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Probabilistically implementing nonlocal operations
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We propose a method to probabilistically implement a nonlocal operation, exp[iEUsUg], between two distant

qutrits A and B, where £ € [0,2n] and Ua, Up are local unitary and Hermitian operations for qutrits A and B

respectively. The consumptions of resource for one performance of the method are a single non-maximally entangled

qutrit state and 1-trit classical communication. For a given £, the successful probability of the method depends on

the forms of both entanglement resource and Bob’s partial-measurement basis. We systematically discuss the optimal

successful probabilities and their corresponding conditions for three cases: adjustable entanglement resource, adjustable

partial-measurement basis, adjustable entanglement resource and partial-measurement basis. It is straightforward to

generalize the method for producing nonlocal unitary operations between any two N-level systems.
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Entanglement is a very mysterious and important
phenomenon in quantum physics that has been stud-
ied extensively and deeply both in theory and in ex-
periment. It plays a pivotal role in many aspects of
quantum information and quantum computation, such
as teleportation, dense coding, quantum cryptography
and distributed quantum computation.[!] Recently, an
interesting application of entanglement has been put
forward that involves the implementation of nonlocal
quantum gates or interactions between spatially sep-
arated systems, without actually moving the physi-
cal systems together.>=13] The nonlocal unitary op-
erations are essentially important to realize the dis-
tributed quantum computation,**! because all quan-
tum unitary operations between distributed systems
can be realized by combining this kind of nonlocal
gates with local operations. The key problem is how
to implement the desired nonlocal gates with the op-
timal successful probability!”8:15~18] using the given
limited resources including entangled qubits and clas-
sical bits, which is still worthwhile to be studied. Re-

cently an experimentally feasible scheme to realize the

nonlocal gates has been proposed in cavity quantum
electrodynamics (C-QED).[!]
In addition, quantum entanglement in higher-

Hilbert

in quantum
20-23]

dimensional spaces has potential ap-

plications information and quan-

tum computation.! Since particles in higher-
dimensional systems, i.e. qudits, can carry more in-
formation than particles in two-dimensional systems,
i.e. qubits, they can increase information flux in quan-
tum communication, as well as security in quantum
cryptography by exploiting the higher-dimensional

[24,25]

systems. Further, higher-dimensional systems

have advantages in fault-tolerant quantum compu-

tation and quantum error-correction.26]

Therefore,
extending nonlocal operations to higher-dimensional

systems is important.

For quantum computation and quantum informa-
tion processing of higher-dimensional systems, qutrit
This is

because, on the one hand, qutrit is the simplest

system holds a very important position.

and most typical delegate of higher-dimensional sys-

tems. Many new characteristics in quantum compu-
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tation and quantum information processing of higher-
dimensional systems may be observed by using a
qutrit system. On the other hand, it is more im-
portant that qutrit-based quantum computation can
optimize the Hilbert-space dimensionality and is ex-
pected to be more powerful than other qudit quantum
computation.?”) Reznik et all®l presented a method
to deterministically implement a kind of nonlocal op-
eration for arbitrary discrete dimensional systems by
employing a state-operator tool. However, it requires
consumption of too many entanglement resources and
classical communications. Producing a nonlocal op-
eration between two distant qutrits requires consum-
ing a pair of maximally entangled qutrit states and
2-trit classical communication. Further, it only works
well for maximally entangled resources. In this paper,
we show an approach to the probabilistic implemen-
tation of a nonlocal operation between two spatially
separated qutrits A and B, which only needs a sin-
gle non-maximally entangled state and 1-trit classical
communication. This nonlocal operation has the fol-

lowing general form:

Uag(§) = explilUaUB], §elo,2n] (1)

with U4 and Up being local unitary and Hermitian op-
erations on qutrits A and B respectively. For a given
&, the successful probability depends on the forms of
both entanglement resource and the partial-basis mea-
surement performed by Bob. We will show the optimal
successful probabilities and their corresponding condi-
tions for three cases: i) only entanglement resource is
adjustable; ii) only the partial-measurement basis is
adjustable; iii) both entanglement resource and the
partial-measurement basis are adjustable.

