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Based on the exact solution of the time-dependent Schrédinger equation for two-species Bose—Einstein condensates

(BECs) consisting of two hyperfine states of the atoms coupled by a tuned adiabatic and time-varying Raman coupling,

we obtain analytically the entanglement dynamics of the system with various initial states, particularly the SU(2)

coherent state, for both of cases with and without the nonlinear interactions. It is shown that the effect of nonlinear

interaction on the entanglement appears only in a longer time period depending on the BEC parameters.
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1. Introduction

The experimental realization of Bose—Einstein
condensates (BECs) of trapped alkali atomic clouds!"
has stimulated the active study in the new regime.
Since then, BEC has been a popular platform for the
study of various quantum phenomena experimentally
and theoretically.2=9 Particularly, it has been shown
that the coherent collisional interactions in a BEC al-
low the generation of substantial many-particle entan-
glement in the two-component condensate composed
of atoms with two internal states during the free evo-
lution of the condensates.['®) With the capability of
extremely long coherence time in BECs/*! engineering
many-particle entanglement, the study of the entan-
glement characteristics of BECs is of significant inter-
est in quantum information and computation. The

gl11,12]

entanglement dynamic of two-species BECs has

been investigated intensively.

In this paper, we study the entanglement dynam-
ics of the BEC of trapped atomic gas in a single trap
consisting of atoms with two internal states that are
coupled by a Raman laser or microwave field, which is
a bipartite system. For the convenience of computa-
tion, the system is described by a giant or mesoscopic
pseudospin using Schwinger realization of angular mo-

mentum operators in terms of two-mode bosons as

shown in Refs. [11,13]. With the exact solution of
the model the time evolution of entanglement of this
two-mode BEC system is evaluated analytically. We
investigate the time evolution of entanglement with
various parameters of the scattering lengths of inter-
atom collisions, Josephson coupling strength, and ini-
tial states for the time-dependent system. The entan-
glement dynamics of two-species BECs in an SU(2)
coherent state'!] (also referred to as the generalized
spin coherent state) also is evaluated particularly. In
addition, Berry phase emerges naturally in the meso-
scopic pseudospin model because the coupling between

two components varies with time periodically.

The rest of the paper is organized as follows. Sec-
tion 2 is devoted to discussing our model and formulat-
ing it in pseudospin operators. In Section 3 we present
the entanglement formulation of the two-species BECs
in pseudo-angular-momentum representation. In Sec-
tion 4 we evaluate the time-evolution of the entan-
glement with various initial states. Finally, a brief

summary is given in Section 5.

2.The model

The phenomenon where many interacting bosons

are restricted to occupy the same two-dimensional
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single-particle Hilbert space is known as the Joseph-
son effect. When the two single-particle states, or
modes, are separated spatially, it is described as ex-
ternal Josephson effect. We consider a pair of tunnel-
like-coupled BECs confined in one trap consisting of
atoms with two hyperfine states |A) and |B), which
is described as internal Josephson effect. In the one-
mode approximation of condensation, the system is
described by the Hamiltonian of second quantization

(natural unit % = 1 is used throughout the paper)!!

H= Zﬁz-l-ﬁint—I-Hf, (1)
l=a,b
where
H, —w,ata + %“fﬁaﬁaa, (2)
Hy =wpbth + %iﬁz}ﬂ}l} (3)
with

wp = /d3r¢f (r) [—%VQ +V (7“)] ¢(r),l=a,b.
The interaction term between two species of atoms is
Hiy = xatab*h, (4)

and the transition term is
i =a (a+éei“’(t) + é+ae*i¥’<t>) . (5)

Here n, and 7, are the interaction constants between
the same species of atoms, respectively, and x is the
interspecies interaction constant. The transition be-
tween different species in the rotating wave approx-
imation with a small detuning is denoted by the
Josephson coupling strength G and the phase ¢ (t) =
At, where A is the detuning between the frequencies
of the laser and transition from the state |A) to the
state |B). We note in particular that H; describes
Josephson-like coupling which interchanges internal
atomic states in a coherent manner. The study of dy-
namics of the system would be greatly simplified by

introducing the Schwinger pseudo-angular-momentum
~ 1 N ~
[SU(2)] operators defined as J, = B <&+b+b+&),
~ ~ A 1 o
J, = — (d+b - b+&> =3 (a+a - b+b> _and the
i
N

