Vol 15 No 6, June 2006
1009-1963/2006/15(06)/1143-06

Chinese Physics

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

New exact solitary wave solutions to generalized

mKdV equation and generalized

Zakharov—Kuzentsov equation’

Taogetusang(£A4% & 3%)" and Sirendaoreji (B3 /K %)

College of Mathematical Science, Inner Mongolia Normal University Huhhot 010022, China

(Received 8 December 2005; revised manuscript received 6 February 2006)

In this paper, based on hyperbolic tanh-function method and homogeneous balance method, and auxiliary equa-

tion method, some new exact solitary solutions to the generalized mKdV equation and generalized Zakharov—Kuzentsov

equation are constructed by the method of auxiliary equation with function transformation with aid of symbolic com-

putation system Mathematica. The method is of important significance in seeking new exact solutions to the evolution

equation with arbitrary nonlinear term.
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1. Introduction

In soliton theory, some direct methods are pro-
posed by use of the computer algebraic systems, such
as, hyperbolic tanh-function method, homogeneous
balance method, Jacobian elliptic function expansion
method, auxiliary equation method and so on.[!—11]
In Refs.[12] and [13], some new exact solutions to
the generalized mKdV equation (GmKdV) and gen-
eralized Zakharov—Kuzentsov equation (GZK) are ob-
tained by the use of the trial function method and
projective Riccati equation method. The generalized
mKdV equation contains the classical KAV equation
and mKdV equation in a solitary phenomenon, and
the generalized Zakharov—Kuzentsov equation con-
tains the ZK equation and mZK equation. Hence it is
of important significance in discussing the exact soli-
tary wave solutions to the GmKdV equation and GZK
equation in theory and application. In this paper, an
auxiliary equation and a function transformation are
introduced to obtain the new exact solitary wave so-
lutions to the GmKdV equation and GZK equation

with the help of symbolic computation system Math-

ematica.
2.Exact solitary wave solutions to

generalized mKdV equation

The generalized mKdV equation is expressed as
us + auuy + Bugre = 0, (1)

where «, (3, v are constants.

Substituting

u(z,t) =u(€), &=z+wt,

with constant w to be determined, into Eq.(1), then
integrating once with respect to £ and setting the in-
tegration constant to zero, we obtain the following or-
dinary differential equation:

L)+ Bu(€) = 0. (2)

wu(€) + -

In Eq.(2), we assume u(§) to be in the following
form:

u(§) = ()] (3)
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Substituting Eq.(3) into Eq.(2), we obtain
V(14 )wv?(€) +770v’(§) = B(=1+7°)(v')?
+By(L+7)v(§)v"(§) = 0. (4)

In Eq.(4), we assume v(&) to be in the following form:

v(€) = go + g12(€) + 922°(8), (5)

where z(&) is determined by the following auxiliary

equation:

(0 -

We obtain the following solutions of Eq.(6):

22(§) +b21(€) +az®(§).  (6)

0= (s et b)) 0
20 =257 onayeer ohavap)

0= Qﬂfﬁ%iﬁi 2ﬁ5>1/2? (9)
)= <b2 - ;f(cfe_d::rff/gg)z ) 1/2; (10)

2(€) = 2{2c® sech 24/c&/[b* + 4c(c — a) — 4bcsech 24/ct
+ (b — 4c(a + ¢)) tanh 24/c€]}1/?; (11)

_ /c(—1+ (tanh2y/cf +1 sech 2y/c€)?)\ /2.
9 = (b + 24/ac(tanh 2./c§ + 1 sech 2,/c€) ) (12)

(€)= ( ccsch §4/c€ sech %\/Ef )1/2;
4+/ac cosh y/ct + 2bsinh /c¢

7C+(\/C(Pz—&-Rz)—\/EPcoshQ\ﬁf)z 1/2
) ;o (14)

(13)

R+ P sinh 2/c¢

b— 2y/a(y/c(P2+R?)—+/cP cosh 2/c£)
R+ P sinh 24/c€

_ —csech £,/c¢ /2.
28 = (bcosh V€ + 24/acsinh ﬁf) ’

) = (

(15)
|

where a > 0, ¢ < 0, R?