Let us consider two qutrit systems A and B that
are remotely separated in space, the partners Alice
and Bob previously shared an accessorial entangled

qutrit state
[ Zap) = Ao [0a05) + A1 |1alp) + A2 [2425) . (2)

Here, the accessorial qutrits a and b belong to Al-
ice and Bob respectively. For simplicity, we as-
sume that the coefficients \; are real and normalized:
A2+ A2 + A% = 1. We can easily obtain the entangle-
ment of this state expressed as

) ZV log(?). 3)
As usual, we use log(z) to denote logarithms to base
2.

In order to obtain the expected nonlocal oper-
ations on qutrits A and B, Alice and Bob firstly
perform the following local unitary operation respec-

tively:
UaA = |0a> <0a| ® IA + |1a> <1a| ® UA
+124) (2.l ® U3,
U =|0s) (Op| ® Ip + 1) (16| @ Up
+12) (2| @ U. (4)
Here U, 4 (Uyp) denotes that the unitary operation is
performed between accessorial qutrit a (b) and target
particle A (B). We assume that U4 and Up are both
unitary and Hermitian local operations for target par-
ticles A and B, i.e. they satisfy Uy = UX = UXl,
Up = U = Ugl. After performing these local uni-
tary operations, they acquire a stator®! in the follow-
ing form:
S =X010a0p) ® Ialp + A1 [1,15) @ UaUp
+ A2 [2425) @ UUR . (5)

Introducing a new set of basis for the accessorial qutrit

a
10,) = 7[I0> i[1a) +124)],
1) = —[104) — ieC2/H 1) 4 17/,
VB
1 : .
124) = —ieT/I1,) + (2D 2,)], - (6)

%[IOJ

then the stator S can be rewritten as follows:

S = —(S}l0L) + {11 +

7 sy, (1)

where

S =X0|0p) @ Inlp +iM|1p) @ UaUp

+X2|2) @ URUE, (8)
St =X0l|04) ® Ialp +ie*™ /3N |1,) ® UsUg
+ /3 \,12,) @ UAUZ, (9)

S =Xo|0p) ® Ialp + 14 /3N 1) @ UpaUp
+e(m/3)\,|2,) ® URUE,. (10)

Apparently, if Alice now performs a measurement on
the stator S of Eq.(7) with respect to the accesso-
rial qutrit a in the basis of Eq.(6), then the post-
measurement stator would be S;, Sy or S}, each tak-

ing place with a probability 1/3. Afterward, Alice
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transmits his measurement outcome (1-trit classical
information) to Bob, and Bob will do nothing or per-
form the transformations

Cr = [05){06] + €723 (1) (1p] + e47/312,)(2,],

Cy = [05) (03] 4+ e~ 4™/3|1,) (1] + 27/3|2,) (2, (11)

on his accessorial qutrits b, conditional on his received

message [0°), |1°) or |2]). As
C18) = CySy = Sy,

thus Bob will always come back to the stator S} no
matter what information he receives.
Now, Bob performs a measurement on the stator

S} in the following partial basis:
|@)s = @|0) + B16) + 7[25). (12)

For simplicity, we assume that the coefficients are real
and satisfy the normalization: «?+#2++2 = 1. With
the probability

P = (Moa+ A7) + (M18)?, (13)
we will obtain a nonlocal unitary operation
Uap = [(Aoa + A27) +iMBUAUB]/VP. (14)

In the process of deriving these equations, we have
used the unitary and Hermitian properties of U4 and
Ug i.e. Uf1 = U]% = 1. The unitary operator U, p can

further be rewritten as

Uap(&) = expli€UaUg] (15)
with \B
&= arctan{m]. (16)

From the above deduction, we see clearly that the
consumptions of resource for probabilistically produc-
ing Uap(§) are a single (usually non-maximally) en-
tangled qutrit state and 1-trit classical communica-
tion from Alice to Bob. Of course, they need also
to perform some local unitary operations and mea-
Compared with the method in Ref.[6]

that needs to consume a pairs of maximally entan-

surements.

gled qutrit states and 2-trit classical communication
for deterministically producing a nonlocal operation,
our method can reduce half of consumptions of re-
source. In addition, taking into account the effects
of quantum decoherence or some other factors, it is

usually difficult to create maximally entangled states.

Therefore, our method that uses a non-maximally en-
tangled resource to implement nonlocal operations on
qutrits is practical.

