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In this paper, we present the electromagnetic analysis of a rectangular cavity partially filled with a left-handed

material slab. Our theoretical investigation shows that there exist novel resonant modes in the cavity, and such a cavity

becomes a subwavelength cavity. The eigenvalue equation of the cavity is derived and the resonant frequencies of the

novel modes are calculated by using numerical simulation. We also discuss the stability of the novel resonant modes and

show the best condition under which a useful rectangular cavity of subwavelength dimensions with tolerable stability is

obtained.
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1. Introduction

In 1968, Veselago first studied the wave propa-
gation in a hypothetical material with both a neg-
ative dielectric permittivity € and a negative mag-
netic permeability p.[!! Such materials are usually
termed left-handed materials (LHMs), since the elec-
tric field, the magnetic field, and the wave vector of
an electromagnetic wave propagating in such materials
form a left-handed set. These materials exhibit some
unique properties, which may lead to unconventional
phenomena in guidance, radiation, and scattering of
electromagnetic waves, such as backward wave, neg-
ative refraction,/?! inverse Doppler Effect,l®! and in-
verse Cerenkov radiation. Based on these phenom-
ena a number of applications have been proposed: for
example, Engheta has proposed an idea for a one-
dimensional (1D) subwavelength cavity constructed
by two parallel conducting planes filled with an LHM
slab and a conventional dielectric slab, and has demon-
strated theoretically that in such a 1D cavity a reso-
nant mode can still exist even when the thicknesses of
the two slabs are electrically very thin.[] The stability
and quality factor for the novel resonant mode have
also been analysed, and it is shown that the resonant

condition supporting such mode is unstable and gives

zero resonant frequency in most cases.[’!

In this paper, we extend the analysis to a three-
dimensional case. We theoretically investigate in de-
tail a rectangular cavity partially filled with an LHM
slab. We show that there exist resonant modes with
resonant frequencies much lower than the cut-off fre-
quency of the waveguide with the same cross section.
Therefore the rectangular cavity resonant at these
modes could have dimensions much less than the wave-
length. We also analyse the stability of these resonant
modes and their dependence on the material constitu-
tive parameters and the geometric parameters of the
cavity. Unlike the 1D case, we show that it is possible
to construct a useful subwavelength rectangular cavity
with tolerable stability.

2. Novel resonant modes

As shown in Fig.1, a rectangular cavity is partially
filled with an LHM slab along the z-axis and the rest is
filled with a conventional dielectric medium (denoted
by RHM). The dimensions of the cavity along the z,
y, and z-axes are denoted by a, b, and d, which satisfy
the assumption a > b. The part I, which is filled with
LHM, has a thickness of d; along the z-axis, and the
part II, which is filled with RHM, has a thickness of
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ds. Their permittivity and permeability are denoted
by €; and p; (i = 1,2) respectively. Subscripts 1 and 2
denote the quantities in part I and II, which are filled
with the LHM slab and the conventional medium, re-

spectively.

|

a

|l

dy

Fig.1. A rectangular cavity partially filled with a
LHM slab.

From Maxwell’s equations together with the
boundary conditions for the field components, the cav-
ity’s eigenvalue equations of TE and TM modes can

be derived as follows:[6]

H1 H2

tank, dy = — tank.od; (TE Mode), (1)
z1 22
kzl kz2
tank, dy = — tank,ods (TM Mode), (2)
€1 €1

where kfl =w2eqpu; — kfnn, and kﬁz = wleqpiy — k:f,m,
which are the wave vectors along the z-direction in
the two parts. And here k2, = (mn/a)? + (n7/b)?
(for TE mode, m,n = 0,1,2,..., except m = n = 0;
and for TM mode, m,n = 1,2,3,...). Equation (1) is
very similar to the eigenvalue equation that Engheta
considered in Ref.[4] except for the form of k.