7w + 9w+ ago)gs =0,

Y[eB(1 +~) +~(2(1 +

Ve(—P2+R?) +\/_Psmh2\/_$)

R+ P cosh 2/c¢

va(4/c(—P2+R2)+/cP sinh 2,/c€)

R+ P cosh 2/c¢
ccosh 24/c€ 2
2(6) = (c(_H o oviesr ) ))1/2- (17)
=
csinh 2 i
e(~1+ (s berys) )\ /2
A= (e ) ¢ 1

2(§)=

( —c+( >1/2; (16)

2c+/a sinh 2 /c€
y/ccosh 2y/c€++/c

where @ > 0,¢ > 0, R?2 — P2 > 0, R, and P are arbi-
trary constants and R # 0, P # 0.

() = (ol )" (19
cesc2y/—c 1/2
49 = (503 \/__“_tfﬁf) ; (20)

£)= —c(1 4 (tan 2y/—c€ £ sec2y/—cf)?) \ 1/2 51
2 )_<b—2\/—ac(tan2\/—_c£isec2\/—_c§))  (21)
_ cesc 2y/—c€secty/—ct /2

z(§) = (-4,/—(100205 \/—_5—22bsin \/—_f) > (22)
(im \/TCPCOSZ\/jcf)

R+ P sin 2y/—c€

b— 2ﬁ(im V/—cP cos2y/—cf)
R+Psin2y/—c¢
1/2
) ; (24)

csecy/—ck
—bcos v/—c€ + 24/—acsin/—c&
++/c(—P2+R2H/—cPsin2v/—cf \ o

Z( ): ( R+P cos 2¢/—cé ) )

b— 2v/a(E4/c(—P2+R2)++/—cP sin 2y/—cf)
R+P cos2v/—ct

) i23)

1/2
;(25)

ccos 2y/—cé 2
z(€) = <C(—1 + (\/jcsinZ\/jC&‘i\/fc) )>1/2. (26)
b— 2¢+/a cos 2v/—cé )
V—csin2y/—cft+/—c
csin 2/ —c¢ 2
e(—1+ (\/:cosQ\/jcgir) )> /2 27)
b+ 2cy/asin2y/—cé 3
v/ —ccos2y/—cEEy/—c

(&) = (

— P2 >0, R, and P are arbitrary constants and R # 0, P # 0.
Substituting Eqgs.(5) with Eq.(6) into Eq.(4) and setting the coefficients of 27(¢) (j =0,1,2,- -

we obtain the following nonlinear algebraic equations:

,8) to zero,

v)w + 3ago)]g190 = 0,

eB(1+7) (97 + 4v9092) + ¥*[3290(9F + 9092) (1 + v)w (g5 + 6g0g2)] = O,
9126Bv(1 4+ 7)go + (1 + 7)(cB(4+7) + 27°w)g2 + av* (g5 + gog2)] = 0,

bB(1 + (1 +7)g% + 67v9092] + g2[(1 +7)(4cB + v2w) g2 + 3av* (g3
7)? + 3ay%g2)] = 0,

g1[3aBy(1 + ¥)go + g2(4b3(1 +

+ gog2)] = 0,

93[26B(2 + 37 + 7°) + av’g2] + aB(1 + )[(1 + 27)g7 + 8v9092] = 0,

aB(l+7)%g3 =0,

aB(4 + 117+ 77%)g1g2 = 0.
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Solving this set of equations with the aid of Mathematica, we obtain the solutions as follows:

2
Yiw 2b6A
a ) c 4ﬂ7 9o g1 ) 92 a'72 3 ( )
dw 3b03
0=0, c=-" @=0=0, g=-7" 7 ; (29)
6¢ 6b
a=0, go=-— /67 91=0, g2=-— ﬂ) WZZC/B) =2 (30)
6% (0%
8¢ 12b
(1:0, go = — aﬂa 91:07 g2 = — aﬁa w:4cﬂa 'Y:l, (31)

where A =2 4+ 3y +~2.

