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A finite-time controller is designed for a class of nonlinear systems subject to sector nonlinear inputs. A novel

and simple approach is suggested based on the finite-time control principle. The designed sliding-mode controller can

drive a chaotic system to track a smooth target signal in a finite time. The chaotic Duffing—Holmes oscillator is used

for verification and demonstration.
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1. Introduction

Chaos control and synchronization both have at-
tracted increasing attention in recent years. A chaotic
system is a very complex dynamical nonlinear system
and possesses some special features such as extreme
sensitivity to initial conditions, broadband spectrum
of Fourier transform, and bounded trajectories in the
phase-space with positive Lyapunov exponents, and so
onl'l. Due to its special applications in liquid mixing,
chemical reactions, power converters, biological sys-
tems, information processing, secure communications,
etc, controlling these kinds of complex chaotic dynam-
ics for engineering and technological practice has be-
come a new and attractive direction of research in in-
terdisciplinary fields of engineering, applied physics,
applied mathematics, biology and beyond, and many
profound new theories and methodologies have been

developed to date.

A wide variety of approaches has been proposed
to synchronization of chaotic systems, including lin-
ear and nonlinear feedback controls,?=* time-delay
feedback control,5-¢! adaptive control,["=?! and impul-

sive control'%!] etc. Notice that in many engineering

systems, due to physical limitations, there often exist
nonlinearities in the system input. Their presence usu-
ally causes chaotic vibrations if the controller is not
well designed. Therefore, their effect cannot be ig-
nored in the design and analysis of controllers, partic-
ularly for chaotic systems. Consequently, the problem
of controlling chaotic system with input nonlinearity
is important as discussed in Ref.[12].

This paper suggests a sliding-mode (or variable
structure) control design for a class of nonlinear sys-
tems subject to sector nonlinear inputs. To achieve
faster convergence in a control system, a finite-time
sliding-mode controller is designed and used to guide
a chaotic system with nonlinear input to a target tra-
jectory. In general, finite-time stability means the op-
timality in settling time.['3] Moreover, the finite-time
control techniques have demonstrated better robust-
ness and disturbance rejection properties.['4] Recently,
Amato et all'¥] considered finite-time control problems
for linear systems subject to time-varying parametric
uncertainties and to exogenous constant disturbances,
and obtained a sufficient condition for robust finite-
time stabilization via state feedback. Hong et all'!

studied the problem of finite-time output feedback sta-
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bilization for the double integrator system based on a
finite-time separation principle, and obtained the con-
dition of robust finite-time stabilization regardless of
some nonlinear perturbations for a large class of non-
linear second-order systems. Li and Tian['”! developed
a continuous state feedback control law to solve the
synchronization problem of two chaotic systems using
finite time control techniques

In this paper, more precisely, a finite-time con-
troller is designed for a class of chaotic systems subject
to sector nonlinear inputs. The designed sliding-mode
controller can drive a chaotic system to track a smooth
target trajectory in a finite time. Finally, the repre-
sentative chaotic Duffing—Holmes oscillator is used for

verification and demonstration.

2. Problem formulation

Consider a nonlinear system with input nonlin-

earities as follows:

where

Sz ()]

=[1(t), &1(),...,2{" D (#)]T € R"

X(t)) € Ris a

given nonlinear function of X and ¢, u(t) € R is the

is the state vector of the system, f(

control input, ¢(u(t)) is a continuous nonlinear func-
tion, where ¢ : R — R with u(t) — ¢(u(t)) inside the
sector [kq, k2], i.e

ki (1) < $(u(t))u(t) < hou (), (2)

with k; and ks being nonzero positive constants.

Notice that many chaotic systems are in the form
of the expression (1), such as the Duffing-Holmes
oscillator, '8 the Moore-Spiegel flow equation,® and

SO Oon.

The control problem is to drive the system output
to track a target m-dimensional trajectory, a vector
X4(t), which is in the form of

Define the tracking error as follows:
E(t) =X(t) — Xa(t)

=[z1(t) —zar(t),z
n(t) = zan(t)]"
=l (t) — ( ) &1(t) — 2a(t), ...,

2" V(1) 2y V()]

[e1(t), ea(t), ... en(t)]T
=ler(t),ea(t),-., "V (0)]" (3)

The control goal considered in this paper is that

2(t) — @a2(t), ...,

for any given target orbit X4(t), a sliding-mode con-
troller is designed in spite of the nonlinearity existing
in the control input, such that the resulting tracking

error vector satisfies
lim (B = lim [X(0) - Xa()] 50 (4
First, it follows from expression (3) that
éi(t) = eiya1(t),
én(t) = F(X (1)) + d(u(t)) — Tan(t)- (5)

3. Design of the finite-time con-

i=1,2,...,n—1,

troller
Before introducing a new controller, a sliding sur-
face is first constructed.

