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An analytic configuration interaction method based on variationally optimized internally orthogonalized modified

Laguerre orbitals is presented. We have developed the corresponding computer code. For application, we study the 1s2s

18 isoelectronic sequence from helium to neon, and compare with other methods. By taking into account the Eckart

upper-bound theorem, we obtained more accurate and more intuitively understandable results than Hartree—Fock and

multi-configuration Hartree—Fock reported results.
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1. Introduction

Among various configuration interaction meth-
ods for the calculation of the electronic structure
of atoms based on the variational principle, the nu-
merical multi-configuration Hartree—Fock (NMCHF)
is very efficient and accurate because it describes
the electronic state with few simple orbitals, rich in
physical meaning, whereas other methods are based
on large basis sets which complicate the description.
However, since NMCHF is numerical, it leads to an
energy minimum, indifferently global or local, usually
the widest (which is sometimes misinterpreted): i.e.,
it may suffer from the ‘variational collapse’ that it it-
eratively to states different then the desired one, or

may diverge at all.[l]

The configuration interaction (CI) variational
method using basis functions that are antisym-
metrized products of one-electron spin orbitals, unlike,
e.g. Hylleraas’s treatment, which has been easily ex-
tended to many-electron systems, was developed since
1930. The functions chosen to represent the atomic or-

bitals are usually combinations of spherical harmonics

and one of the following radial orbitals: hydrogenlike
orbitals, Laguerre orbitals, Slater type orbitals (STO)
and Gaussian type orbitals (GTO). Among these, the
hydrogenlike orbitals are intuitively transparent but
converge rather slowly and Laguerre orbitals are very
closely concentrated in space and lead to rather rapid
convergence.?]

It would be interesting to invent analytic orbitals
similar to NMCHF, describing the state in an equally
simple and concise way with comparable accuracy.
In this paper, we present more general one-electron
functions, namely, optimized internally orthogonal-
ized modified Laguerre orbitals, the central idea is to
adopt the usual Laguerre orbitals and start moving
variationally the nodes and the extent of their radial
function, until the minimum of the energy is reached.
Thus we can both have an adequately precise and sim-
ple intuitive physical picture of the electronic state
and we can efficiently incorporate charge correlation
and radial correlation. Since our orbitals are analytic,
all energy minima can be located, at least in prin-
ciple, and because of the simplicity, and of the im-

mediate recognizability of the physical content of the
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orbitals, the most representative description of the CI
expansion can be chosen, therefore it is free from the
variational collapse.

We present a method which introduces these or-
bitals in CI atomic calculations. We have developed
the computer code implementing this method.?~5] Us-
ing this method, we study the 1s2s 1S isoelectronic
sequence of atoms from helium to neon. Unlike con-
figuration Hartree-Fock (NHF) and NMCHEF calcula-
tions as reported,!® our method is capable of making
this state orthogonalize in zero-order exactly to the
ground state and we shall see that it is possible to
maintain this orthogonality quite satisfactorily when
dealing with many configurations, thus satisfying the

Eckart upper bound theorem.!”]

2.Theory and method

Given the atom with n = ng. electrons, the
symmetry, and the electron occupancy, the desired n-
electron normalized wave function, consisting of ncons

(predetermined) configurations are respectively,

Neont
U(r181y ey TiSn) = Z eplp(ri81, ..y Tnsn),
p=1
2

7" =1,

Ndet
Fp = Z aipDi, (1)

i=1

where the linear parameters ¢, are determined from

the lowest root of the secular equation

det |[Hp g — SpqE| =0, (2)
where
Ndet
Hyq = Z aipajq (Di| H|Dj), (3)
4,j=1
] Telee 7 Metee ¢
H=-= 24, Mn =
2 (W T) s
=1 1>]
(Z,, being the nuclear charge), (4)

and S, 4 = (D;|D;) is the overlap matrix.