Define w? = k2, /e1p1, and w2 = k2, /eapz, then
the whole frequency range can be divided into three
regions (Region A, B, and C, as shown in Fig.2) by

wi and ws. If we assume e1u; > €32, then we have

w1 < wa.
0 A w1 w2 w
B [ C
N\ >
N\ -
K2, <0 K2, >0 K2 >0
k2, <0 k2, <0 k2, >0

Fig.2. The frequency regions.

In the frequency region A, where 0 < w < wq,

k.1 and k_ o are both imaginary, therefore the tangent

functions in the eigenvalue equation, which include
k.;, are transformed to hyperbolic tangent functions.
If the cavity is filled with two RHM media, which
means €1, 41,2, ho > 0, the values on both sides of
the eigenvalue equation have opposite signs, result-
ing in no solution to the eigenvalue equation. If the
cavity is partially filled with an LHM medium with
€1, 1 < 0, the values on both sides of the eigenvalue
equation have the same sign, therefore the eigenvalues
probably exist. In Region B, where wy < w < wag, k.1
is a real quantity while k.o is an imaginary quantity.
In Region C, where w > ws, both k,; and k.5 are real
quantities, and the tangent functions in the eigenvalue
equation remain unchanged. In the frequency regions
B and C, the equation has solutions in spite of the
sign of €; and py, and only the values of solutions are
different. So the main difference between the cavi-
ties partially filled with an RHM or LHM medium is
embodied within the frequency region A, where the
partially LHM filled cavity has resonant modes, while
the RHM filled cavity has no resonant modes. The
novel resonant modes in the frequency region A could
have resonant frequencies close to zero and their reso-
nant wavelengths could be very large, which may lead
to a subwavelength cavity. The wave vectors along the
z-direction when the novel modes occur are imaginary
quantities, and the field components of the dominant
TE mode (m = 1, n = 0) in Parts I and II can be

written as follows:

Eyl = —J km sin kI$ sinh (_J k21Z) )

7kzﬂ1
W1

H,, =jkycoskzxsinh (—jk,12),

E,» = —jk;Asink,x sinh (=] k.o(d — 2)),

B ka:ﬂZ
W2

H,.y = jk,Acoskzzsinh (—jk.o(d — 2)). (3)

Hzl =

sin kya cosh (—j k.12),

H,y = sin kya cosh (—j k.a(d — 2)),

From the field expressions, these novel resonant
modes should have an evanescent field distribution
along the z-axis on both sides of the interface of the
two media. As examples, Figs.3 and 4 show the cal-
culated electric and magnetic field distributions of the
novel modes in such cavities. For convenience, all the
field components are normalized to their maxima. It
is explicit that the fields concentrate in the vicinity of
the interface of two media and evanesce in the direc-

tion of leaving the interface. It is also shown that the
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normal components of the EM fields on the two sides

of the interface are anti-parallel.

(b) H.

Fig.3. The evanescent field distribution of a TE
mode in a cavity filled with LHM. The size of the cav-
ity is = 1.5 cm, b = 1.5 cm, d = 3.9 cm. The dash line
denotes the interface of the media, and the right part
is LHM.

0 0.2 0.4 0.6 0.8 1.0

Fig.4. The evanescent field distribution of a TM
mode in a cavity filled with LHM. The cavity has the
same size as that in Fig.3 except for the location of
the interface.

If ey < egpio, then wy > ws. The lowest fre-
quency region A will be separated by wy while the
other frequency regions B and C will be separated by
wy instead. Similar analysis shows that the novel res-
onant modes still exist in the frequency region A for a
partially LHM filled cavity. To simplify the analysis,
we assume €11 > eapto throughout the paper.

