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The polar interface optical (IO) and surface optical (SO) phonon modes and the corresponding Frohlich electron—

phonon—interaction Hamiltonian in a freestanding multi-layer wurtzite cylindrical quantum wire (QWR) are derived

and studied by employing the transfer matrix method in the dielectric continuum approximation and Loudon’s uniaxial

crystal model. A numerical calculation of a freestanding wurtzite GaN/AIN QWR is performed. The results reveal that

for a relatively large azimuthal quantum number m or wave-number k. in the free z-direction, there exist two branches

of IO phonon modes localized at the interface, and only one branch of SO mode localized at the surface in the system.

The degenerating behaviours of the IO and SO phonon modes in the wurtzite QWR have also been clearly observed for

a small k&, or m. The limiting frequency properties of the IO and SO modes for large k., and m have been explained

reasonably from the mathematical and physical viewpoints. The calculations of electron—phonon coupling functions

show that the high-frequency IO phonon branch and SO mode play a more important role in the electron—phonon

interaction.

Keywords: interface and surface optical phonons, multi-layer cylindrical heterostructures, wurtzite quantum wires

PACC: 7865K, 7138, 6320K

1. Introduction

The lattice dynamic properties of polar semicon-
ductor heterostructures, such as planar quantum wells
(QWs), cylindrical quantum wires (QWRs) and spher-
ical quantum dots (QDs) et al, have been extensively
studied both experimentally and theoretically.[1—34
This is mainly due to the fact that at room and higher
temperatures, the scattering of electrons by optical
phonons plays a dominant role in determining various
electronic properties; and the electron—phonon inter-
actions and scattering also govern a number of im-
portant properties of quantum heterostructures, in-
cluding hot-electron relaxation rates, interband tran-
sition rates, and room-temperature exciton lifetimes,
etc. With the great progress of crystal-growing
technology, such as hydride vapour phase epitaxy
(HVPE), molecular-beam epitaxy (MBE) and metal-
organic chemical vapour deposition (MOCVD), not

only the planar wurtzite heterostructures, but also the

curved wurtzite heterostructures have been synthe-
sized successfully.18~21 Thus the investigations of the
optical phonons have been extended from the cubic
QW and QWR systems, !~ and planar wurtzite QW
systems(?2~26 to the quasi-one-dimensional (Q1D)
wurtzite QWR systems.[16-21,27]

The Q1D structures of wurtzite nitride QWR
with wide band-gaps covering from ultraviolet to red
are ideal electronic bound systems for the fundamen-
tal study of their physical properties and also for the
fabrication of new optoelectronic nanodevices.[16—21]
For example, the self-organized ZnO and GaN QWR
ultraviolet lasers have revealed a narrow emission
linewidth and relatively low threshold.[*6—19 The Ra-
man scattering spectra of wurtzite QWRs([2%:29] have
also shown more complicated phonon vibration prop-
erties than those of zinc-blende QWs or QWRs. Both
the theoretical and the experimental work reveal that
the phonon modes and electron—phonon interactions

in the wurtzite heterostructures are obviously differ-
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ent from those in cubic lattice QW systems due to
the anisotropy of wurtzite crystal.[22-26] On the other
hand, because of the reduction in the dimensionality
and the anisotropy of wurtzite structure, the proper-
ties of optical phonon modes in Q1D wurtzite QWRs
have more distinct phonon branches.22-27 Up to now,
the polar phonon vibration properties of these Q1D
wurtzite QWR have not been understood sufficiently.
The main aim of the present work is to solve one
type of important polar oscillating mode, i.e. the in-
terface optical (I0) and surface optical (SO) phonon
modes, in a freestanding wurtzite multi-layer cylindri-
cal QWR system.2”]

In the previous studies of the polar optical-
phonons in wurtzite planar heterostructures, the di-
electric continuum (DC) model and Loudon’s uniaxial
crystal model have been widely adopted.[22-26] More-
over, the experimental results of angular dispersion
of polar phonons and Raman scattering in wurtzite
planar heterostructures have been proven to be in
good agreement with the calculations based on the
DC model and Loudon’s uniaxial crystal model.[*"]
Therefore, we study the IO phonon modes in a multi-
layer wurtzite QWR model within the framework of
the DC model and Loudon’s uniaxial crystal model in
the present paper.