It is worthwhile to point out that the method to
produce nonlocal operations on qutrit systems is, in
a sense, a generalization of the method in Ref.[15] for
qubit systems. Indeed, if we regard qutrit operators
Uy and Up as the generalization of qubit operators
on, and o,,, then our method is in principle very
similar to theirs. Maybe, the only visible difference is
that, instead of the rotation before o,-measurement
(see Eq.(14) in Ref.[15]) we execute directly a partial-
basis measurement.

Note that the nonlocal unitary operation U4p(§)
and the corresponding successful probability P de-
pend on the forms of not only entangled resource but
also the partial-measurement basis, i.e. depend on
the parameters Ao, A1, A2 and «, (3, 7. In practi-
cal applications, ¢ is usually a given constant, but
the parameters of entangled resource and the partial-
measurement basis may be partially or overall ad-
justable. In what follows, we discuss the problem of
how to optimize (i.e. maximize) the successful prob-
ability P according to the adjustability of parameters
Ao, M1, A2 or/and «, B, v, for a given {. We now
illuminate this problem in three distinguishable cases.

i) Only the parameters of entanglement resource,
Ao, A1, Ag, are adjustable. In this case, parameters
a, B, v and £ are all given constants. The problem
of optimizing the successful probability P is equiv-
alent to that of finding the maximum of P, under
the restricted conditions of A2 + A2 + A2 = 1 and
A18/(Aoa + A2y) = tan €. This problem can be easily
solved using the method of Lagrange multipliers. By

constructing an auxiliary function

F(Xo, A1, A2) =[(@Xo +7A2)* + (BA1)?]
+m(A+ A+ A3 -1)
+m2[BA1 — (Ao +vA2) tan(§)]  (17)

with n; and 7, being Lagrange multipliers, and letting

its Partial derivatives equal zero, we have

OF OF _OF _

ndinl N i 1
0o O 0O 0 (18)

Combining this set of equations with restricted condi-

tions of

AM+AT+A =1, MB/(Aoa+ A2v) = tang,



1180 Shang Yong-Guang et al

Vol. 15

we can easily obtain the values of \;, which, corre-

sponding to the optimal successful probability, are

Ao = f . (19

= e ey
B 062 _+_ 72

A = tang\/(a2 )’ E 1 5 (20)

Ny = Cal (21)

VI(a? + %) tan? € + 5%](a? +2)

Then the optimal successful probability can be
written as
_ B*(e® +9%)(1 + tan®¢)

PoPt = ) 22
' (a? +72) tan® € + B2 22)

Especially, if we set « = 8 = v = 1/\/§, i.e. Bob’s
partial-measurement basis is fixed in a uniform super-
position state, then the optimal successful probability
becomes 2(1 + tan? ¢)/(3 + 6tan?¢). The variational
relation for this special optimal successful probability
with £ is plotted in Fig.1 (solid line). It is clear that
the curve exhibits regular periodicity, with its maxi-
mal value 2/3 occurring for £ = 0, 7, 27 and minimal

value 1/3 occurring for £ = 7/2, 37/2.
1.0
09Fk

0.8 '

0.7F"

Popt

0.6

0.5

0.4

0.3 1 1 1 1 L L 1 ]
0 1/4 1/2 3/4 1 5/4 3/2 7/4 2

£/m

Fig.1.

as a function of £&. The solid line represents the case

The optimal successful probability is plotted

of adjustable entanglement resource, which is plotted
according to Eq.(22) with & = 8 = v = 1/4/3. The
dotted line represents the case where both entangle-
ment resource and partial measurement basis are ad-
justable, which is plotted according to Eq.(27).

That is to say, if Bob performs his partial mea-
surement in a uniform superposition basis (i.e. a =
B =~ = 1/4/3), by designing the parameters of en-
tanglement resource to be satisfied by Egs.(19)—(21),
then the successful probability for producing the non-
local operation (15) will not be smaller than 1/3 for

any given ¢ € [0, 27], and the maximal successful prob-
ability will be close to 2/3. Note that when £ =0, 7 or
27, the nonlocal operation (15) becomes trivial. Thus
here the maximal successful probability can not reach
2/3 exactly. Also note that when £ = /2 or 37/2, the
nonlocal operation degenerates to local operations U4
and Up.

ii) Only the parameters of partial-measurement
Instead of the ad-

justment of entanglement resource, now Bob’s partial-

basis, a, B, 7, are adjustable.

