid function can be a
non-PSD kernel function of certain specific parameters
a and 3.18] Therefore in this case, the dual relationship
between the expressions (3) and (5) does not exist,
and the kernel function (7) is not valid either. Never-
theless, the sigmoid kernel has been successfully used
in many cases and some explanations can be found in
Ref.[10]. Furthermore, the application of the non-PSD
kernel function in SVM and corresponding learning al-
gorithm are given in Ref.[11] and sigmoid kernel are
proved to be PSD under certain constraints.

In order to favour the hardware implementation,
a sigmoid function is applied to neural network learn-

ing in combination of fuzzy logic method in Ref.[12],
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and promising performances are achieved. This mo-
tivated proposing the method of applying the fuzzy
sigmoid kernel to chaotic time series prediction.

The sigmoid kernel based on fuzzy logic can be

represented in the fuzzy linguistic form as follows:

-1, x; -x; is low,
K(x;,z;) = +1, x; - x; is high,
a-T;-x;, x; xr; is medium,
(13)
where a is the constant representing the degree of

smoothness of the sigmoid function, as indicated in
Fig.1.

Kz -zj)

TiTj

Fig.1. Linguistic variables used in fuzzy kernels.

According to the expression (13), the sigmoid ker-
nel can be defined as a series of membership functions.
A triangle membership function is chosen for simplic-
ity, as indicated in Fig.2. Fuzzy memberships are
composed of low, medium, and high partitions. Al-
though more detailed partitions can also be obtained
such as very low, low, medium, high, and very high,
it will increase the computational load. Since the sig-
moid kernel must be continuous, the upper and lower
boundaries of the triangle membership can be calcu-
lated from —(8 £1)/«. Finally, the expression (13)

can be written as a function of a and 3 as follows:
_17 Li - Tj S _(/8+1)/a7
M(xivxjaa7ﬂ)7 elsev
where
M(ﬂ','i,%j,a,ﬂ) :2(','674 * Ty + ﬂ/O{)
—a?(z;-x; + B/a) |z -z + Bal .
(15)

u3(z)
p2(z)

A
\/

-(B+1)/e —Bla -(B-1)/e

Fig.2. 3 membership functions.

Therefore, the sigmoid kernel can be expressed as fol-

lows:

K(zi, ;) =(=Dpa(wi - z;) + azi - xjpz(wi - z;)
+ () ps (i - z;)- (16)

The fuzzy sigmoid kernel has several advantages.

1) The kernel function is differentiable at any
point in the entire region;

2) Membership functions defined in Fig.2 can be
easily implemented by a microprocessor, such as DSP;

3) A nonlinear kernel function can be approxi-
mated by a number of fuzzy membership functions

with different complexities.
3. Examples

Two chaotic time series predictions based on SVM
have been carried out to validate the fuzzy sigmoid
kernel function proposed in this work. In the ex-
periments, parameter C in SVM and a and ( in
kernel function are determined using a 10-fold cross
validation method. The SVM has been trained us-
ing the iterated re-weighted least squares (IRWLS)
algorithm, "3 which is more effective than the stan-
dard quadratic programming in terms of the execution
time and memory consumption. Experiments are per-
formed using a Pentium 2.4-GHz 512-MB computer.

The first example is Mackey—Glass time series
prediction. The dynamic equation of Mackey—Glass

time series is defined as

0.2z(t —T)

= T " 0.1z(2). (17)

The above system dynamics shows a chaos state
when the initial conditions meet z(0) = 1.2, and
T = 17.

tion is to use the known values of the time series up

The goal of chaotic time series predic-

to the point * = t to predict the value at a cer-

tain future time step * = ¢t 4+ p. The main idea
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of the prediction method is to establish a mapping
from a total number of D points in the time series
[z(t — (D —1)A),...,z(t — A),z(t)]with an interval A
to a predicted future value z(t + p). Choosing D = 4,
A =6 and p = 4, Eq.(17) can be solved by using the
fourth Runge-Kutta method in order to obtain the
1000 pairs of

input-output points are selected from z(t):

value of each integral time point z(¢).

[z(t — 18),z(t — 12),x(t — 6),z(t),z(t +4)] (18)

where t = 118 — 1117, and the first 500 pairs are used
as the training data while the last 500 pairs as the
testing data.

The prediction results and errors for Mackey—
Glass time series with fuzzy sigmoid kernel are shown
in Fig.3 and Fig.4, respectively. In order to com-
pare the performance of fuzzy sigmoid kernel with that
of standard sigmoid kernel, root mean squared error
(RMSE) and average CPU execution time are chosen

as test criteria. The RMSE, which is defined as

N
RMSE = > (@i - #:)?, (19)
i=1

2=

determines the accuracy of SVM regression model,
and the average CPU execution time reflects the im-
plementation efficiency of SVM. It is shown in Table
1 that the average CPU execution time based on the
fuzzy sigmoid kernel SVM is reduced significantly (by
about 40.1%), although the accuracy has a slight de-
crease (about 3.6%). A comparison between the pro-
posed method and the method based on Least Square
Support Vector Machines (LS-SVM)[l is also shown
in Table 1. It can be seen that the prediction based

on the fuzzy sigmoid kernel SVM is more efficient.

1.4 T " — actual value
.=.= prediction value
1.2¢ ﬁ ﬂ
1.0¢
8
0.8
0.6
0.4

200 400 600 800 1060
¢

Fig.3. Mackey—Glass time series prediction in t=124-1123.

0.08

0.04}

0.007]

Errors

-0.047|

-0.08
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Fig.4. Mackey—Glass time series prediction error.

The second example is Henon time series predic-
tion. The dynamic equation of the Henon time series

is defined as
Tppr =1 — 1422 + 0.3z, ;. (20)

Initial values are chosen as zog = 0.2311, z; =
0.9501, and 1000 pairs of input—output points are
picked from z,, based on the expression (18). Simi-
larly, the first and final 500 pairs are used as training
data and testing data, respectively. The prediction
results and errors are shown in Fig.5 and Fig.6, re-
spectively. Again, the RMSE and average CPU exe-
cution time are compared in Table 2. The same con-
clusion as the above can be obtained, namely the av-
erage CPU execution time is reduced significantly (by
about 48.4%), although the accuracy has a small de-

crease (about 5.8%).

— actual value
--- prediction value

-1t

-3 , ,
518 558 598 638 678 718

Fig.5. Henon time series prediction in t=518-717.
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Fig.6. Henon time series prediction error.

Table 1. Comparison of results from different Mackey—Glass

time series predictions.

standard sigmoid LS-SVMI6! fuzzy sigmoid

Table 2. Comparison between results from different of Henon

time series predictions.

standard sigmoid fuzzy sigmoid
RMSE 0.0087 0.0092
CPU time/s 2.13 1.10

4. Conclusions

In this paper the problem of chaotic time series
prediction is addressed using the fuzzy sigmoid ker-
nel SVM. The results of two typical chaotic time se-
ries predictions show that the average CPU execution
time can be reduced significantly, which is favourable
for the hardware implementation at the cost of a small
decrease in prediction accuracy. The future study is
to consider the chaotic time series prediction problem
based on the SVM with another kernel, for example,
the fuzzy RBF kernel.

RMSE 0.0107 0.0113 0.0111
CPU time/s 1.87 1.57 1.12
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