To perform analytical study on the novel resonant
modes, we first introduce some normalized quantities
for convenience, € = —e&1 /e, i = —p1/p2, @ = do/dy,
B =d/A, A\ = 27/kyy and W' = w/wy. Obviously,
the normalized frequency w’ < 1 is in the frequency re-
gion A. Substituting these normalized quantities into
Egs.(1) and (2), we obtain the following eigenvalue
equations in Region A:

ﬂtanh(m 1-— w’z)

a+1

A

V1 — w'?
2naf

:tanh(ﬁ(a +1) i wm) (TE mode), (4)

72 _ o2
273
tanh( V1-— w’2>
a—+1
eRZ — o2

2naf

:tanh(ﬁ(a +1) "o wm) (TM mode), (5)

V1 — w?

where 1 = /[

Equations (4) and (5) are two transcendental

equations, and the normalized resonant frequencies
can be calculated by using numerical simulation. The
numerical method used to solve the nonlinear equa-
tions in this paper is the Gauss-Newton method.!”8!
Equations (4) and (5) are solved numerically for the
novel resonant modes in the cavity with different ma-
terial parameters of the filling LHM and different geo-
metric sizes of the cavity, which lead to different reso-
nant frequencies. We find that only specified geomet-
ric sizes of the cavity could result in the novel TE or
TM resonant modes for given material parameters é
and .. Two examples are shown in Fig.5. Figures 5(a)
and 5(b) show the regions of different geometric sizes
of the cavity for two specified € and & that support the
novel TE or TM resonant modes. It is also shown in
the figure that TE and TM modes do not occur simul-
taneously for a set of given material parameters and
geometric sizes of the cavity. The value of a deter-
mines which mode will occur. If & > 1, which means
less than half of the cavity is filled by the LHM, TE
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mode could occur; while if & < 1, TM mode may oc-
cur. So by choosing the filling ratio, we can obtain the
TE or TM resonant mode as required.

The occurrence of TE or TM mode is dependent
on the geometric sizes of the cavity as well as the ma-
terial parameters, therefore, as examples, in the fol-
lowing we choose € = 1, ji = 2 for TM mode analysis

and € = 2, i = 1 for TE mode analysis. In these cases

2.0

1.5

0.5

the normalized resonant frequencies in Region A are
calculated and shown in Fig.6. The low resonant fre-
quencies occur in the vicinity of a = 1 for either TE
or TM modes, when the cavity is nearly half filled
by the LHM. For the same filling ratio, the resonant
frequency will increase as the dimension along the z-

direction of the cavity decreasing.

2.0
1.5
<— TE mode - T
1.0
0.5 ]
{b)
0
0 5 10 15 20

«

Fig.5. The regions of « (the filling ratio) and 3 in which the novel resonant mode exists for (a) g = 1, € = 2, and (b)

4 =2, € = 1. The two separate regions belong to TE mode and TM mode. The region on the left is the region of TM

mode. B changes from 0 to 2, and all the following simulations are in this interval of 3.

Fig.6.
with =2 and € = 1.

3. Subwavelength cavity

The above analysis conceptualizes an exciting
possibility of designing a subwavelength rectangular
cavity resonator. Subwavelength resonators can pro-
vide exciting future applications in design and minia-
turization of compact passive devices and components
in the microwave and optoelectronic circuits. For a
rectangular cavity filled with a conventional medium,

the largest resonant wavelength has the same order of

The simulation results of resonant frequency in Region A for (a) TE mode with i = 1 and é = 2, (b) TM mode

magnitude as the dimensions of the cavity. But for
the cavity filled with LHM, the eigenvalue in Region
A is less than w; with no lower limitation. Under cer-
tain conditions, the resonant frequencies could be very
close to zero and the cavity can be electrically small.
When the resonant frequency is low enough, the reso-
nant wavelength will be much larger than the cavity’s
dimensions and the cavity becomes a subwavelength
resonator. It is quite explicit that in some areas of

Fig.6, the cavity becomes a subwavelength cavity. To
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describe this phenomenon, we define a quantity

A 1

= md| T e

(6)

where A is the resonant wavelength in vacuum. We
take IV = 10 as the criterion of a subwavelength cav-
ity in our analysis, which represents that the resonant
wavelength in the LHM medium is 10 times larger

than the cavity’s dimension along the z-axis.
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0.5

2.0

1.5

0.5 -

Fig.7. The resonant frequency of the subwavelength
cavity in Region A for (a) TE mode, (b) TM mode.

All the conditions are the same as those in Fig.6.

