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In this paper a controller of pulse coupling feedback (PCF) is designed to control chaotic systems.

Control

principles and the technique to select the feedback coefficients are introduced. This controller is theoretically studied

with a three dimensional (3D) chaotic system. The artificial simulation results show that the chaotic system can be

stabilized to different periodic orbits by using the PCF method, and the number of the periodic orbits are 2™ x3™p (n

and m are integers). Therefore, this control method is effective and practical.
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1. Introduction

Since the parameter perturbation method!
(OGY method) was initially proposed by Ott, Gre-
bogi and Yorke for controlling unstable periodic or-
bits of chaotic attractor to expected targets, the study
of chaos control has been developed rapidly. By
now, according to different control targets, the ini-
tial OGY method has been developed in two types of
the parameter control method and the variable con-
trol method.[2=1% The control method of oscillatory
absorber proposed by Kapitaniak, Kocarev and Chua
is just a variable control method, of which the con-
trol mechanism is to couple the chaotic system un-
controlled with a oscillatory absorber to modify the
chaotic system by it, so as to obtain steady peri-
odic orbits from the chaotic attractor of the system
uncontrolled.['8] Their work uses the difference be-
tween a variable of the original chaotic system and
a variable of the additional oscillatory absorber as a
feedback term to couple the system with the absorber
and to disturb the system to get new dynamic be-
haviour. But the technique needs an additional sub-
system, so it requires redesigning the system and ad-

justing the parameters of the system, which is hard to

fulfill in practice. A controller of pulse coupling feed-
back (PCF) is designed to control chaotic systems in
this paper. Here the differences between some vari-
ables of the controlled system are used directly as
feedback term and coupling is realized within the sys-
tem. The coupling is of pulse form to diminish the
cost of control. Artificial simulation is made with a
three dimensional (3D) chaotic system, and the re-
sults show that the coupling feedback coefficients g
and the impulse interval d are feedback parameters.
Along with the change of g and d, the system under-
goes a transition from chaos into stable states, and
the number of the periodic orbits are 2" x3™p (n and
m are integers ). Meanwhile, the power spectrum and
the phase diagram also exhibits the change of the dy-
namic behaviour of the system, which shows that the
controller has better capability, and it can introduce

a new method for constructing chaotic controller.
2.Designing of the controller

Suppose the dynamic equations of an N-
dimensional discrete chaotic system can be described
as

2, = f({eDY, {u)),
(i=1,2...N, k=1,2...1), (1)
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where a:gf) € RV are system variables, and y;, € R are

When the PCF method is used

to control the system (1), the control scheme can be

system parameters.

summarized as follows.

(4)

When system variables z;’ and z;

(4)

are taken as
the objects of pulse coupling control and coupling is
made by using the difference of the two variables, the

controller is designed as

wij = gij(al) —2{)). (2)
The coupling is taken in the form of pulse in the
method in order to diminish cost of the control,

namely, the control is added only once for every d

times of iteration, i.e.

g n=md,

0 n#md, (m=1,2,3), (3)

gij =

where g;; are coupling feedback coefficients, and d is
impulse interval.

Using the method proposed in the article to con-
trol the system (1) and n = md, we can turn the

controlled equations to the following form:

2 = e (),
2 = FHeY ) + g6 (@) — ),

29 = £({eY () + a2 — 20,

However, when n # md, the equations remain in the

same form as Eq.(1).

When control is added, the eigenvalue of Eq.(1)
will be changed according to the coupling feedback
coefficients g;; and the impulse interval d which play
a role of adjusting parameters. The maximum Lya-
punov exponent of the system can be changed from
positive into negative by appropriately adjusting the
value of g;; and d, and consequently the orbits of the
system can be changed from chaos into periodic or-
bits. This is the control principle of the PCF con-
troller. Since an N-dimensional continuous chaotic
system can be changed into a discrete one, the PCF
controller can be applied to both continuous chaotic

systems and discrete ones.

3. Artificial simulation

Recently, Liu and Chen introduced a 3D chaotic
system which was realized by the circuit in Fig.1(a).

The dynamic equations of the system are written as

follows:[17]
;—: =ax — dyyz,
—z = —by + dowz, (5)
SZ = —cz + d3xy,

where d; = 1(i = 1,2,3), a = 5, ¢ = 3.3 and b is an

adjustable parameter. The three variables z,y, z in

470pf
i
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Fig.1. (a) Circuitry realization of the new chaotic system. (b), (c) The chaotic attractor in

the (z, z) phase space.
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Equations (5) are produced from the top, middle and
bottom parts of the circuit respectively. The chaotic
phase diagram, Fig.1(b), which is obtained from ex-
perimental observation on R,=5k(), conforms with
that of artificial simulation, Fig.1(c).

The steady state solution (z¢, Yo, 20) of the 3D

tom is oi b de dy d=z
system is given by — = -~ = -~ =0,
dt dt dt

(€0, 90, 20) = (£Vbe, +v/ac, £Vab). (6)

With perturbations of z’,%', 2’ , the linearized equa-

tions of the perturbed steady state become

x a —20 —Yo x
d
il ’ — o ’ 7
dt Yy 20 b Zo Yy ( )
2 Yo To —C z

and the eigenvalue equation is

a-w —2 —Yo
z0o —b—w Zo = 0. (8)
Yo o —C—-w
That is
W+ cow? + crw+¢o =0, 9)
where
ca=b+c—a,
_ 2 2 2
c1 = —ab—ac+bc— x5+ y; + 25,

cog = —abe + 2xgyo2zo + am% + byg + czg.