measurement basis becomes adjustable. This case is
maybe more consistent with practicality, because in
most practical circumstances, it may be difficult to
alter randomly the entanglement resource. Employ-
ing the method of Lagrange multipliers, and noting
that the restricted conditions for this case become
a?+p%2++2 =1 and A\18/(Aoa+A2y) = tan &, we can
in a similar way deduce the optimal successful proba-
bility to be

A(AZ4A3) (1 + tan?€)
(A2 4+ A2)tan? &+ A2 7

P = (23)

and the corresponding values of adjustable parameters
to be

Ao
o= al L (29)

V2 4 A3) tan? € 1+ X2 (A3 + 23)

B VA2 4+ AZtané (25)

VOB %) tanZE+ X7
A2

Y= .
V2 +22)% tan? € + X2 (A3 + A3)

(26)

That is to say, in the case of a given entanglement re-
source, we can adjust the parameters of Bob’s partial-
measurement basis to be satisfied by Egs.(24)—(26)
so that the successful probability for producing the
nonlocal operation (15) reaches its optimal value ex-
pressed by Eq.(23). In Fig.2, we show the variation of
PyP* with ¢ for three different sets of entanglement-
resource parameters: A\g = A\; = Ay = 1/4/3 (solid
line), \g = Xy = 1/4/6 and A\; = /2/3 (dotted
line ), Ao = Ay = 1/V6 and Xy = /2/3 (dashed
line). It is clearly seen from the figure that the curves
each take on some regular periodicity. Further, for a
given &, which means the production of a given nonlo-
cal operation Uap(£), when the amount of entangle-
ment of the entangled resource is maximal (i.e. when
Ao = A1 = Ay = 1/4/3 ), the successful probability is
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not always maximal.

09 r
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Fig.2.

ment basis is adjustable, the optimal successful prob-

In the case where only Bob’s partial measure-

ability expressed by Eq.(23) is plotted as a function
of & for three different sets of entanglement-resource
parameters: \g = A1 = Ay = 1/4/3 (solid line ),
Xo = A2 = 1/4/6 and \; = 4/2/3 (dotted line ),
Mo = A1 = 1/v6 and \a = \/2/3 (dashed line).

iii) The parameters of both entanglement resource
and partial-measurement basis are adjustable. It will
be seen that in this case the optimal successful proba-
bility is greatest, i.e. greater than either of the prob-
abilities for the previous two cases. Taking into ac-
count the restricted conditions, A2 + A2 + A2 = 1,
a?+ B2+ +4%2 =1 and \8/(Aoa+ A2y) = tan €, then
the method of Lagrange multipliers gives the optimal
successful probability and the corresponding parame-

ter values as
opt 1 + | tan£|2

port — — T 1ARN 27
3 (1+ [tané&|)? 27)

. | tan |
M= T angl 2%)
B | tan &|
6_i\/1+\tanf|’ (29)

1

NN = ——— 30
0+ 2 1—|—|tanf|’ ( )
a v

— =L =1. 31
N (31)

The choice of ‘+’ for A\; and 3 should obey rules: they
have the same signs for £ belonging to quadrants 1 and
3, and opposite signs for £ belonging to quadrants 2
and 4. Note, in this case, that the parameters Ao and
A2 (and correspondingly « and 7) are not completely
determined. It is sufficed as long as Eqgs.(30) and (31)

are fulfilled. In practical applications, we can choose
those values of A\g and Ay that minimize the amount
of entanglement of entangled resource. That’s to say,
in a given successful probability, we should try using
the smallest entanglement consumption to produce a
given nonlocal operation. In Fig.1 (dotted line), we
show the optimal successful probability Py P! as a func-
tion of parameter £. Obviously, it also possesses regu-
lar periodicity. The minimum of successful probability
is 1/2 which occurs at & = 7 /4, 3w /4, 57 /4 or Tmw/4,
and the maximum is close to unit which occurs as &
approaches 0, 7/2, w, 3w/2 or 2r. In addition, it is
also clear that, for any given £, the successful proba-
bility P3 P! is always larger than the successful proba-
bilities PYP* ( solid line in Fig. 1) and Py®" (see Fig.2
). That is to say, when both the entangled resource
and the partial measurement basis are adjustable, the
successful probability of producing the nonlocal oper-
ation (15) reaches its maximum, in other words, the
method works in its optimal state.