In order to more explicitly and conveniently un-
derstand the significance of the present work, it is nec-
essary to briefly discuss the differences and the rela-
tionship between Ref.[27] and this work. The differ-
ences and relationship can be summarized into the
four points as follows. (i) The physical model investi-
gated in Ref.[27] is obviously different from that in the
present work. In Ref.[27], a wurtzite GaN nanowire
placed in the AIN dielectric matrix has been stud-
ied. Thus there was only one GaN/AIN cylindrical
hetero-interface in that nanowire system, and the infi-
nite polar dielectric surrounding was assumed for sim-
plicity. In the present paper, a wurtzite coaxial cylin-
drical QWR model with n-layer polar materials is in-
vestigated. It is obvious that there are (n-1) hetero-
interfaces (or -surfaces) in the present QWR system.
Furthermore, compared with the case of Ref.[27], a
very practical nonpolar dielectric matrix, i.e. vac-
uum environment, is adopted in the present investi-
gation. (ii) The methods to study the IO (and SO)
phonon modes in the two papers are also different.
The common algebraic method was used for the inves-
tigation of IO modes in the nanowire in Ref.[27], while

the transfer matrix method is employed to deal with

the IO and SO modes in a multi-layer wurtzite cylin-
drical heterostructure system for convenience in the
present research. Thus the present theoretical scheme
seems more concise and explicit. (iii) The results ob-
tained in Ref.[27] are apparently distinct from those
presented in this work. For example, there exist not
only the IO phonon modes, but also the SO phonon
modes in the present paper, but only the IO phonon
modes are observed in Ref.[27]. Moreover, the de-
generating behaviours of IO and SO modes are more
prominent in the wurtzite QWRs in vacuum than in
wurtzite nanowire.?”] These features and differences
in the two papers are mainly due to their using dif-
ferent physical models. (iv) Based on the above anal-
ysis, the present theoretical work can be looked on
as a generalization of the previous studies regarding
the IO phonon modes in Q1D wurtzite QWRs with a
certain layer-number. Furthermore, the present theo-
retical scheme and results can be directly applied to
many important but complicated Q1D wurtzite multi-
layer QWR systems, such as standard single cylindri-
cal heterostructures,>” and inhomogeneous coupling
QWRs composed of the group IIT nitrides.

The rest of this paper is organized as follows. The
IO (SO) phonon dispersion relations and the Frohlich
electron-IO (-SO) phonon interaction Hamiltonian in
a freestanding n-layer cylindrical wurtzite QWR. are
deduced in Section 2. The numerical results for the
dispersion relation and the electron—phonon coupling
functions in a chosen GaN/AIN QWR are presented
and discussed in Section 3. Finally, the main results
and the significance of the theory described in the

present work are summarized in Section 4.

2. Theory

Let us consider a freestanding multi-layer cylin-
drical wurtzite QWR model with a radius R;. We
take the z-axis along the direction of the c-axis of the
wurtzite material. And the radial and axial directions
are denoted by t and z, respectively. Considering the
case of free vibrations (the charge density p = 0) in the
media and using the Maxwell equations, we have the
relationship including the electric displacement vector
D, which is given by[24—27]

V. D =—V?e(w)d(r)]
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where e(w) is the dielectric function tensor, and &(r)
is the electrostatic potential of polar optical phonons.
In order to solve the equation conveniently, we define a
function v;(w) = sign[e.i(w)e(w)]y/22:(w)/en(w) as
given in Ref.[27]. Based on the discussion in Refs.[22—
24], we know that, when 7;(w) < 0 the phonon modes
correspond to the vibrate waves. On the contrary,
when ~;(w) > 0, they correspond to the decaying
waves. In terms of the properties of IO phonon modes,
we know that ~;(w) should be positive values in all
the media of the QWR systems. Thus the frequen-
cies of IO phonon modes in the freestanding wurtzite
GaN/AIN multi-layer QWRs must fall into the three
ranges:[?" wyry ~ w1, Wit ~ wWore and Wiy ~ warg

