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Using Monte Carlo simulations, we have investigated the classical XY model on triangular lattices of ultra-thin

film structures with middle ferromagnetic layers sandwiched between two antiferromagnetic layers. The internal energy,

the specific heat, the chirality and the chiral susceptibility are calculated in order to clarify phase transitions and

critical phenomena. From the finite-size scaling analyses, the values of critical exponents are determined. In a range

of interaction parameters, we find that the chirality steeply goes up as temperature increases in a temperature range;

correspondingly the value of a critical exponent for this change is estimated.
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1. Introduction

Due to the development of the epitaxy technology,
it has become possible to study magnetic properties of

(1-3] However, theoretical in-

very thin magnetic films.
vestigations of the magnetic thin films have been car-
ried out, which are mainly concentrated on the ground
state properties by phenomenological treatments and
on the finite temperature properties in the mean field
approximation.[4—¢

Magnetic thin films, layered magnets or magnets
on superlattices show interesting properties that are
different from bulk properties. For example, inter-
face effects exert on influence on the entire system in
the thin films and the layered structures may produce
new static properties and new dynamic modes. Hence
many different layered structures of magnetic materi-
als have been considered such as ferromagnetic layers
with non-magnetic layers, ferromagnetic layers with
ferromagnetic layers, helical magnetic layers with non-
magnetic layers, antiferromagnetic layers with ferro-
magnetic layers and so on.[”8! Those magnetic ma-
terials have a variety of applications including mag-
netoresistive heads and magnetic or magneto-optical
recording.[®!

Many theoretical investigations have been per-

formed from several viewpoints for several Hamilto-
nian systems by using several methods.[®~11] However,
there are still many open points that have to be clari-
fied; even in a very simple model such as an XY model
or a Heisenberg model, we may have a completely
different nature of phase transitions in the thin film
structures from that in the two-dimensional systems
or the three-dimensional bulk systems. In the experi-
mental investigations for layered XY magnets, it has
been shown that there is a spontaneous magnetization
due to a finite size effect. This has also been con-
firmed by Monte Carlo simulations. Although there is
no spontaneous magnetization in the thermodynamic
limit,'? the existence of the spontaneous magneti-
In the
thermodynamic limit, there is no long-range order
but there does exist the so-called Kosterlitz—Thouless
(KT) transition in the two-dimensional ferromagnetic
XY models.['3] We do not discuss the details for the
KT transition in the present paper. For the XY
model, on the other hand, there exist the KT tran-

sition and also the chirality transition.'¥] However, in

zation is quite an interesting phenomenon.

the layered XY models such as a 2 to 4 layer system,
we find that the ferromagnetic layer has also a chi-

ral order at low temperatures.['® The chirality on the
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ferromagnetic layers shows a very steep increase in a
temperature range below the critical temperature of
the system. However, in the present paper, we are in-
terested in phase transitions in the layered XY model,
in which middle ferromagnetic layers are sandwiched
between two antiferromagnetic layers. We find that
critical behaviours are common for layered systems.
We describe our model in Section 2. In Section
3, we give the results obtained by Monte Carlo sim-
ulation and discuss the nature of phase transitions in
terms of finite-size scaling analysis. The concluding

remarks are given in Section 4.
2. Model and simulation scheme

We investigate phase transitions of a classical XY
model on lattices of ultra-thin film structures with
middle ferromagnetic layers sandwiched between two

antiferromagnetic layers.
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Fig.1. Unit cell of six-layer triangular lattice: Aj, A2,
Az, A4, As and Ag. The XY spins are denoted by 3
on Aj, t; on Ag, 4; on Az, U; on Ay, W; on As and Z;

on Ag, respectively.