We re-calculate the filling ratio and the cor-
responding resonant frequency within the subwave-
length limitation. In Fig.7, the grey colour zone rep-
resents the filling ratios that result in a subwave-
length cavities and the corresponding resonant fre-
quency. Two different types of subwavelength cavi-
ties are observed here, which are different from the
1D case analysed by others.[*~% The first type is the
cavity having a tiny resonant frequency w (denoted by
a and ¢ in Fig.7), which corresponds to the cavity with
a subwavelength dimensions of a, b, and d. The sec-
ond type is a cavity whose resonant frequency is not
very low, but has tiny 3 (denoted by b and d in Fig.7),

which corresponds to the cavity with a subwavelength
dimension of d, or with a subwavelength dimension
along the z-axis. Both types result in subwavelength
cavities which could not exist for rectangular cavities

partially filled with conventional dielectrics.

4. Stability of the subwavelength

cavity

The stability of the resonant mode to any param-
eter perturbation is very important for evaluating a
resonator from a practical point of view. In one di-
mensional LHM filled cavity, it has been shown that
the stability of the resonant condition supporting sub-
wavelength mode depends strongly on the variation of
filling ratio and the material parameters.[?! Therefore,
in the three dimensional case, we have to study the
stability of the subwavelength resonant modes to see
whether or not we could construct a subwavelength
resonator which has a tolerable stability.

Assume that a small perturbation of «, f, or é
results in a shift of the resonant frequency, we denote

the stability of the resonant mode by

dw’
Sav = | 77| >
da
| dw!
sp = a |
dw’
o= |52 g

Obviously, a smaller value of s represents a better
stability. Equations (4) and (5) can be rewritten as
F(w,a,i,€) =0. From Eq.(7), one can easily obtain

_|de’|  |dF/dz]
o lde | |dF/dw!|’
(z represents «, [ or €), (8)

The values of s calculated from Eq.(8) are plot-
ted in Fig.8 for a particular subwavelength rectangu-
lar cavity partially filled with LHM. As shown in Figs.
8(a) and 8(b) and 8(c), for TE mode, the stability is
strongly influenced by the permeability of the filling
medium. The best stable area is located in the vicin-
ity of the point («,3) = (1,0), but the stability with
regard to filling ratio and permittivity becomes bad
in that area. A compromise should be made between
them. Comparing with Fig.7(a), the compactness of
the cavity will be limited by this compromise, which is
similar to the 1D case discussed in Ref.[5]. As shown
in Figs. 8(d), 8(e) and 8(f), for TM mode, the sta-
bility is mainly influenced by the permittivity of the
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filling media. The common stable area in the three
figures is in the vicinity of § = 0 and a = 0 to 0.5.
Under that condition, the cavity has tiny electrical
length along the z-direction. The resonant frequency

is almost determined by w;. Comparing with the TE
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mode, the TM mode has better stability performance
and is more practical. From the above discussion, we

can see that it is possible to construct a subwavelength

cavity with good stability.
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Fig.8. The stability calculated from Eq.(8). All the conditions are the same as those in Fig.6.
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5. Conclusions

We have demonstrated by both theoretical anal-
ysis and numerical simulation that there exist novel
resonant modes in a rectangular cavity partially filled
with LHM which could lead to a subwavelength res-
onator. The field distribution in such a cavity is shown
with an evanescent field distribution on the both sides
of the interface of the media. Our analysis has shown
that the filling ratio o determines whether the cavity is
resonant at a TE or TM mode. The criterion for a sub-

wavelength cavity has been described. Furthermore,

considering the stability of the subwavelength cavity,
we have found that a good stability with regard to all
the parameters and high compactness can be achieved
simultaneously for the TM mode, while the stability
and the compactness will restrict each other for the
TE mode. We can construct a subwavelength rect-
angular cavity having good stability with electrically
small dimension along the z-direction for practical use.
We believe that this kind of cavity can provide excit-
ing future applications in design and miniaturization
of compact devices and components in the microwave

and optoelectronic circuits.
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