(the subscripts ¢ = 1,2 refer to the GaN and AIN

materials, respectively).
For the IO phonons in a freestanding n-layer
wurtzite QWR, the solution of Eq.(1), i.e. the elec-

trostatic potential of IO modes can be written as

o(r) = Y e {[Ailn(vikzp)

i=1 m,k.

+ Bi K (vik=p)|0(p — Ri—1)0(R; — p)}.(2)

In Eq.(2), 6(z) is the step function, and K,,(z) and
I,,,(z) are the modified Bessel function of the first kind
and the modified Bessel function of the second kind,
respectively. The continuity of the phonon potential
functions and their normal components of electric dis-

placement to interfaces p = R; (i = 1,2,3...,n — 1)

imply
|
m,k. m,k
dsi (T)|P:Ri = ¢i+1 (T)|P=Ri )
agp;n,kz(r) 8@::_’52(7‘) y 1= 1,2, LN (3)
ti— 5 =Etit1 (5
9p p=R; 9p p=R;
We define the 2 x 2 matrices
I (vik-R; Ky (vik-R;
o [ Ok (rik-R) 0
euil), (Vik:Ri)|p=r, 4K, (Vik:Ri)|p=R,
prr [ k) (ik.R) 5
etit1 Ly, (Vik:Ri)|p=r;  €ti+1 K5, (VikzRi)|p=r,
|
and the vectors Moreover, we notice that A,, = B; =0 in Eq.(2). By
A using this condition and Eq.(10), the following rela-
C; = ‘ , (6) tion is obtained:
B;

then Egs.(3) can be expressed by
MiCi :Mgci+17 (Z: 1727"')”_1)' (7)

By solving the inverse matrix, it is easy to derive the

relation
n—1
Ci=|][D;|Cn. (8)
j=i
where
D;=M;' M';. (9)

In particular, when ¢ = 1, by using Eq.(8), one can

obtain

n—1
¢, =|][D;|Cn. (10)
j=1

n—1
j=1

2,2

which just gives the dispersion relation of the IO (or
SO) phonon modes in the multi-layer cylindrical het-
erostructures. The coupling coefficients in the electro-
static potential function (2) can be expressed by B,,

and they are given by

n—1

A; = |[[ Di| Bn=giBn, (12)
L=t 1,2
L

B;= |[[Dj| Bn=hiBs, (13)
L=t 2,2
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Using Egs.(12) and (13), the phonon potential function (2) can be further rewritten as

=3 Buee*  {[gi I (vik=p) + hi Ko (ik=p)]0(p — Ri 1)0(R; — p)} - (14)

=1 mk,

The polarization fields for the IO and SO phonon modes of the system are given by

n

os0 1—¢ B,
mk. o Vo(r)mk. = = 2 (1 =€)V, + (1 — €4;)0:]
x {e™e*=*[g; L (vikzp) + hil o (Yik=p)]0(p — Ri—1)0(Ri — p)} - (15)
It is easy to have the orthogonal relationship for the polarization vector of IO (SO) phonons PIO SO, ie.

B,|? —
/ P20 - POCdr ‘167T|2 [(1 — £25)*Inz(i, m, k) + 72 (1 — e45)?Int (i, 1m0, k)| Smoms Opr e, (16)
=1

where

R;

Inz(i,m, k.) =2/ pdplg? 12, (vik.p) + hiKZ,(vik.p) + 2gihilm (vik. p) Ko (Vik-p)] (17)
R;

R;
tt(i, o) = [ pAp{a?TE (k) + T k)] + R 3 (k) + K (3]
+ 29ihi L1 (Yikzp) K1 (Yikzp) — Im—1(Vikzp) Kim—1(vik=p)]} - (18)