Specifically, we consider an XY model on a six-
layer triangular lattice (Fig.1). The six triangular
lattices are denoted by A, Az, Az, Ay, A5 and Ag,
respectively, from the top to the bottom. We as-
sume XY spins to be denoted by §;, ¢;, @;, 0;, W; and &;
for ¢ € Ay, Ay, A3, Ay, A5 and Ag, respectively, where
N = M| = |A2] = [A43] = [As] = |45] = |46]. We
assume that N = N; x N; for each layer, where IV;
is the linear size of Ax(k = 1,2,3,4,5,6). Then the

six-layer triangular lattice is represented by A:
A=A+ Ay + Az + Ay + A5 + Ag . (1)

Hence the total number of lattice sites of the six-layer

triangular lattice is equal to 6 N. The Hamiltonian is

given as follows:
H=—1) 5
(49)
—-LY ¥
(47
_p Z 3
-GY w;

Here we have assumed that intralayer interactions

5= Iy ity — K ;-
(i4) (i)

= MY W@ — BY & &
(i7) (i)

H-QY Ll —RY -5
7 i

;= F Y - & (2)
i

take place only between spins at nearest-neighbour
lattice sites on each of Ay, Ay, A3z, Ay, A5 and Ag; those
interaction constants are denoted by I, J, K, L, M and
B, respectively. The sum with (7,7) indicates a
summation over nearest-neighbour pairs of sites on
Ay, Ao, Az, Ay, A5 or Ag. We have also assumed inter-
layer exchange interactions occurring between spins
at a site ¢ on A; and at its corresponding site i on
Ajyq for I = 1,2,3,4 and 5; those interaction con-
stants are denoted by P,Q, R,G and F, respectively.
The sum with 7 indicates a summation over pairs of
sites 7 on Ay + Ay, Ay + Az, Az + A4, Ay + A5 or
As + 4.
tions for each layer Ay, Ay, Az, Ay, A5 or Ag. Here we

We assume the periodic boundary condi-

—

express &;,t;,u,;,V;, W; and &; as follows:

t_'i = (COS ¢iasin ¢z)7
¥; = (cosw;, sinw;) ,

Z; = (cos&;,sing;). (3)

§; = (cosb;,sinb;) ,

U; = (cos;,siny;) ,
w; = (cos pi,sing;),
We notice that there are relations:

I(I,J,K,L,M,B,P,Q,R,G,F)
=TI'(I,J,K,L,M,B,+P,+Q,+R,+G, +F ) (4)

for a thermodynamic quantity I'(I,J,K,L,M,B, P,
Q,R,G,F). Then we assume that P > 0, Q > 0,
R >0, G >0 and F > 0 without loss of generality.

In the present paper, we investigate the system
with ] = B=—-1and J =K = L = M > 0; namely
the exchange interactions on the top layer A; and on
the bottom layer Ag are antiferromagnetic and those
on the four middle layers As, A3, A4 and A5 are ferro-
magnetic. We say, in this system, the XY model is on
the six-layer triangular lattice with four ferromagnetic
layers sandwiched between two antiferromagnetic lay-
ers.

Furthermore, we assume that the interlayer inter-

action constants for ferromagnetic layers are equal to
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1.0 and the intralayer interaction constants for anti-
ferromagnetic layers are —1.0. By changing the in-
tralayer interaction constants between —1.0 and 1.0,
we calculate thermodynamic quantities such as the
internal energy, the specific heat, the chirality, the
chiral susceptibility and so on by using Monte Carlo
simulation. Phase transitions and critical phenomena
are clarified for an XY model on lattices of ultra-
thin film structure systems (2 to 6 layers) such as
K=L=M=B=0,Q=R=G=F =0 for a two-
layer system;'® L = M =B =0,R=G=F =0
for a three-layer system;!®! M = B=0,G=F =0

(171 and so on. The critical be-

for a four-layer system,;
haviours are clarified by using finite-size scaling anal-

ysis.
3.Results by Monte Carlo simu-

lations

We investigate the system by standard Monte
Carlo (MC) simulations. Hereafter we just mention
only the values of J in order to indicate the system.
We perform our MC simulations for N = N; x N;
with N; = 24,36 and 48. We use random spin con-
figurations as initial spin configurations in our MC
simulations. An MC average,(O), for a quantity O is
calculated by

where we choose ng = 2.5 x 10°> MC steps, n = 5 x 10°
MC steps, and also ng = 5x10° MC steps and n = 108
MC steps, depending upon the system size and the
value of temperature. We set the Boltzmann constant
k to be 1 throughout the present paper.