Here D; are all (nget) consistent with the Slater
determinants formed out of the ngp (predeter-
mined) orbitals to be optimized, and the a;, are
all (Nget X Meont) corresponding consistent coefficients
which we determine by applying Schaffer and Harris’s
method.[l The D, is constructed from the modified

Laguerre orbitals of the form

Znal
N s (L (T

(in a.u.), (5)

where A is a normalization constant, and

L"!l7zn,l ({g}a T)

n—Il—1

- ck(nalazn,l)g(n7lak7 {Zi,l}?ZI)Tk (6)

>
Il
<]

and

Ck (TL, la Zn,l)

(_1)k+1(n~|—l)! 22, k
(”llk)!(zl+k+1)!k!< nl> -

The parameters z,; (different from the nuclear
charge Z,,) are effective nuclear charges resulting from
the (non-linear variational) minimization of the de-
sired (usually the lowest) root of Eq.(2) and deter-
mines the extent of the orbital. Our new approach is
to introduce the g-functions, g(n,l, k, {z;;}7—,), which
are determined by intrinsic orthogonalization among
the orbitals. These have the advantage to provide a
good and simple intuitive physical description of the
state.

When we choose g(n,l,k,{zii}) 1, the
Ly, ,({g},7) is reduced to a Laguerre polynomial.
In this case, it is worth to note that our Laguerre or-
bitals in Eq.(5) have the following properties:

If z,; = Z,, then Eq.(5) reduces to hydrogenlike
orbitals.

If 2z, is varied and is chosen to be the same for
all orbitals, then Eq.(5) reduces to Laguerre orbitals,
which are orthogonal and converge faster than hydro-
genlike orbitals and Gaussian-type orbitals.

The effect of our g-functions is to move the or-
bital nodes.

not orthogonal since z,; is different for different or-

In general, our orbitals in Eq.(5) are

bitals R,, ;(r, zn,1). However, by finding out appropri-
ate g(n,l,k,{z1}7,), we can orthogonalize them by

directly solving

(R

RJ'J> = 62’7]'7 (Zaj = 1anorb)-

For example, for our 1s and 2s orbitals, Eq.(5) gives

Rls = Alsg(]-a S, O)GXp(*le’r‘),

Ros = A25(29(2,8,0) — rg(2,s,1)225)exp(—2za57/2).

By a redefinition of the normalization factor we can

have
g(1,s,0) =1,

g(2’ S7 1) :1’
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and through solving the equation (Ris|Ras) = 0, we

get
3Z2s

2,5,0) = ————.
g( S ) 2zls+225

(8)

In the appendix, similarly, we give g-functions for
3s and 3p. In the same way, we calculated the g-
factors for n = 4, but the formulas are too lengthy to
be given here.

Unlike the

which combines unmodified orbitals, our orthogonal-

Gram—-Schmidt orthogonalization,

ization modifies the orbitals themselves through the
g-functions, with the result that our orbitals have a
clear interpretation.

If the orbital has only one g-function (=1), we
simulate the NMCHF orbitals by adding more orbitals
with the same quantum numbers and by adjusting
their shapes appropriate to the desired states accord-
ing to the variational principle. Especially for 1s or-
bital that is necessary for example, we use 1s’ with
larger z to describe that the outer electron push the
inner electrons closer to nucleus and improve by ra-
dial (via nodes) and angular (via lobes) correlation in
order to simulate the cusp conditions.

From our test (atomic unit are used), for He
ground 'S using the orbitals up to 4f, we get the total
energy —2.9031037, comparable with NMCHF up to 4f,
-2.9031173,° and the exact value is —2.9037244.[10]

For the lithium ground state 1s%2s 25, using the
orbital up to 4f, we get the total energy —7.4766718,
comparable with —7.4762030 of NMCHF.['1 And the
exact value is —7.48.112]

For the lithium excited state 1s22p 2P, using the
orbital up to 4f, we get the total energy —7.4077968,

comparable with experiment value —7.4099.[12]
3. Application for 1s2s 1S from He
to Ne