By using the orthogonal relation and following the steps similar to those in Refs.[8-10], it is easy to obtain the
free IO and SO phonon field as

HIO,SO = Z fiw |:bjn(kz)bm(kz) + 7:| ) (19)

where bf (k.) and b,,(k.) are creation and annihilation boson operators for IO and SO phonons of the (m, k. )th
mode. The Frohlich Hamiltonian describing the interaction between an electron and the IO (SO) phonons is
given by

He 1050 = Z 00 (p)[e™ e et by (k.) + Hee ], (20)
where F;?kso(p) is the coupling function, which describes the coupling strength of a single electron at the
position p with the (m,k.)-th IO (SO) mode, and is defined as

II%50(p) = Ny x 3 €962 (g 1 (yikop) + hiKm (vik=p)|0(p — Ri—1)0(R; — p) (21)
i=1
with
| 2hwe? [ _ ) o ) ~1
‘Nkl,k2| = /@L{Zl [E.ilnz(i,m, k. ) +; 6ti:[nt(zvmvkz)]} . (22)

In Eq.(22), &,; is an effective dielectric function of the ith-layer material, which is defined as

. 1 1 -t .
Eui = — , u=t,z;1=1,2,...,n. (23)
€ti — €ti0 €ti — €tioco

3. Numerical results and discussion

In this section, we discuss the dispersion frequencies of IO and SO phonons and their electron—phonon
coupling functions for a chosen GaN/AIN QWR placed in vacuum with the radii being 5 nm, 5 nm and co. The

material parameters used in our calculation are cited from Ref.[22].
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Fig.1. Dispersion frequencies hw of the I0 and SO
phonon modes as a function of k, when m = 0 (solid

lines) and m = 1 (dash lines), respectively.

Figure 1 plots the dispersion frequencies fiw of the
IO and SO phonon modes as a function of the phonon
wave-number k, in the z-direction in the wurtzite
QWR system when the azimuthal number m is kept at
0 (solid lines) and 1 (dash lines), respectively. We can
see from the figure that for a given azimuthal quan-
tum m and relatively large k., (k,R; > 1.4), there
are three branches of IO and SO phonon modes la-
belled respectively by 1, 2 and 3 according to the
order of increasing frequency in the system, which
means that Eq.(11) usually has three solutions for w.
When k, is small, the dispersions are more promi-
nent. It is also noticed that the frequencies of the
low-frequency mode 1 vary between w;r; and w,.Ts,
and those of the high-frequency modes 2 and 3 fall
into a frequency range from w;r; to w,12, Which is
similar to the case in wurtzite QW systems,[?2=26! but
different from the cases in the zinc-blende crystal QW
systems [°~8] and QWR systems.?>'%! (In zinc-blende
heterostructure systems,!® 1% the frequency values of
IO phonon modes fall into two ranges: wro1 — wrLo1
and wro2 — wroz2.) When k, approaches infinity, the
frequencies of these modes converge to three definite
constant values 71.62 meV, 103.14 meV and 106.65
meV, respectively (shown by dash-dot lines in Fig.1).
Through detailed calculation, we find that the values
of the first two frequencies are just the limiting fre-
quencies of IO phonons in wurtzite GaN/AIN planar

22] and the last value is just the fre-

heterostructure,
quency of SO phonons in wurtzite AIN/Vacuum het-
erostructure. This interesting feature is not surpris-

ing, but it has a profound physical and mathematical

source. From a mathematical point of view, it is well
known that the limiting frequencies of IO phonons for
large wave numbers in zinc-blende planar heterostruc-

ture are determined by Eq.(24) as follows:
e1(w)/e2(w) = -1, (24)

and those in wurtzite single planar heterostructure can

be obtained by solving the following equation!??