According to Eq.(9) and the definition of Lya-
punov exponent,!'® which is the basic quantity to de-
scribe the chaotic system, the maximum Lyapunov
exponent of the 3D system can be calculated. The
evolution of the maximum Lyapunov exponent of the
system against the parameter b is shown in Fig.2 in
which Lyapunov exponent is positive, this is the es-
sential character of a nonlinear system to be in chaos.
Therefore, when d; = 1(i = 1,2,3), a = 5, ¢ = 3.3,
the system is in chaos. Figure 3 is the phase diagram
of the 3D chaotic system. As is shown, all the orbits
are in finite regions, and the orbits have the ergodic
property and special self-similar structures. As is seen,
the orbits form bands. If the scale of the phase space
is magnified, more small bands of orbits within the
original bands can be found. All of these are typical

characters of a chaotic attractor.
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Fig.2. Maximum Lyapunov exponent of 3D chaotic

system.

Fig.3. The chaotic attractor in the (z,y, z) phase space.

When PCF control is added to the 3D chaotic sys-
tem, the continuous chaotic system can be rewritten

in discrete form

Tpn+1 = T + (axn - ynzn)Ata
Znt1 = Zn + [—C2n + Tpyn] At.

Taking x, and y, as coupling variables, and adding
the coupling feedback terms g, (2, —y») and gyu (yn —
z,) to the first and the second equations in Eq.(10),
and with the forms of g,, and g,, being the same
as those in Eq.(3), iteration of 1.0x10* times with
b =15, gy = gya = ¢, We obtain the artificial sim-
ulation result as shown in Fig.4. The orbits of the
system are obviously changed into m closed curves.
Comparing the maximum Lyapunov exponents of the
3D system before and after control, we see that the
maximum Lyapunov exponent A,., > 0 when b =15
and Apax < 0 when g=0.98, d=3. That is, the max-
imum Lyapunov exponent of the system is changed
This is
the typical character of periodic orbits. Therefore the

from positive to negative after the control.

dynamic property of the system is changed from a
chaotic state into a periodic one. And this means that
the controlled system changes from a chaotic attrac-

tor in periodic orbits. The attractor has an infinite
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number of self-similar structures embedded in it and
limited in finite phase space. The simulation result
of 1p orbit is shown in Fig.4(a). Keeping the impulse
interval d the same but changing the feedback param-

eter g, so long as the maximum Lyapunov exponent

0 Z
z 15 -20 Yy

of the system remains negative (though its magnitude

changed), we have the results of 2p, 4p,...2"x3™p (n

and m are integrals) orbits, as shown in Fig.4(b), 4(c)
and 4(d).

2 ;10
z 15 -20 y

Fig.4. The periodic orbits in the controlled system. (a) 1p periodic orbit (d=3, g= 0.98),
(b) 2p periodic orbit (d=3, g= 0.78), (c) 4p periodic orbit (d=3, g= 0.71), (d) 6p periodic

orbit (d=3, g= 0.66).

Power spectrum analysis is an effective method
in determining the dynamical behaviour of the sys-
tem. Power spectrum can be evaluated by using the
Fourier transform of a variable in the phase space. In
the power spectrum periodic motions correspond to
spikes, while a chaotic motion corresponds to contin-

uous spectrum with spikes and noise background.
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Fig.5. The power spectrum in the chaos system.

The power spectrums of the system before and
after control are calculated by fast Fourier transform,
as shown in Fig.5 and Fig.6. Figure 5 is the power
spectrum of the system uncontrolled. As is seen, it
is a continuous spectrum with spikes and noise back-
ground. Figure 6 is the power spectrum of the 2p
orbit, having only spikes without noise background,

which is a typical character of periodic motion.
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Fig.6. The power spectrums of 2p orbit.
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It is also found in the artificial simulation that
when the impulse interval d takes other values the pe-
riodic orbits can also be obtained easily though they
change a little in shape. This shows that the control
is effective and sensitive to the 3D system. Mean-
while, the number of periodic orbits obtained can be
very rich by adjusting the parameters g and d. This
means that the system can be stabilized in many peri-
odic orbits, such as 1p, 2p, 3p, 4p, ...2"x3™p (n and
m are integers), which shows that the system can be
controlled in a large range. Furthermore, as is seen,
the control parameters, the coupling feedback param-
eter g and the impulse interval d, are both external
ones instead of parameters of the controlled system.
Therefore, this method overcomes the shortcomings of
the control method of oscillatory absorber proposed
by Kapitaniak, Kocarev and Chua, which requires ob-
taining the detailed information within the system be-
fore controlling to redesign the system and adjust the

parameters of the system. The method provides a use-

ful reference to the transition from theoretical study to
application, and it is hopeful to apply it to a practical

system of information and communication.
4. Conclusion

The 3D chaotic system is well controlled by using
the PCF controller presented in this paper. Artificial
simulation results show that the maximum Lyapunov
exponent, the phase diagrams and the power spec-
trums all can be changed when the control is added
to the system. When the system parameters are kept
unchanged and only the external controlling parame-
ters are adjusted, the maximum Lyapunov exponent of
the system can change from positive to negative, cor-
respondingly the power spectrum changes from a con-
tinuous spectrum with spikes and noise background
into a spectrum with only spikes, and the orbits of the
system in the phase diagrams change from the chaotic
attractor into 2”x3™ p (n and m are integers) peri-

odic orbits.
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