For application, we investigated one of the most

interesting of the singly excited states of He, as well
as one of the most difficult to treat, the 2s state of
parahelium.['3l Between 1936 and 1997, there have
been many publications on this subject.l'*~19 The
most accurate calculations, by variational method us-
ing trial functions which include the interelectronic
distance as an independent variable first carried out
by Hylleraas,'® have been performed by the Perk-
eris and his group.'®) However, their methods are of a
noncentral field type which cannot easily be extended
to more complex systems, and their wavefunctions,
having more then 220 terms, do not provide a simple
understanding of this relatively simple state. Fischer
has performed NMCHF calculations of 1s2s 'S iso-
electronic sequence from helium to neon.l®! Here we
study 1s2s 'S for the same sequence by our method.
We shall see that our method is simpler and of com-
parable accuracy with NMCHF. First we study the
zero-order case and compare with Fischer’s HF treat-
ment.

According to the Eckart upper-bound theorem,!”
instead of using free nonorthogonal orbitals, we in-
troduce the orthogonality between the 1s orbital of
ground state and 2s orbital of excited state such that
the whole ground 1s2 1S is orthogonalized to 1s2s 1S
state, i.e.

If (Isg]2se) =0, (9)

then (1s?|lsc2s.) =0, (10)

where, from now on, the subscript g indicates the
ground state and e indicates the excited state.

In practice, we first calculate the zero-order 1s?
1S and get the optimum Z1sg, and replace zis by 215
in the Eq.(8) in order to determine the g-functions of
our 2s, for every varied value of zg, za.

Table 1 show our zero-order results 1s2s 1S iso-
electronic sequence from helium to neon compared

with other calculations (in a.u.).

Table 1. Our zero-order CI calculation results for 1s2s 1S isoelectronic sequence

from helium to neon compared with other calculations (in a.u.).

Our results Exact[1] MCHFI6]) HFI6] HFI6] Z1sg
(zero-order) (two-config.) (nonorthogonal) (orthogonal)
He I 2.14545 2.14597 2.14347 2.14348 2.16985 1.68750
LiII 5.03809 5.04087 5.03622 5.03644 5.09922 2.68750
Be III 9.18044 9.18487 9.17886 9.17919 9.27960 3.68750
B IV 14.57268 14.57853 14.57163 - 14.71032 4.68750
cV 21.21520 21.22202 21.21449 - 21.39118 5.68750
N VI 29.10796 29.11542 29.10743 - 29.32213 6.68750
O VII 38.25104 38.25876 38.25043 - 38.50313 7.68750
F VIII 48.64364 48.65206 48.64346 - 48.93416 8.68750
Ne IX 60.28661 60.29534 60.28652 - 60.61521 9.68750
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From this table, one can see that our zero-
order results are closer to the exact energies than
Fischer’s results (MCHF (two-config.) and HF
(nonorthogonal)).[/ Our method thus provides a
clearer and simpler physical understanding, because
it applies the Eckart upper bound theorem rigorously
and in a very simple way.

Figure 1 shows our 1s2s 'S He orbitals indicated
by (1se, 2s.) compared with Het1s orbital (1s) and
1s2s 1S (1s, 2s) (orthogonal to each other) orbitals
which gives an energy below the experiment like the
HF orthogonal case. One can see that our 1s. orbital
is similar to the Het1s orbital and orthogonality with
the ground state, i.e. 2s.l1s,, pushes the 2s. elec-
tron farther from the nucleus than the solely excited
orthogonality, i.e. 2sl1s therefore giving an upper

bound energy according to the Eckart theorem.!”!

1 1s(He™)
2 1s(1s12s)
3 2s(1s12s)
v 4 1sg (He 1s2)
—A— 5 1se¢
—— 6 25¢(2se Llsg)

> mo

(rRu1)?

Fig.1. Our He 1s2s 1S orbitals indicated by (1se, 2se)
compared with He™ 1s orbital and 1s, 2s (which there

are orthogonal to each other).

Figure 2 shows the He 1525 ! S energy as a function
of g = ¢ (2,s,0) and z15. One can see that the g-factor
plays a critical role for the variation method reach-
ing the correct energy because only on the g=0.7433
plane, by finding the partial minimum, we get the up-
per bound energy —2.1454558. The global minimum
corresponds to an approximation of He 1s? 1S instead
of 1s2s 1S. Without the g-factor (i.e. by using La-
guerre functions), our 1s2s 'S calculated energy is
—2.1704711, which is lower then the exact energy as
well as the HF (orthogonal) value.