Casimir invariant J? =

3+1>,Where N =

ata+ btb is the total boson number operator, a con-
served quantity here. Thus the Hamiltonian can be

written as

.E[ e ﬁo + G (j_*.(?iw(t) + j,efi‘p(t)> (6)

with I:IO = wojz —{—qu and ji = jz :tijy, where wg =
wa—wpt(N = 1) (e — ) /2, and ¢ = (1a + 1) /2—X-
The pseudo-angular-momentum operators J, J_ and
J, satisfy the usual angular momentum communica-
tion relations [J;, ji} = :I:ji, and [j_,_, j_} =2J,.

The simultaneous eigenstates |j, m) of the opera-
tors J2 and J, have eigenvalues j and m, which are
related to the total number of atoms in BECs and the
imbalance number between the mode a and the mode
bby j =N/2and m ={-N/2,—-N/2+1,---,N/2}.
The quantum state |1 (t)) can be expressed as

)= Cm (1) |7m) (7)

m=—j

where C,,, (t) are complex coefficients. The state |j, m)
can be obtained from the vacuum by boson creation

operators, i.e.

Sy — 1 ot J+m (54 j=—m
) = sy (&) () |0>(.)
8

3. Entanglement between the two

modes

In this section we study the entanglement of two-
species BECs in the pseudo-angular-momentum rep-
resentation. In this bipartite system the two species a
and b of atoms are entangled, and thus the entangle-
ment between them is accessible and useful from the
viewpoint of quantum information or communication.
Following the standard measure [15:16] of entanglement
of pure states of bipartite system, the entropy of en-
tanglement is defined as the von Neumann entropy of
the reduced density operator of either of the subsys-
tems E(p) = S (pa) = S (pp). The reduced density
operator of a subsystem is found by tracing out the
other subsystem via the partial trace. The reduced

density operator for subsystem a is determined by
/A)a = Try, (ﬁ) ) (9)

with p = |9 (t)) (¢ (t)| being the density operator of
the whole system, where Tr, is the partial trace over
the subsystem b. The entropy of entanglement is then
given by

E(p)=—Tr(palnpa) ==Y AIn(X),  (10)
k
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where {\;} are the set of eigenvalues of the reduced
density operator pg.
It is interesting to note that the eigenstates of

pseudo-angular-momentum can be decomposed into

l7,m) = IN/2+m),|N/2—m), (11)
with |[N/2+4+m), and |[N/2—m),

states of atom number operators of species a and b,

being the eigen-

respectively. So in the {|j,m)} subspace, the density

operator describing a general state of the system is

given by
6 =) (¥
J
Y CuCrli+m),|i—m),, (i +nl, (i —nl.
m,n=—j

Taking the partial trace with respect to mode b yields

the reduced density operator for mode a,

= Try, (p Z Conl? 15+ ™M) 4 (G +ml
m=—j
We can see that the reduced density operator in
this case is diagonal and the eigenvalues are simply
= \Ci\Z. Thus, the entropy of entanglement be-
tween the two modes of the coupled BECs is given

by

E(p) =~

5 [Cnfln (lewl?). a2

m=—j
which means that the entanglement between the two-
species can be calculated from the coefficients C,,, in
the angular momentum basis. The maximal entangle-
ment is obviously En.x (p) = In (25 + 1).

4. Entanglement dynamics

In practical experiment, the difference between
the scattering lengths for the internal states of same
atoms is very small so that the condition n, ~ n, ~ x
can be satisfied. Therefore g is very small generally.
We study the case of ¢ = 0 for simplicity, which is

exactly solvable.
4.1. The case of ¢ =0

We define a generalized gauge transformation in

terms of the unitary operator [17]
R(t) = exp {)\/2 (j,ei“’(t) - j+e7i‘p(t))} ,  (13)

which has the same form as the generator of SU(2)
coherent states Eq.(A1), where X is the auxiliary pa-

rameter. The time-dependent Schrodinger equation is

covariant under the gauge transformation such that

d ’ 2 /AN
3 ¥ @) =H[$ (),

where

0

= RHR® —iRg R, W/ (1)) = RI4 (1)),

and the state |¢ (t)) is assumed to be the solution of
original Schrodinger equation

d .
@) =Hlp ().