Lemma 1[29 The fast sliding mode is given by
s =+ az + Ba?/P, (6)

where z € R, a and [ are positive constants, and ¢
and p are positive odd integers. Then, for any initial
value of the state z(t) at ¢ = 0, i.e. z(0), the solu-
tion of Eq.(6) will reach z = 0 in a finite time, ¢,
determined by

B P az(0)P-D/P 4 3
Ry g ' ")

Now, consider the following sliding surface:

so = e1(t),
51 = $0 + apso +ﬁ05QO/P0
52 = &1 + ansy + BrsP/P, (8)

In—2/Pn—2
Sn— l_sn 2+ Qp_28n— 2+ﬂn ZSn " ’

where «;, 3;, and i = 0,1,...,n — 2, are positive con-
stants, p;,q;, and ¢ = 0,1,...,n — 2 are positive odd
It follows from Eq.(6) that

Siv1 = & + a;s; + ﬁis;“/p", and s; will reach zero in a

integers, with p; > g¢;.

finite time when s,41 reaches zero according to Lemma

1. Therefore, s will reach zero in a finite time.
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Lemma 2 The motion of the sliding mode (8)
is asymptotically stable, if the following condition is
satisfied:

Sn—1(t)$n—1(t) < 0. (9)

Obviously, if one chooses

V(sn-1(t) = 557 4(1), (10)

then
V($n_1(t)) = $p_1(t)sn_1(t) < 0. (11)
Based on the Layout stability theory, s,_1(t) is glob-
ally exponentially stable about zero.
To satisfy the reaching condition indicated in
Lemma 1, a scheme is proposed as follows:

1
- 12
7> (12)

u(t) = —ynsign(s,—1(t)),

where

n—2
n=IFXAD]+ dan(t)] + D a5 V)|
Jj=0
n—2

+ 08
j=0

In the following, the proposed scheme (12) will be

d"=7= QJ/P]
den—i-1 J :

proved to be able to drive the chaotic system (1) with

nonlinear input onto the sliding mode s,,_1(t) = 0.

Sn-1(t)$n-1(t) =sn_1(t) | F(X(2)) + ¢(u(t))

Slsn1 @] | [F(X @]+ |2an(t) \+Z%

+ o (u(®))] [sn-1(2)]

=lsn-1()[n + [o(u(®))] |sn-1(t)] -

Then, from the inequality (2) and expression (12), one

obtains

u(t)p(u(t)) = — ynsign(sn—1(t))d(u(t))
Zkl’yznz(sign(sn,l(t))Q.

Since s2_,(t) > 0, one has

— ynsign(sn—1(t))p(u(t))s,_,(t)
>k1y?n? (sign(s,1(t))s5 4 (1),

—N8n—1(t) [sn—1(t)] $(u(t)) > k1v*n’ss_,(t),

- mdn

Theorem 1 Consider a nonlinear system in the
form of expression (1). The motion of the sliding mode
(8) is asymptotically stable, if the control u(t) is de-

signed via expression (12).

Proof It follows from expression (8) that

n—2
S$n—1 :3(()”) + Z ozjsg-nfl)
j=0

n—2 dnjl

q]/pJ
+Zﬂ3dtn j—1 J (13)

Using expression (13), one has

n—2
Sn—1(t)$n—_1(t) =spn_1 <S(()n) + Z ajsg."_l)
=0

n—2

dn7- 5%i/Pi
+ Z ’33 dn—i-1 J >
=S8,— 1 < ZGJ ('n. 1)

n—2 dnjl

qJ/PJ'
+Z/3Jdtn ji—1 ] > (]‘4)

Substituting expression (5) into expression (14) gives

. (n—=1) —, A s1i/Pi
Z + Zﬁ] dgn—i-1 Sj
7=0
(n—1) i /Pi
‘+Zﬂ3 dgn—i-1 ;1 "
(15)
sn—1(t)p(u(t)) < —ynky |sn-a (). (16)

By substituting expression (16) into Eq.(15), one can

obtain

Suc1 (0801 (t) < (L= kymlsas (. (17)

1
Since ¥ > -— has been selected in expression (12),

ky
the reaching condition s,,—1(t)$,—1(t) < 0 is always

satisfied. Thus, the proof is completed.



No.6

Finite-time control of chaotic systems ...

1193

Note that in order to avoid the singularity prob-
lem in the sliding modes, the conditions

n—k—1
@ n-k-1

k=n—2,...,0 (18)

Pk n—k ’

must be satisfied.[*?]

