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The stability of second-order differential equations is studied by using their integrals. A system of second-order

differential equations can be considered as a mechanical system with holonomic constraints. A conserved quantity of

the mechanical system or a part of the system is obtained by using the Noether theory. It is possible that the conserved

quantity becomes a Liapunov function and the stability of the system is proved by the Liapunov theorem.
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1. Introduction

The Liapunov stability of differential equations
can be studied by wusing the Liapunov’s direct
method.[! 73] “The essential difficulty in utilizing Li-
apunov’s direct method is that of constructing a Lia-
punov function. Sometimes, it is possible to find first
integrals which are not in themselves definite in sign,
but which can be combined so as to give a Liapunov
function. Such a case is quoted by Malkin and is
due to Chetaev. It concerns the stability of motion
of a spinning projectile.’l*! This paper is devoted to
the study of the stability of second-order differential
equations by using the integrals of a mechanical sys-
tem. A system of second-order differential equations
is expressed as a holonomic mechanical system. The
first integrals of the mechanical system are deduced
by using the Noether theory. If a first integral or a
combination of a few integrals can be regarded as a
Liapunov function, the stability will be determined
by the Liapunov theorem. If there is no integral in
the system or it is difficult to find one, we will discuss
a part of the system that may possess the integrals,
and then a Liapunov function will be constructed by

these integrals.

2.Fundamental theory

A system of second-order differential equations is

qs:fs(qaiI) (S:]_,...,’I’L). (1)

Supposing that there exists an isolated equilibrium
position ¢s = ¢° = const. (s = 1,...,n) in the system,

we have

fs(g°,0)=0, (s=1,...,n). (2)

In order to study the stability of the equilibrium posi-
tion, we express the system (1) as a holonomic me-
chanical system where Lagrangian and generalized

forces are, respectively,

1. .
L= 5%% + U(q)a

and

oU
9qs’

According to the Noether theory, the Noether
identity of the system (3) has the form[®~7]

Qs:fs_

(s=1,...,n). (3)

LéO + q.s(és - QSSO)
oU .
+ %65 + Qs(gs - q.s§0) + GN =0. (4)

If we find the infinitesimal generators &, = (¢, q, q),

& = &(t,q,q) and the gauge function Gn =
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Gn(t, q, q) satisfying the relation (4), we shall obtain

the Noether conserved quantity
In = L& + ¢s(& — ds€0) + Gn = const.  (5)

which is a first integral of the system (1). If one in-
tegral (5) or a combination of a few integrals (5) can
become a Liapunov function V', using the Liapunov
theorem, we can identify the stability of the equilib-
rium position.

If it is difficult to find any integral of the system
(1), the relation (1) will be written in the form

Gs :gs(‘LiI)‘i'hs(QaQ)a (321,...,71,), (6)

so that the auxiliary system

ds:gs(qaq) (S:].,...,’I’L) (7)

possesses integrals. We choose one integral or a com-
bination of a few integrals of the system (7) as a Lia-
punov function V and differentiate it with respect to

Sub-
sequently, the stability will be identified by using the

time t along the trajectory of the system (6).

Liapunov theorem.
3. Application

We give two examples in order to illustrate the
above result.
Example 1 Differential equations are

Gi = —q1 — 24541,

and

G2 = —q2 — 305 — 241 do- (8)
We study the stability of the equilibrium position
a0 = g5 = 0. (9)

We express Eq.(8) as a holonomic mechanical sys-
tem whose Lagrangian and generalized forces respec-

tively are
L_E 2 4 g2 71 2 2y _ 3
=5la + @)~ Sl + @) a6

Q1 =-2¢5¢1, and Q2= —2¢}qs. (10)
The Noether identity (4) gives
Léo + d1(€1 — diéo) + da (€2 — dobo)
— q1&1 — g2€o — 34362
+Q1(€1 — dio) + Qa2(&2 — dobo) + Gn = 0. (11)

It is very difficult to find the generators &, &1, & and
the gauge function Gy satisfying the relation (11). As-

suime
Q1=Q2=0, (12)

then the auxiliary system (7) will become

G1=—qi, and o= —go — 3g3. (13)

In this case, we can find the solution of the relation

(11) as

fo=-1, & =&=0, Gn=0. (14)

The conserved quantity (5) gives
1. . 1
In = 5(d7 +d3) + 5(a1 + @3) + g5 = const.  (15)
We choose it as a Liapunov function
1. . 1
V=In=3(@+é)+ 5@ +a)+a,  (16)

which is a positive definite function in the neighbour-
Differentiating V'
with respect to time ¢ along the trajectory of Eq.(8),

hood of the equilibrium position.

we have
Vi) = —241d5 — 2¢3¢; < 0. (17)

According to the Liapunov theorem, the equilibrium
position (9) is stable.
Example 2 Study the stability of the equilib-

rium position ¢° = 0 of the system
2t + 2)i + 2 = —q. (18)
Equation (18) can be rewritten in the form
q+4q q

(j+2(t+2):_2(t+2)’ (19)

and its auxiliary system chosen as

. qg+gq
ATd 20
1" 5012 (20)

is a holonomic mechanical system with a Lagrangian

and a generalized force expressed respectively by

1. q+4q
L = — 2 d = . 21
0 and Q=5 1)
The Noether identity of the system (20) is

Léy +4€ — déo) — 5556~ d6o) + G =0, (22

which has a solution as

f0=0, E=2(t+2)d, Gn= 3¢~ (t+2) (23)
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and the Noether conserved quantity (5) gives
2, 1,
IN = (t + 2)(] + 5(] . (24)

Let the relation (24) be a Liapunov function, i.e.

V = Iy, and we have
V]as) =—¢* <o0. (25)

By the Liapunov theorem, we know that the equilib-

rium position is stable.

4. Conclusions

The relation between the integrals and the stabil-
ity of second-order differential equations is discussed
in this paper. Two given examples show how the
stability of the equilibrium position for a system of
second-order differential equations is identified by us-
ing the first integrals of the holonomic mechanical sys-
tem deduced from the differential equations, which is
a useful method. The f;(q, q) in Eq.(1) is not directly
related to time t, it is easy to find an isolated equilib-
rium position. Example 2 indicates that the method
can be applied to a special case while a useful Lia-

punov function exists.
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