Substituting Eq.(28) with Eqgs.(7)—(27), respectively, into Egs.(5) and (3), we obtain the new exact solitary

wave solutions of Eq.(1) as follows:

rwA 1/~ —2bwA  cosh K¢ + sinh K. 1/
(@) = .E[_l + (coth K&+ CSCth)z]} ; uz(®,1) = [ a (b+ coshfcg + sinhk§)2] ;
1/ _ 1/
uz(z,t) = bAw } 7; ug(z,t) = [ wA sech2K§} W;
La(—b + Vb2 cosh K¢) 20
(2,1) r —4bBy% Aw? sech K¢ }1/7
us(z,t) = .
A La[2 + 4bB~2%w sech K& + (4b%232 — vy4w?) tanh K¢| ’
1/ 1/
ug(z,t) = {%[—1 + (tanh K¢ +1 sechKf)z]} 7; ur(z,t) = {g sinh2iK§csch2%Kf 7;
s, ) = [—ﬂA {'ﬂ_w n (K\/P2 +R?% — PKcoshKf)zﬂl/W'
8\ 20921 B R+ Psinh K¢ '
o (2, 1) = {—ﬂA [72_w N KvP2 - R? +PKSinhK£>2H1M'
o 2072 L R+ Pcosh K¢ '
wA 7w cosh K¢ 2111/
P bl IR A e S .
uyo(,t) [ a[ 3 (KsinhKfiiK) H ;
[wA ~v2w sinh K¢ 291/
(@) = [20( 7177<KcoshKfiK> ” ’
[wA L1 gt o [wA o1t
wnlet) = [ sec? B et = [ el me]
_ 1/ — 1/
uyg(z,t) = {LA[I + (tan E¢ £ secEf)Z]} 7; uis(z,t) = [ wA sec2lE§csc2lE5 7;
2c 8a 4 4
—BA 17y%w +EvP2 — R?2 — PE cos E£\27711/7
ot [F2A[E + (SELP TP Bty
2042 L (8 R+ Psin E¢
—BA 7w +EvP? — R2 + PEsin E£\ 2111/
win(a,t) = [525[ 22+ ( )1
2042 L R+ Pcos E¢
_[wA ~2w cos E¢ 211/
ws(2,t) = [_a[_l N T<EsinE§iE) H ’
_ [wA ~v2w sin B¢ 2911/ _rwA L1 1/
urs(@,t) = [% [71 B T(ECOSES:I:E) H ' uzo(,t) = [ 2 ¢ 5E§ ’

where K = \/—y2w/3 >0, E = \/7y?w/B > 0, Q = 40?8 + y*w?, £ = z + wt.

3.

Exact solitary wave solutions to the generalized Zakharov—

Kuzentsov equation

The equation is expressed as
ug + PuPuy + Stgpy + SUgyy = 0. (32)
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Making transformation u(z,y,t) = u(§), £ = ¢ + ky + wt in Eq.(32), with constants k£ and w to be determined,
and integrating once with respect to £ and setting the integration constant to zero, we obtain the following

ordinary differential equation:

B

S () + (8 -+ sk () =0, (33)

wu(§) +
In Eq.(33), we assume u(&) to be in the following form:
u(€) = [o(&)]V7. (34)
Substituting Eq.(34) into Eq.(33), we obtain the following equation:
P*(1+2p)wv?(€) +p* o’ (§) — (=1 = p +2°)(8 + sk*)[' ()] + p(1 + 2p) (sk* + 6)v(§)v"(§) =0, (35)
In Eq.(35), we assume v(€) to be in the following form:

v(€) = go + q12(€) + 922°(€), (36)

where z(§) is determined by the auxiliary equation(6).
Substituting Eq.(36) with Eq.(6) into Eq.(35) and setting the coefficients of 27(¢) ( = 0,1,2,---,8) to zero,

we obtain the following nonlinear algebraic equations:
P9 (w+2pw+ Bg) =0,  pgole(l + 2p)(sk® + ) + 2p(w + 2pw + 28g3)]g1 = O,
c(1+42p)(sk® + 8) (g1 + 4pgogs) + P*[(1 + 2p)w (g + 29092) + 2695 (3¢ + 29092)] = 0,
g1|2bp(1 + 2p)(sk® + 8)go + 4c(sk® + 8)ga + 9cp(sk? + 8) gz + 4p°wgs
+ 2p*[(csk® + ¢ + w) gz + 2Bg0 (g7 + 39092)]} =0,
dc(sk? + 8)g3 + 8cp(sk? + 8)g3 + 2p°wgs + b(1 + 2p)(sk® + 6)[(1 4 p)gi + 6pgogs]
+p*lwgs + Bgt + 12909792 + 69393)] = 0,
g1|3ap(1 + 2p)(sk?® + 8)go + 4g2[b(1 + 3p + 2p*)(sk? + &) + p*B(g} + 3g0g2)]| = 0,
a(l + 2p)(sk? + 8)[(1 + 2p)gi + 8pgogz] + 293(b(2 + 5p + 2p°)(sk? + 8) + p*B(347 + 290g2)] = 0,

g192[a(4 + 15p + 14p®)(sk® + &) + 4p°Bg3] =0,  g3[da(1 + 3p + 2p®)(sk® + §) + p*Bg3] = 0.

Solving this set of equations with the aid of Mathematica, we obtain the solutions as follows:

“:M%ZM)’ a:_4(1+3pi2§792§)(8k2+5)’ PO mmam .
w:_z:(.sk;72+5)7 a=0, b:_(1+3pf22§2g)%(sk2+5)7 9o = g2 = 0; (38)
w:%gg, c:_(j(slf?igi-@’ a:—%, bz—%, g1=0, p=1; (39)
wz%‘qg, 02—75(35293_5), az—#ﬂgﬁ_é), bz—%, 1=0, p=2. (40)

Substituting Eqgs.(37), (38) with Eqs.(7)—(18), respectively, into Eqgs.(36) and (34), we gain the exact solitary
solutions to Eq.(32) in the following form (the exact solutions in Eqgs.(19)—(27) are not given):

Vve[—1+ (coth 24y/c&; £ csch 2\/551)2])1/19.

+ —
Uz (2,9:1) = ( H(coth 24/c€1 £+ csch 24/c&q) 7
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u22 z,y,1t
u23 z,y,t
u24 z,y,t
U25 z,y,t
’LL27 aya
’LL29 x y7
ugo z,y,t
“31 r,y,t
U33 >y7

where

where
where

where

1

( =14 (coth2y/c€s + csch2y/cs)? ])_,
4cgs( cosh 24/c€1 + sinh 24/c€q) p
(c 2H? — (cosh 24/c€1 + sinh 24/c&;)? ) ’

2% c( cosh 24/c€5 + sinh 24/c€3) 1/211/p
(7 2H2 + cosh 24/c€s + sinh 24/c€3)? ) } '

24/csech 2\/_51}1/17 2csech 24/céo }ﬁ
—H2(1 + sech 24/c3)] 7

8cAgs sech 2+/cty

) U26(I,y,t) = |:

;o ugs(w,y,t) = [

=
)= [2
[ Vcsech fgz]l/p
=

291

4c¢? + H4g} — H?cg? sech 24/cés + (—4c? + H4g}) tanh 2./cés

4cA + p?Bg3 — (4cA — p?Bg) tanh 2,/c&;
2¢? sech 24/c&o )1/2] /e

}1/17.