This (global) minimum corresponds

approximately to 1s2 1 5.
g=2.8, z15=2.2, E=-2.81

This partial minimum represents ! S 1s2s
g=0.7, 21s=1.9, E=-2.15

Fig.2. Our He 1s2s 1S energy surface as function of
g=g9(2,s,0) and z1s.

For the CI calculation, it is difficult to apply the
Eckart upper-limit theorem rigorously, because gener-
ally the relation ((nl)g|(nl)e) = 0 does not hold. How-
ever, by using enough orbitals a thorough investiga-
tion of the energy surface in the effective z parameter
space reveals that there are many local minima with
the same energy down to 3rd decimal place. These
minima correspond to slightly different linear com-
binations of configurations, whose coefficients change
slightly from minimum to minimum. So for both the
ground and the excited states, we choose the mini-
mum of the energy function, which maximizes the co-
efficient in the main configuration and minimizes the
second largest coefficient, then through (1s.|2s) = 0
and (ng|2s) = d,, 2, we make (¥, (CI)| ¥ (CI)) as close
to zero as possible, so the Eckart upper bound theorem
can hold approximately with a satisfactory accuracy,
e.g. 1074

For the ground of He 1s? correlated in full
CI by 2s3s4s2p3p4p3d4d4f, various significant candi-
date minima tabulated in Table 2 were found, from
which we choose the 21,,=1.6297 (a.u). As explained
above, then we calculate the excited state 1s2s 1S

(+3s4s2p3p4p3d4d4f), from many minima, we report
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the one which has the largest coefficient on the 1s2s
configuration and the smallest second largest coef-
ficients. The corresponding orbitals are plotted in
Fig.3. One can see the virtual orbitals 2p, 3d, 4f, etc.
introduced an angular separation between 1s, 2s elec-
trons and the 3s, 4s orbitals introduced nodes, i.e. a
radial separation between the 1s, 2s electrons.

Table 2g.
a.u.) for He 1s2 ground state 1S for full CI expansion up to
4f.

The various significant candidate minima (in

Most important CI Z1sg Energy
0.98[1s2]-0.17[1s2s]+. . . 1.4080 —2.9028111
0.98[1s2]-0.16[1s2s] +... 1.4057 —2.9013973
0.99[1s2]-0.08[1s2s] +... 1.6297 —2.9027040

Table 2e.
a.u.) for He 1s2s excited state 1S for full CI expansion up
to 4f.

The various significant candidate minima (in

Most important CI Energy
0.999[1s2s]+0.017[2p3p] +. .. —2.14604
0.999[1s2s]4-0.010[3s2] +. .. —2.14596
0.936[1s2s]40.350[1s3s] +. . . —2.14583

He 1s2s 'S (1s2s3s4s2p3pdp4d) from 1s” 'S from(1s2s3s4s2p3d4f) z, =1.6207
1.00000 0.76801 1.00000 3.60013 1.90047 1.00000

4.98842 2.74361 1.64121 1.00000 1.00000 1.55470

1.00000 1.07889 1.05529 1.00000 1.00000 1.09882

1.00000 1.00000

0.99984[ 1; 1s2s] 0.01094[4;3s3s] 0.00930[2; 1s3s] 0.00763[9; 2p 2p]
2.4, 0.00419(5; 15 4s] 0.00357 [12; 2p 4p] -0.00296 [10; 2p 3p] 0.00189 [14; 4p 4p]
-0.00174 [13; 3p 4p] 0.00143[15; 3d 3d] 0.00124[8; 4s 4s] 0.00102 [11; 3p 3p]
1
I -2.1459604 1
2.0|} 10 19918  0.869%6
It 20 11215 56153 1
1)k 30 43719 14754 —m-ls
1.6l 40 8200 12790 —o—2s
~ . ‘}r? 21 97753  0.5603 —A—3s
g
= Ul 41 Sems oo D~
f-ﬁ: 1.244114 32 211331 os312 ——2p
o R 4 2 250805 ossr4 —+3p
& | 43 254606 07452 —x—4p
0.8l &l —*-3d
- —<—44d
0.4 —o—4f
m 000000000,
¥ o® %00,
0.0 Jadx ﬁ . | *0eann |
0 5 10

r

Fig.3. Our He 1s2s 1S orbitals for full CI up to 4f.