Veu(w)en(w)/ep(w)e.s(w) = —1. (25)

On the other hand, we know that, when © — oo, the
functions I,,,(z) and K,,(z) approach e®/v/27z and
e ®\/m/\/2x, respectively. By using these relation-
ships, the dispersion Eq.(11) can naturally reduce to

the following form:

<5t171 + mw) <5d + sth>
Et171 — €272 Ed — €272

= exp[-272(R2 — Ri1)k:]. (26)

When k., — oo, exp[—2y2(R2 — R1)k.] approaches
zero, which requires the following relationship to hold
true, i.e.

ei(w)ri/en(w)y: = -1 (27)
or

era(w)ye/ea = —1. (28)

Substitute ~;(w) into Eq.(27), then the resulting
Eq.(27) will have the same form as the Eq.(25). This
clearly illustrates the mathematical reason why the
limiting frequencies of the IO phonons are the same
for very large wave-numbers in wurtzite planar het-
erostructure and in cylindrical heterostructure sys-
tems. Equation (28) just gives a limiting frequency
value 106.65 meV. Thus the modes 1 and 2 can be
looked on as the IO modes at the interface p = Ry,
and the mode 3 can be treated as the SO mode at
the surface p = Ry, which can be seen more clearly
in Fig.3. Furthermore, it is observed obviously that
Egs.(24) and (25) will have the same form if the
anisotropy of the wurtzite material is ignored. From
the purely physical viewpoint, when the wave num-
ber k., approaches infinity, the wave-lengths of the
I0 (SO) phonons become very short. On this con-
dition, the IO (SO) phonons cannot distinguish be-
tween the planar heterostructure and the curved cylin-

(11] This will directly results in

drical heterostructure.
the identical limiting frequencies of IO (SO) phonons
for large wave-numbers in wurtzite planar heterostruc-
tures and in cylindrical heterostructure systems. From

the features of the solid lines for m= 0 and the dash
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lines for m= 1, one can find that the frequency dis-
persion becomes weaker and weaker with the increase
of m. A feature obviously different from that in zinc-
blende crystal QW and QWRI[~19 is as follows: some
modes, such as the modes 1, 2 and 3 for m = 0 in the
wurtzite QWR can exist only when k. R; is over 1.4,
0.33 and 1.0, respectively. But in the zinc-blende crys-
tal QWs and QWRs,®15] these modes always exist,
even for a very small k,.[°~15] This feature completely
results from the anisotropy of wurtzite crystals. De-
tailed calculations show that the modes 1, 2 and 3 for
m = 0 occur at the frequencies 69.65 meV, 91.83 meV
and 110.28 meV, which are very close to the three
characteristic frequencies w; T2, wyr1 and w, 1, re-
spectively. By using the definition of «;(w), it can
be clearly seen that, when w < w2 or w > wyig
(wz11), Yi(w) will become negative values and the
IO (SO) phonon modes will disappear. The IO (SO)
phonon modes will degenerate into the other phonon
vibration modes, such as exactly bound modes, quasi-

[22-26] which have

bound modes or propagating modes,
not been fully understood up to now and will be the
subject of projected subsequent research.

In order to clearly see the dependence of disper-
sion frequency hw on the quantum number m, the 10
(SO) phonon frequencies as a function of m are plot-
ted when k, is kept equal to 1/R; (Fig.2a) and 2/R;
(Fig.2b), respectively. The frequency is a discrete
function of quantum number m. Similar to the case in
Fig.1, when m is small, the dispersion is more promi-
nent, and with the increase of m, each frequency of
the IO (SO) phonon mode also approaches a constant.
We also observe that the dispersion of each branch of
IO (SO) phonon modes in Fig.2(a) is stronger than
that of the corresponding branch of IO (SO) phonon
modes in Fig.2(b), which consists with the observation
in Fig.1. Furthermore, the degenerate behaviour of
mode 1 with m = 0 has also been observed in Fig.2(a)
and explained above. From a detailed comparison of
Fig.2(a) with Fig.2(b), we find that the limiting fre-
quencies of the modes 1, 2, and 3 approach 73.88 meV,
104.57 meV and 108.43 meV, respectively. The lim-
iting frequency values 73.88 and 104.57 meV are just

the two solutions of the equation,

en(w)/ep(w) =-1, (29)

while the value 108.43 meV is just the root of equa-

tion,

erp(w)/ea=—1. (30)