The nonlocal operator Ugp(€) represents the
broad nonlocal operations or interactions in the sense
that the local unitary operations Uy and Up are al-
terable. For example, if we regard the qutrits as the
spin-1 particle, with eigenstates of L, denoted by |0),
|1), |2) and the corresponding eigenvalues —1, 0, 1 re-
spectively, then a straightforward choice for U, and

Up may be written as

Ua = exp(irL,,,), Up = exp(inLy,;),  (32)

where L,,, and L, are the n (n = z,y,z) compo-
nents of angular momentum L for qutrits A and B.
Correspondingly, the nonlocal operation in this case

can be simplified as
UAB (5) — eigefﬂfLiA e—i2§LiB ei4£LiA LiB ) (33)

. . 2
Except some local operations exp(—i2{L;,) and
exp(—i2§L,21B), this operation is equivalent to the non-
. . . 2 2

local interaction exp(i4§L; L ).

This nonlocal operation Uap(£) is interesting.
Specially, if we set L,, = Ly,, Lny, = Ly, and let
the initial state of the target qutrits be

|¥ap) = 10408B),
then we have
UAB(§)|WAB> ZCOS§|0AOB>+iSiH§|2A2B>. (34)

For £ = 7 /4, it can be regarded as a maximally entan-
gled state with respect to effective levels |0) and |2)
for particles A and B.
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Finally, we point out that our method to con-
struct nonlocal unitary operations can be generalized
straightforwardly to any IN-level system. For simplic-
The
entangled resource shared by Alice and Bob now is
|Wap) = S20000 A [dadb) with 320001 A2 = 1. After Al
ice and Bob perforrn local unitary operations U, =
SN ) aa (il © U5 and Ups = S5 1)y, Gl © U,

we have the generalized counterpart of (5) as follows:

ity, we only outline the main clues as follows.

N—-1
S = Aj |Gads) ® ULUL. (35)
7=0

The measurement basis (6) is now generalized as fol-

lows:

N—-1
1
|m>; _ \/_ Z ]mod2 —27imj /N |]> (36)
J=0
with m = 0, 1,

Alice has obtained a set of collapsed stators

, N — 1. After this measurement,

N-1
Z jmod2 27r1m]/NA ‘]> ®U] UJB’ (37)

J=0

each taking place with the probability 1/N. Then
Alice broadcasts her measurements [0)), [1)), -,
N -1),

cation.

to Bob through 1-Nit classical communi-
If Bob receives the information |m>;, then
he will perform a correcting transform 6(m) =
Z?;Bl e—2mimj/N 17)sp (4]- Thus he can always obtain

a stator

N-1
= >N |5), © ULUS, (38)
7=0
regardless of what information being received. Finally,
Bob performs a local partial measurement with re-

spect to basis

N-1

12), =D a;lid,

=0

with ZJ 0 on = 1. With the probability

P:< 3 ajAj> +< Z)aj)\j> , o (39)

j (even) j (odd

he obtains a nonlocal unitary gate for two remotely

separated N-level systems A and B

Unp = { S oay +i Y ajAjUAUB} / VP.
J (even) J (odd)

(40)

Here, we have used the unitary and Hermitian proper-
ties of Uy and Ug, i.e. U5 = U% = 1. In principle, we
can also discuss the optimality of the successful prob-
ability (39) with respect to entanglement resource and
Bob’s partial-measurement basis | ), in a similar way.
Owing to the complexity of derivation, we omit it here.
In conclusion, we have proposed a method to
probabilistically implement a nonlocal operation be-
tween two distant qutrits. The consumptions of re-
source for one performance of our method are a sin-
gle non-maximally entangled qutrit state and 1-trit
classical communication. The successful probability
of the method depends on the forms of both entangle-
ment resource and Bob’s partial-measurement basis.
We have systematically discussed the optimal success-
ful probabilities and their corresponding conditions in
three cases, i.e. adjustable entanglement resource, ad-
justable partial-measurement basis, adjustable entan-
glement resource and partial-measurement basis. For
producing a given nonlocal operation, the successful
probability in the last case is maximal that has its
maximum close to unit and minimum never below 1/2.
This kind of successful probability is already rather
high. Taking into account the effects of quantum de-
coherence or some other factors on quantum entan-
glement channels, our method of using non-maximally
entangled resource to implement nonlocal operations
on qutrits is practical. We have also shown the possi-
bility to generalize our method for producing nonlocal

gates between any two N-level systems.
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