We calculate the internal energy &, the specific
heat C, the chirality /C, the chiral susceptibility x and

so on. The internal energy is given by

(H)

E =
EN’

(6)

—
=)

where = denotes the number of system layers (5 =
2,3,4,5 and 6). Then the six-layer triangular lattice
is denoted by = = 6.

The specific heat is obtained by

(1) — (H)*
C="zv77 @)

The chirality is defined at a smallest up-triangle,
namely an elementary upward triangle on each of

planes: A, As, A3, A4, As or Ag. For example, the

chirality, Fiks On the A; plane is given as follows:

2

s ~

Kijk:ﬁ(gixgj+§jX§k+§kxgi)'ez

- %[Sin(ej — 0,) + sin(6 — 0;) + sin(6; — 6,)] (8)
where é, is the unit vector of z-component in the spin
space. A set of sites {1, j, k} express three sites labelled
counterclockwise on an up-triangle of lattice A;. In a
similar way, we define the chiralities Iijk, Kks Kijrs
IC;?”jk and Iijk on lattices As, A3z, A4, A5 and Ag, re-
spectively. The average chirality for the whole system
is defined as

1 T
K= = Z(K:l) ) (Z = S;tauavawaw) (9)

with
Ks= N Z (KSik) » (10)
(1,5,k)
where the sum with (i, 7, k) is taken over all the ele-
mentary up-triangles on the lattice A;. In a similar
way, we define Ky, ICyy, Ky, Koy and K, in Eq.(9).
The chiral susceptibility!'®! is obtained by

(K1) = (1K)
e Bt (11)

In a similar way, we have defined x¢, Xu, Xv, Xw and
Xz in Eq.(11).
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Fig.2. Specific heat C as a function of T/|I| for
| =B=-1P=Q=R=G=F =1 and
J =K =L = M = 0.075. We show the results
for N; = 24 by open triangles, those for N; = 36 by
open squares and N; = 48 by solid triangles. The in-
sets show the size-dependent specific heat near T, and
Teu.
In order to investigate the critical behaviour for
the six-layer system, we set I = B = —1,P = Q =

R=G=F=1land J=K=L=M =0.075. We



1084 Wang Yi et al

Vol. 15

show the specific heat respectively for N; = 24, 36 and
48 in Fig.2. We denote two temperatures, at which the
specific heat curve shows sharp peaks by T and T,
(T < T.,) hereafter. We notice that the behaviour of
the specific heat is the same as that occurring in the

(171 We calcu-

2 to 4 layer systems studied previously.
late the chirality and the chiral susceptibility for each
layer. It is expected that the chirality is responsible
for the sharp peak of the specific heat at T,. Figure
3 shows that the chiralities K, on A, and K, on Ag
are almost the same and increase as temperature de-
creases from T,. Although there is a very little dip
near T, the chiralities of middle layers (KC; on Aj,
Ky on Az, K, on Ay and K,, on As) show different
behaviours from those of I, and K; the chiralities of
middle layers show a steep decrease near and below T,

as temperature decreases from T, as shown in Fig.4.
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Fig.3. The chirality K and the chiral susceptibility

x in the top and the bottom layers as a function of
T/|I|for I=B=-1,P=Q=R=G=F=1and
J =K =L =M = 0.075. The results for N; = 24
are denoted by open triangles, those for N; = 36 by
open squares and those for N; = 48 by solid triangles.
The inset shows the size-dependent chiral susceptibil-
ity near Tcy.

Figure 3 shows the chiral susceptibility x of C4
on Ay, and K, on Ag. The chiral susceptibility peak
height goes up as the linear system size increases, for
example when N; = 24,36 and 48 as shown in the
inset of Fig.3. From Fig.4, we see that there are two
sharp peaks of the chiral susceptibility. We find that
the behaviour of height values, Xtop, of the chiral sus-
ceptibility near T, is different from that near T,,; we
can see that xiop is close to T; as shown in the inset
of Fig.4.

In order to investigate the critical behaviour of
the six-layer system, we make the finite-size scaling

analyses of the specific heat and the chirality at T,

and Tg,. Weset J =K =L = M = 0.075 and then
estimate T, = 0.1555 and T, = 0.5666.