Remark In fact, the controller proposed is ro-
bust as can be seen from the following discussion: If
the system has an external noise perturbation in the

form

mz(t):x'r‘rl(t)? i:1727"'7n_17

() = F(X (1)) +6(2) + d(u(t)), (19)

where 6(t) denotes the external bounded noise pertur-

bation, that is, there exists a positive d; such that

6(2)] < 61, (20)
then, one can choose
n—2
. n—1
1 =1F X+ an O + 3y [s§7)]
j=0
R aj/p;j
t Z Bi|qm==tsi | T 0. (21)
j=0

In the same way, one can prove that the controller
(12) is also a finite-time controller that can drive the
system, with the external perturbation in the form of
the expression (19), to track a target smooth signal in

a finite time.
4. Control Simulation and Results

Example 1 The representative chaotic Diffing—

Holmes oscillator is described by
z1(t) = zo(t),

ia(t) = —pray(t) — pawa(t) — 23 (t) + g cos(wit). (22)

With parameter values of p; = —1,py = 0.25, ¢ = 0.3
and wy; = 1.0, this system displays chaotic behaviour
as shown in Fig. 1.

The control objective is to drive the system (22)
to track the target signal z4(t) = sin(¢). Suppose that
the nonlinear input is

d(u(t)) = (0.8 +0.2sin(u(t)))u(t).  (23)

1.0

0.6

Fig.1. Chaotic attractor of the system (25).

1.2
1.0
0.8 |
= 0.6-‘\
& 0.4F v“\ R
0.2F

-0.2 1 1 1 1 L 1 ]

Fig.2. Time response of ej (t).

0.5

0.0F - / \ .

e (t)

“Lof |

—1.54

Fig.3. Time response of e3(t).

One can easily obtain k; = 1, and k; = 0.6. So, from
the inequality (18), we can define a sliding surface as

follows:

Sp = el(t),

S1 = éo + So + 83/5. (24)
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From Theorem 1, one may select v = 2, so the con-

troller can be defined as
u(t) = —2nsign(s1(t)), (25)
with
n = (X @) + [sin()] + [e2(2))]

3 1
s ez(t)—5 NOE .

The simulation results with initial values z; = 1

(26)

and 3 = —1 are shown in Figs.2 and 3. Figure 2
shows the time response of e;(t), while Fig.3 shows
It can be seen that the
system (21) tracks the target signal z4(t) = sin(t) at

the time response of es(t).

the time 1.5s accurately.
Example 2 Where the chaotic Diffing—Holmes
oscillator has an external bounded noise perturbation,

such as
jjl (t) = mg(t),

ia(t) = — pra1(t) — paza(t) — 2 (t)
+ qcos(wit) + 1.2sin(t). (27)

We can define controller as the same as that before

except that the equality (26) is replaced by

n=[f(X(®)] + [sin(t)] + |e2(?)]
L
5/2 el(t)

where constant 1.2 is the biggest number of the pertur-

ea(t) +12 (28)

5

bation. Time responses of e (t) and ey(t) are shown
in Figs.4 and 5.

Remark In fact, if an external perturbation of
chaotic system is unknown but is bounded, the con-
trol is also effective. For example, if M is the upper
bound of perturbation, then 7 in the example 2 can

be given by

n=[f(X(@O)] + [sin(t)] + |ez(?)]

3 1

and even if the parameters of chaotic systems are un-
certain, as the states of chaotic system are bounded,
without loss of generality, we assume that | f(X(¢))| <
U, then 7 in example 2 can be given by

1

5/2 /el(t)

es(t) +M. (30)

. 3
n = U+|sin(t)|+]ez2(t)|+

Figures 6 and 7 respectively show the time responses
of e;(t) and ey(t) when the external perturbation is
unknown and M = 3 under the assumption of chaotic

system (27) tracking z4(t) = sin(t).

1.0F

0.6

el(t)
7

0.2t \
0.2 I L I L L I L
0 1 2 3 4
t/s
Fig.4. Time response of e;(t), with the perturbation
added.
0.5
0.0F S
—0.5F
=
S /
-1.0F /
/
/
-1.5¢/
/
_2.0 1 1 1 1 1 1 1
0 1 2 3 4
t/s
Fig.5. Time response of ex(t), with the perturbation
added.
0.00F —
- /
-0.10F
= 0.20f //
@ /
N /
/
/
~0.30F /
L/
-0.40 1 1 1 1 ]
0 1 2 3
t/s

Fig.6. Time response of e (t).
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0.4 '/’ \

5. Conclusions

In this paper, a finite-time control design method
has been proposed for a class of nonlinear systems
with sector nonlinearities. This finite-time sliding-
mode controller has been applied to the representative
chaotic Diiffing—Holmes oscillator for verification and
demonstration. Based on the rigorous mathematical
analysis and the excellent simulation results, it can be
concluded that the proposed finite-time sliding-mode
controller design approach has great potential for con-
trolling chaotic systems even with input nonlinearities.
A side benefit is that it also retains the same insen-
sitivity to external disturbances as in the case of the

system having no input nonlinearities.

=
& 0.2f
)
\\
0.0F T
) L 1 ! 1
0 1 2 3
t/s
Fig.7. Time response of ex(t).
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