In fact, for a certain zg, whenm — oo, the limiting

value of the function

Km(wO)Ivln(w)‘w:zo/Km(wO)Irln(x”w:zo

approaches 1. By using this relation, the disper-
sion Eq.(11) can reduce to the same form as that in
Egs.(29) and (30). This feature is obviously differ-
ent from that in zinc-blende QWR.[?:1% In zinc-blende
QWR, the limiting frequencies of IO phonon modes
for large azimuthal quantum numbers are the same
as the corresponding limiting frequencies for a large
k.. The reason for the difference is obviously due to
the anisotropy in wurtzite crystal material and the
isotropy in cubic crystal material in the dielectric func-
tion. It is found that Egs.(29) and (24) have similar
forms, which illustrates that for a very large azimuthal
quantum number m, the dispersion behaviours of 10
(SO) phonon modes in wurtzite QWR are similar to

those in cubic-crystal single planar heterostructure.!®

114 |
3. (a)
108
Pl 108.43 meV
L 102
g 7 104.57 meV
E 73.88 meV
g ar o me e CIEEEE W o -
,"-"
72 F 1"
k;Rl =1
70 . . . . ) .
0 2 4 6 8 10
m
112
(b)
108 _3‘*”‘4--»‘_»4 N A A AT T T AT A
108.43 meV
E 04 [ e e
3 T 104.57 meV
2 5t
e 73.88 meV
69 1 ' szl =2
0 2 4 6 8 10
m
Fig.2. IO and SO phonon frequencies as function of

m when k. = 1/R; (Fig.2a) and k. = 2/R; (Fig.2b).

The electron-IO (SO) phonon coupling functions
F;?,;fo(p) as a function of p are depicted in Fig.3 when
k, =2/Ry and m = 2. From the figure it is seen that
all the three branches of phonon modes are mainly lo-

calized at the interface and the surface, namely, the
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modes 1 and 2 are mainly localized at the first in-
terface Ry = 5 nm, and the mode 3 at the surface
Rs = 10 nm. So the modes 1 and 2 can be looked
on as the IO modes at the first interface, while the
mode 3 can be treated as the SO modes at the sur-
face. The maximum absolute value of FTInOJ’sO (p) of the
mode 2 or 3 is far larger than that of mode 1, which
reveals that the high frequency branches and the SO
mode play an important role in the electron-10 (SO)
phonon interactions.
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Fig.3. Electron-IO (-SO) phonon coupling function
I"Tlnc?l’io(p) as a function of p when k, Ry = m = 2.
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Fig.4. Absolute values |F71n0;cszo (p)| as a function of k.

for m = 0. The symbols “I17 or 117 represents the ith

mode on the first or the second surface, respectively.

In Fig.4, we show the absolute values |F7In(?,’so(p)|
as a function of k, for m = 0. In terms of the analysis
in Fig.3, p = 5 nm and 10 nm are chosen for all of the
modes. In fact, the symbols ‘I’ and ‘I’ in Fig.4 denote
the 1st interface and the 2nd surface, respectively. For

example, the symbol ‘21T’ represents the mode 2 on the

second surface. From the figure it can be seen that all
the curves but for the curves 2IT and 3II that each
have a maximum respectively at k,R; = 0.34 and 3
decrease monotonically. When k,R; > 5, the abso-
lute values |F71n(?,’so(p)| of the curves 1II, 2II and 31
nearly approach 0, while those of the curves 11, 2I and
3II have certain amplitudes, which just explains why
the modes 1 and 2 can be treated as the IO phonon
modes at the first interface, and the mode 3 as the SO
phonon modes at the surface. On the other hand, it
is also observed that the two branches of the phonon
modes 2 and 3 with higher frequencies, compared with
the lower frequency modes 1, have a strong electron—

phonon coupling.