08 T 24v24%6.7=0.075 e e 2eare]] 16
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Fig.4. The chirality £ and the chiral susceptibil-

ity x in the middle layers as a function of T'/|I| for
Il =B =-1,P=Q =R=G =F =1 and
J =K =L =M = 0.075. The results for N; = 24
are denoted by open triangles, those for N; = 36 by
open squares and those for N; = 48 by solid triangles.
The inset shows the size-dependent chiral susceptibil-

ity near Tg).

A finite-size scaling analysis of the specific heat
near T, and T, indicates v = 0.83 + 0.05 and «a =
0.28 +0.03 at Tj, and v = 1.01 + 0.05 and = 0
at Tey. At T., we define the critical exponent 3 as

follows:

]Cf ~ K:](cc) — a(Tcl — T)ﬁ (T’s Tcl) 3 (12)

where IC;C) is a maximum of the chirality on the ferro-
magnetic layer (middle layers) and a is a constant. A
finite-size scaling analysis of the chirality near T, is
shown in Fig.5 and that near T, in the inset of Fig.5,
where used are § = 0.23 + 0.02 and v = 1.01 £ 0.02
at T.y, and 8 = 0.25 £ 0.02 and v = 0.84 + 0.03 at
Tw1. The errors for the values of critical exponents are
estimated by the fitness for the finite-size scaling.

For 2 to 4 layer systems, we find that the chirality
in the middle layers with the ferromagnetic intralayer
interaction increases sharply near temperature 7T as
temperature increases.[!>"17 We find the usual chi-
rality transition at temperature 7T.,, and we see that
the chirality on the ferromagnetic layers increases very
sharply in a range of temperature below the T, as
temperature increases. Hereafter we denote the tem-
perature by T, at which another sharp peak for the
specific heat takes place. Hence we consider there ex-
ists a critical phenomenon at T.

We find a new critical behaviour due to a steep

increase in the chirality as a function of temperature
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for the XY model on a layered triangular lattice with
antiferromagnetic layers and ferromagnetic layers in
some range of interaction parameters. The peaks at
T in the chiral susceptibility xiop are not shown to
be size-dependent, but the other peaks at T, in the
chiral susceptibility xtop are shown to depend on size.
The new chirality transition and the value of a critical
exponent have not been observed over any thickness
dependence of this value as far as the layers systems
are concerned. The other chirality transition and the
value of a critical exponent have been observed over
the thickness.
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Fig.5 .Finite-size scaling analysis of the chirality for
the system with ] = B = —-1,P = Q =R =G =
F=1and J=K =L = M = 0.075 near T.,. The
inset shows that the finite-size scaling analysis of the

chirality for the same system near T,;.

4. Conclusions

In the present paper, we have investigated critical

phenomena for an XY model on the 5 to 6 layer tri-

angular lattices by using Monte Carlo simulation. We
find three phases: the paramagnetic phase, the KT
phase and chirality phase. The chirality in the middle
layer with the ferromagnetic intralayer interaction in-
creases sharply near temperature T, as temperature
increases. The usual chirality transition at tempera-
ture T, is observed. Comparing the obtained values
of critical exponents for the 2 to 6 layer systems in-
vestigated previously, we find that there is a universal
behaviour for those layered XY models of the triangu-
lar lattice. However the value of the critical exponent
[ for the transition between the paramagnetic phase
and the chirality phase is about 0.125 for the two-layer
system,!!?! 0.17 for the three-layer system, 16! 0.198 for
the four-layer system,'”) 0.21 for the five-layer system
and 0.228 for the six-layer system. Hence a crossover
is observed over the thickness. We have determined
the value of critical exponent (8 in order to see the
critical behaviour on the critical line in the chirality
phase. The value of 8 on the critical line is about
0.25 for 2 to 6 layers; we have not found any thickness
dependence of this value as far as the some layered

systems are concerned.

The crossover behaviour transiting from a two-
dimensional system to a three-dimensional system is

an interesting subject that is to be studied in future.
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