We obtain the Hamiltonian operator

A

H':ajz, a:\/(w0+A)2—|—4G2,

with auxiliary parameter A chosen as

2G
sin A = —w0+ 7 cos A
and
A
cos A = wot .
«a

Thus the exact general solution of the original

Schrodinger equation is
J

(0) = D eme D lim (@), (14)

m=—j

G,m(t)) =R (t)[5,m)

m) being the pseudo-angular-momentum

)
7 m> .

As defined by Berry, the second term in the above

with |7,

eigenstate. Here the total phase is

¢
Em (t) :‘/0 dt’ <j,m

/dt <], ‘R* YH () R (1)

iRt (t') %R ("

equation is the usual dynamical phase while the first
term is the geometric phase, i.e. Berry phase, which,
for one period T, i.e. ¢ (T) — ¢ (0) = 2m, is found to
be

I (1) =m (cos A~ 1) f dp
- <w0 +A

= — 1> 2m. (15)
The Berry phase does not depend on an explicit form
of the function ¢ (t) and is simply m times as large as

a solid angle with the polar angle A, in agreement with
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the result in Ref.[13]. Below we investigate the entan-
glement dynamics with the state |¢ (¢)). The general
solution of Eq.(14) for the initial state |¢ (0)) = |7, m0o)

can be expressed as
[ (8)) =R (t)e " R (0) |j,mo)
J
= Z Crrr (t) |Jv m”> )
ml'=—j
where

J

Cor () = D e ™ e (t) o (t) (16)

with
Cm/ = j _1ym—mo (1 + 7_2)7m T(zm*mofm’)
m’ _m;o( 1) (m — mo)! (m —m/)!
y G+m) |G —mo)l (5 —m')!
(.7 m)' (J+m0)'(]+m/)|a
with
m' < mg,
Copy = ! _ {ym—mo (1 —|—7‘2)_m,7_(2m—m0_m1)
G+m) [(G—mo) (G —m)!
XU—MN¢O+mMU+mma (17)
with
m/ > mg,
and
(14 72) " 7 (2mom’=m”)
=) (m =)
« G+m)! [(G—m) (G —m")!
(G —m)! (]+ml)!(j+m”)|’
with
m! < m,,

nr = 3 (—1)7 =)ot

m=m/'"

(14 72) ™ plamn' =)

(m —m")! (m —m'")!

Gt m) [Gom) =
XU—mﬂ¢0+mmU+mwr(m)
with
m'’ >m'.
Here

B 1—wo/a
T_”—l—i—wo/a' (19)

Then we can obtain the entanglement according
to Eq.(12). To make the physical meaning clearer, we
return to Fock state space with the expression (11)
here. In Fig.1(a) and Fig.1(b), we show the time evo-
lution of entanglement for N = 10 and wg + A = 0
with initial states having no imbalance |5),|5), and
the largest imbalance [10), |0), at ¢ = 0, which corre-
spond to the pseudo-angular-momentum states |5,0)
and |5, 5), respectively. In this case, the Berry phase is
Ym (T) = —2mm. The entropy of entanglement oscil-
lates periodically in both cases because of the Raman
coupling. Also, it is obvious that the period of time
evolution, which is equal to l here, decreases with
the increase of the coupling drive between two species.
Notice the difference between them; there are small
fluctuations near the maximal entanglement when the
initial particle imbalance number is zero, but the time
evolution is smooth when the initial imbalance is the
maximum. The corresponding case for wy + A = 0.01
is displayed in Fig. 2. In this situation two phenomena
that we can observe in Fig.1 can be compared with the
case of wy + A = 0: (i) the evolution period, which is
equal to u here, doubles that in the former case with
a valley appearing at half of the period; (ii) the valley
at half of the period becomes deeper and the bottom
of valley tends to zero finally as the coupling drive G
increases. The atom number dependences of entangle-
ment for wg + A = 0 and wpo + A = 0.01 are plotted
in Fig.3. It is shown that when the atom number in-
creases, the entanglement increases and the valley at