[l
> 10 o RS BN kR =2
A% ~ -
o 8 ETNS w <o
7NN A Tl
g 3114 o211 s RS
RN AL
=
=
i
3 2t
U r e e m..
5/ L] 1 “.__;-'"""."-'l~-~—l»~-_|\___-___\.
@
9:;“ 0 FllTe---e---q . SRt SEETS Y
k 1 1 1 1 1 1
0 2 4 6 8 10

m

Fig.5. Dependence of the absolute |Fylnc?;€szo (p)| on az-
imuthal quantum number m when k. is kept equal to
2/R1. The symbols I’ and “II’ have the same mean-
ings as those in Fig.4.

Figure 5 plots the dependence of the absolute
value |I" fno,,’so(pﬂ on the azimuthal quantum number
m when k, is kept equal to 2/R;. The symbols I’
and “II’ in the figure denote the same meanings as
those in Fig.4. It is observed from the figure that all
the curves but for the curve 3II are monotonically re-
gressive with the increase of m. This feature is similar
to that in the case of zinc-blende material QWR.[9:1]
In the whole range of m, the curve 1I is over curve
111, and the curve 2I is over curve 2II, so the modes
1 and 2 act as the IO phonon mode at the first inter-
face. This completely consists with the observation in
Fig.3 and Fig.4. But for the mode 3, the curve 3II
is over the curve 3I when m > 3. Thus the mode 3
should be looked on as the SO mode, especially for
relatively large m and k.. On the interface, there
exist two branches of IO phonon modes, while only

one branch of SO phonon mode is localized at the
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surface. This feature is obviously different from that
in the case of GaN/AIN nanowire,[?”! which is due to
the difference in dielectric environment between in the
two wurtzite cylindrical heterostructure systems. It is
also observed that the high frequency modes 2 and
3 play a more important role in the electron—phonon
interaction than the low frequency mode. Moreover,
when m > 6, the electron—phonon coupling function
becomes weaker and weaker. Therefore, in the case of
weak coupling, it is convenient to adopt a perturba-
tion method to investigate the polaronic effect!31—34
in the wurtzite QWR, which will be our next signifi-

cant research project.
4. Summary

In this paper, the I0 (SO) phonon modes, the
orthogonality relation for polarization eigenvector,
the dispersion relation, and the Frohlich electron-IO
(SO) phonon interaction Hamiltonian in a multi-layer
wurtzite cylindrical QWR system have been deduced
and studied by employing the transfer matrix method
in the DC approximation and Loudon’s uniaxial crys-
tal model. A numerical calculation of a freestanding
GaN/AIN wurtzite QWR has been performed, and
the calculation mainly is focused on the dispersive
relation of IO (SO) phonon modes and the coupling
functions between an electron and IO (SO) phonons.
The results reveal that, in general, there exist two
branches of IO phonon modes localized at the inter-

face and one branch of SO modes localized at the sur-

face in the wurtzite QWR. When k., or m is small
enough, the IO (SO) phonon modes will not appear
in the wurtzite QWRs. They will degenerate into the
other phonon vibration modes, such as propagating
modes and quasi-bound modes?2-27] which are quite
different from the cases in zinc-blende QW and QWR
systems.>~1%1 When k. or m approaches infinity, the
frequencies of the three branches of IO and SO phonon
modes converge to the definite constant frequencies
determined by corresponding single planar wurtzite
heterostructures. The mathematical and physical
sources for these properties have been analysed in
a deep way. The discussion of the electron—phonon
coupling function reveals that the high frequency IO
branch and SO modes make more significant contri-
butions to the electron—phonon-interactions. Our in-
vestigations also indicate that the anisotropic effects
in the wurtzite QWRs result in different dispersion
behaviours of IO (SO) phonon modes and electron-
coupling properties compared with the cases of zinc-
blende QWRs.[%1% Thus, the anisotropic effects of the
wurtzite crystal materials must be taken into consider-
ation, in the study of the relevant physical properties
in the wurtzite QWRs, such as electron phonon scat-

tering, polaron effect or bound polaron effect.[31—34
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