In a similar way, we calculate the 1s2s 1S isoelec-
tronic sequence from helium to neon. Our calculation
energy and compared with other calculations are given
in Table 3. One can see our energies are comparable
with Fischer’s NMCHF (seven-configure) values.[’]

Table 3. Our CI calculation results for 1s2s 1S isoelectric sequence from helium to neon

compared with other calculations (in a.u.).

Our results (CI) Exact(10] MCHFI6] (seven-config.) Z1sg
He I 2.1459604 2.14597 2.14563 1.6297
Li Il 5.0408709 5.04087 5.04028 2.4353
Be II1 9.1846874 9.18487 9.18413 3.6849
B IV 14.5782512 14.57853 14.57769 4.6840
cV 21.2202763 21.22202 21.22111 5.6868
N VI 29.1138171 29.11542 29.11445 6.4736
O VII 38.2584099 38.25876 38.25775 7.4671
F VII 48.6520624 48.65206 48.65102 8.4689
Ne IX 60.2953450 60.29534 60.29428 9.4527

Furthermore, we compare our calculation value
—2.1459604 (a.u.) for 1s2s 1S of helium with the lat-
est NMCHF calculation performed by Fischer up to
6hl?] —2.1459531 (a.u). Tt seems our method converges
The rea-

son probably is because we implement the Eckart up-

faster than her method in orbitals space.

per bound theorem,[”) that we vary the lowest root
in CI space whereas she implements the Hylleraas—
Undheim—MacDonald theorem,?°! so that she essen-
tially varies the second lowest root in CI space. Actu-
ally optimizing the second lowest root with our an-
alytic 1s, 1s’, 2s orbitals, we got —2.1440709 (a.u)
whereas her value is —2.1434743 (a.u.)l) with 1s, 2s

numerical orbitals.

4. Conclusion

In summary, the atomic CI variational calcula-
tion method has been successfully developed based
on the new internally orthogonalized through the g-
functions modified Laguerre orbitals. Like the stan-
dard CI calculation methods, it can be used for many-
It is

shown that our method is more accurate and more

electron atoms with necessary configurations.

intuitive understandable for 1s2s 1S isoelectronic se-
quence from helium to neon since it can simply imple-
ment the Eckart upper bound theorem. The NMCHF
orbitals can be simulated very well by our new analytic
orbitals. Furthermore, our CI variational method is

more stable then HF method because variational col-
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lapse is avoided. Our analytic orbitals are being used
to study highly excited states, applied to computation
of recently measured VUV spectra of He states near
the second ionization threshold. The activity in this

field is rapidly growing.[2!]

Appendix

By simultaneously solving (1s]|2s) = 0, (1s|3s) =0

and (2s]3s) = 0, we obtain Eq.(6) and

422 [—6022, + 29(3225 — 8235) + 4214(3226 + 223)]

Xiong Zhuang acknowledges the Greek State

9(3:5,0) = (3216 + 234) (3zas + 2234) (— 1227, 4 3210200 + 2214235 — 220:235)
o(3,5,1) = 8  dns 5zag i z15(4215 — 22s) ’
3 3z1s+ 235 3zas + 223 122{, — 3215205 — 2215235 + 222523
g9(3,s,2) =1
|
Similarly, pages because the number of the terms involved in-
523 creases factorially.
9(3,p,0) = 3om 1 272
P P Acknowledgements
93,p,1) =1,
9(3,d,1) = 1.

In the same way, we calculated the g-factors for

n=4, but displaying the formulas would take several

Scholarship Foundation (I.K.Y.) and the National Hel-
lenic Research Foundation Scholarship that partially
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