half of the period becomes shallow.
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Fig.1. Time evolution of entanglement for wo + A = ¢ =0 and N = 10. (a) |¥ (0)) = |N/2),|N/2), and
G =0.01 (i), 0.05 (ii), 0.1 (iii), 1 (iv). (b) |¥ (0)) = [N), |0), and G = 0.01 (i), 0.05 (ii), 0.1 (iii), 1 (iv).
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Fig.2. Time evolution of entanglement for wg + A = 0.01, ¢ = 0 and N = 10. (a) |¢ (0)) = |[N/2),|N/2),

and G = 0.01 (i), 0.05 (ii), 0.1 (iii), 1 (iv). (b) | (0)) = [N}, |0}, and G = 0.01 (i), 0.05 (ii), 0.1 (iii), 1 (iv).
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Fig.3. Time evolution of entanglement for wg + A = 0.01, ¢ = 0 and |4 (0)) = |N/2),|N/2),. (a)
G =0.1and N = 10 (i), 30 (ii), 50 (iii), 100 (iv). (b) G =1 and N = 10 (i), 30 (ii), 50 (iii), 100 (iv).

4.2. The case with nonlinear interaction

In the two-component BEC composed of different
hyperfine states of the same atoms, g is very small in
fact so that ¢ < G can be satisfied well. Also, the
condition of wg+ A = 0 is reasonable for a single trap.

By using the unitary transformation as shown in the

above Eq.(13) and the relation

PPN ~ 1 A5 .
RJ3R+ :JZ2 cosZ \ + Z(Jie‘m"(t)

+Jpd_+ J_Jdp + J2e 2¢(M)sin? )

1 PN ~ A .
+ 2 [(JZ.L_ + J4 Z) e“"(t)} cos Asin A
+ % [(jzj_ + J_ jz) efi“’(t)} cos Asin,
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we obtain 1

i = 26T, - 1q 2,
where the terms of jiem“’(t) and J2e~2¢(1) have been
neglected as a reasonable approximation on condition

that ¢ < G. It is easy to obtain the exact general

solution of the original Schrodinger equation as

¥ (1) =R* (1 e TR (0) |5, mo)

J
Y Cor () ]j;m")
i

m/'=

where ¢,y and ¢,,» have the same forms as Eq.(17)
and Eq.(18) respectively. Then the entanglement dy-
namics can be obtained with Eq.(12). For the same
reason as the above, we return to Fock state space. In
Fig.4 we plot the time evolution of entanglement with
N = 10 and |4 (0)) = [10)_]0),. It is interesting to
observe that the entanglement quickly approaches the
maximum and the system remains in the most entan-
gled state. However the evolution of the entanglement
is not very smooth, but has the most pronounced de-

crease occurring with period 7/q. This is indeed the

with case even for different G and N, which is evident also
i in Fig.5. The periodically pronounced decreases be-
. I 12 1
Cor () = Z ol(2Gm/ +3qm )tcm/ Contt (20) ~ come less when there are more atoms in the system.
m/=—j
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= (a) (b)
é 2000 4000 6000 8000 10000 200 400 600 800 1000
\S; L L s L . S L B L R 1_0-"""‘ L B
B [
08§

() ;

0.6

0.4

|
|
|
|
|
0.2
i

()

E ST TR W T NS SRR S TR S (NN SU S S TN SN S T SO TR [ TR T S
0 2000 4000 6000 8000 10000
t

Fig.4. Time evolution of entanglement with nonlinear

0L« v v vy ey e e e e
o] 200 400 600 800 1000
t

interaction. (a) G = 0.1 and g = 0.001, (b) G = 0.1

and ¢ = 0.01, (¢) G =1 and ¢ =0.001, (d) G =1 and ¢ = 0.01 with |4 (0)) = |N)_, |0), and N = 10.
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Fig.5. Time evolution of entanglement for different particle number: (a) N = 10 and (b) N = 50 with

q=0.02, G = 1 with |¢ (0)) = [N}, [0),.
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4.3. Initial pseudo-spin coherent states

Since the two-species BECs are experimentally
created by coupling two hyperfine states with radi-
ation field, it has been shown that the prepared initial
state can be a particular case of the SU(2) coherent
state that describes a state with well-defined relative
phase between the two species. When the initial state
is a general SU(2) coherent state |¢) (0)) = |n), the

state at time t seems to be

. 1/2
S, 25
w@) = Y @]
m!'=—j J +m
1 j—m' 1 j4+m!
X <cos 50) [exp (—ig) sin 50 (21)