b

_ (V/c[-14 (tanh 2y/c€; +1 csch24/c&y)?]\ VP
n ( H(tanh 24/c€; +1 csch 24/c&;) ) k
:<c —14( tanh2\f§;ilcsch2\[f2)]>$; u32(m,y,t):< oH
ccsch \/_fg sech \/_52 1/p (R + Psinh24/c&y)
= < ) ;o usg(w,y,t) = (
H(\/c(P? + R?) — Py/ccosh2,/c&;)
" (v c(P? + R?) — Py/ccosh 2y/c&p)?
(&) = (R + P sinh 2,/c&; )2 '
(1 (v/e(P? + R?) — Py/ccosh2\/c&3)?\ 1/2\ 1/p.
uss(x,y,t)—<ﬁ<—c+ (R + Psinh 2,/c6,)? ) ) ;
B (R+ Pcosh2y/c&) /p
welw )= (g J_?ﬂﬁF+Pﬁmm%Qg(O>’
o (v/e(—P? + R?) + Py/csinh 2,/c&;)?

(&) = (R+ P cosh24/c&;)? )

! (v/e(—P? + R?) 4+ Py/csinh 2y/c€3)?\ 1/2\ 1/p
ugr(2,9,8) = (7 (= e+ R+ D oot oS ) )
(o t) = ([\/Esinh 24/c&; j;; \/c| sech 2+/c&; T(§1)>1/p;

T(E) = -1+ 4¢ cosh ?2,/c&;
v (24/csinh 24/c&; + 2i4/c)?

i (¢ 4¢ cosh ?24/cé, 1/2\1/p.
wihewt) = (g7 1+ (2/csinh 2v/cts + 21 v/0) 7))
k(1) = ([\/Ecosh 2\/551[:5\/5] csch 24/cé; F(ﬁl))l/p;

re) = 4¢sinh ?24/céy

(2\/Ecosh2\/_§1 +2,/c)2"

. (e 4csinh22\/552 1/2 l/p.
u41(:v,y,t) - (H { 1+ (2\/Ecosh 2\/562 + 2\/5)2} ) ’

Voo VAR e VEN T () = (YD)

U42($,y,t) = ( H

B

\/(_:csch%fl sech 451 sech v/c&; ) p

ve)”,
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where

—p*B\1/2
H = ( ) y pzﬁA <0, ¢>0, A= (1+3p+2p2)(sk2—|—5),

A

23 1/2 4e(sk? + 6 k% + 4§
B:(p_ﬁ) >0, 51:x+ky—¥t, 52:1-4_;@_6(3—2),5’

A P P

g1, and go are arbitrary constants and g; # 0, g # 0.

4. Conclusion and discussion

In this paper, we propose a method of auxil-
iary equation with function transformation, and ob-
tain the new exact solitary solutions to the gener-
alized mKdV generalized Zakharov—Kuzentsov equa-
tion, u(z,t)-us(z,t), us(z,t)— ugo(z,t), ui (z,y,t)-
uga(z,y,t), use(z,y,t), uss(z,y,t)-us(z,y,t). We
also gain the exact solitary wave solutions to the cor-
responding equation where v =1, vy = 2, v = —4 and
p = 1, p = 2, but these solutions are not discussed
here. The approach given in this paper is applicable

in seeking new exact solitary wave solutions to the

two-dimensional extended Klein-Gordon equation/*4

Ut — k‘(umm +uyy) +O[u+ﬂ | u |2p u

+yu|*u=0, (p>0),

and the Symmetric regularized long-wave equation!*!

Ugat — U = (b1p+ bouPtt + b3u2p+1)z7

b; = constant, p >0, (i=1,2,3),

pt +ugz =0;

and some evolution equations. The above equations

are with arbitrary nonlinear terms.
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