(for the definition of SU(2) coherent state see Ap-
pendix). The coefficients C,,~ (t) are given in Eq.(16)
for the case ¢ = 0 and in Eq.(20) for the case ¢ # 0.
The entanglement dynamics is shown in Fig.6 for the

former case with various values of the coupling drive
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0.65
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200 400 600 800 1000

0.80

B(p)/In(N + 1)

0.75

0.70

0.65

0.60

0.55

200 400 600 800 1000

G and angle 8 (for simplicity we set ¢ (t) = ¢ = 0).
It shows the same dynamic behaviour as that for the
initial state |9 (0)) = |N),|0), except for the oscil-
lation amplitude. In fact it is easy to prove that
when the initial state is the maximal imbalance state
IN),10),, |¥(t)) will be an SU(2) coherent state.
When wg + A = 0.01, the evolution period is dou-
bled compared with the case of wg + A = 0. The
valleys appearing at half of the period also become
deeper and the bottoms of them tend to zero with the
increase of coupling drive. The evolution portraits
of entanglement with ¢ # 0 are shown in Fig.7. As
the former, the most important effect of the nonlin-
ear interaction is that the entanglement approaches
the maximum quickly and the most pronounced de-
creases occur with period 7/q. The particle number
dependences of entanglement are shown in Fig.7(c)
and Fig.7(d) for fixed ¢ and G. The periodic pro-
nounced decreases become less when there are more

atoms in the system.
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Fig.6. Time evolution of entanglement for the initial state |1 (0)) = |n), ¢ (t) = ¢ = 0and 0 = 47 /5.
Top: G = 0.01 (left) and G = 0.1 (right) with ¢ = 0, wg + A = 0 and N = 10. Bottom: G = 0.01
(left) and G = 0.1 (right) with ¢ = 0, wg + A = 0.01.



1170 Hao Ya-Jiang et al Vol. 15
1.0 T T T T 1.0 T
I.A.""‘l | \'.M I”‘”‘ g | “1
N T ’] o
. 0.6 - 0.6 b
; . ‘ [ o (=) T )
:i/ §] 2000 4000 6000 8000 10000 O 200 400 600 800 1000
Erg: o Mi 11)( W | 1.0 ! iy |
A, e w M‘ww K W Mt ;,
0.8 ‘ 0.8 ‘ ‘
0.6 - 0.6 b
‘ | (c) ] : ‘ | ‘ (d)
o] 200 400 o] 100 200 300 400 500
t t
Fig.7. Time evolution of entanglement with nonlinear interaction for the initial state |1 (0)) = |n), ¢ (t) =

¢ =0 and 0 = 47/5. (a) ¢ = 0.001 and N = 10, (b) ¢ = 0.01 and N = 10, (c) ¢ = 0.02 and N = 10

(d) ¢ =0.02 and N =50 with G = 1.

5. Summary

We have investigated the entanglement dynam-
ics of BECs consisting of N atoms in two hyperfine
states coupled by a Raman laser with exact solution
of time-dependent Schrédinger equation. Various be-
haviours of the entanglement are shown with different
parameters, as well as the initial states, particularly
when the initial state is an SU(2) coherent state. We
mainly conclude that: (i) in the case of ¢ = 0, the en-
tanglement oscillates with a period depending on the
coupling drive G; (ii) in the case of ¢ # 0, for the evo-
lution in a short period, which is in the order of T
the behaviour of entanglement is similar to that in tﬁ
case of ¢ = 0, but for a longer period in the order of
g, obviously different behaviour appears; (iii) in both

cases, the entanglement increases with the increase of

the atom number.

Appendix A: SU(2) coherent state

The SU(2) coherent state that we used is defined

[14]

where

2(¢) =exp (¢ ¢ ). (A1)

This is called the coherent state in south pole gauge,
as compared with the generation of the coherent state
from the extreme state |j, j) where it is called the state
in the north pole gauge. The coherent state can be ex-

panded in terms of |j,m) as follows:

1/2 )
2j 1\~
J <cos—9>
itm 2

j+m

J

m=—j

1
X {exp (—i¢) sin 50
0 .
with ¢ = Ee_“z’.
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