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The synchronization of Chua’s system, whose inputs include an unknown constant parameter, is studied in this

paper. A constructive method is applied to designing an adaptive controller, in which only one variable information

of the master system is needed. With the action of control signals, the parameter of the slave system will approach

the corresponding unknown parameter in the master system. At the same time, the synchronization errors will also

converge to zero asymptotically. Numerical simulations show that the proposed theoretical approach is very effective.
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1. Introduction

Since the chaotic

sented,[!! the tremendous interest has been aroused

synchronization was pre-

in studying the synchronization of chaotic systems
in various fields such as biology, physics, chem-
istry, and engineering.>=®/ Over the last decade,
many new types of chaotic synchronization have
appeared: lag synchronization,/®/ phase synchroni-

synchronization,®!
9—13]

zation,!”l  generalized adap-

tive  synchronization,' and fractional-order

synchronization.[*4

A number of methods in the literature are based
on the assumption that variables of the master sys-
tem are all available and the master system is entirely
known, in which no uncertain inputs or perturbations
are contained. But, as a rule, this case is very rare
in reality. For example, in secure communication, a
signal is transmitted from the master system to the
slave system, where the transmitted signal is one of
the state variables, which is kept unmeasurable. On
the other hand, actual systems may contain some per-
turbations or inputs including unknown parameters.
So, the synchronization of chaotic system with inputs
containing uncertain parameters, whose available out-

put is one, is worth being studied.

Recently, adaptive synchronization has been in-

vestigated in some papers. In Ref.[9], an approach to
adaptive synchronization of two chaotic systems with
unknown parameters was proposed by using adap-
tive backstepping, but the obtained control law re-
quired all state variables of the chaotic system to be
known. An adaptive synchronization method using
a single variable was addressed in Ref.[10], neverthe-
less the considered system is assumed to be entirely
given there, which contained no uncertain inputs or
perturbations. In addition, the addressed approach
is not constructive and a Lyapunov function needs to
be found for different systems. In Ref.[11], a novel
method was provided for a class of chaotic system de-
pendent linearly on unknown parameters, but an ex-
ceptive condition must be satisfied firstly and the de-
signed controller also needs all variables of the chaotic
system to be known. The same drawback also can be
seen in Ref.[12]. A new approach to uncertain chaotic
systems was proposed in Ref.[13]. However, in the
studied case, the unknown parameters are included in
nonlinear parts of the system, not in perturbations or
inputs.

Chaotic synchronization is closely related to ob-
server problem in control theory.!*®! In general, chaotic
synchronization can be thought of as the design prob-
lem of a feedback law for full observer using the known

information of the plant, so as to ensure that the con-
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So the

research on the nonlinear observer will give us much
[16—18]

trolled receiver synchronizes with the plant.

inspiration.

In this paper, a constructive scheme for Chua’s
system is addressed. Such a strategy can not only
guarantee that the synchronization errors between the
master system and the slave system approach zero
asymptotically, but also adjust the parameter of the
slave system approximately to the unknown parame-
ter of the master system.

The rest of this paper is organized as follows. In
the next section, we briefly review the modified Chua
circuit model and a master—slave formalism for syn-
chronization. In Section 3, an adaptive method for
Chua’s system is described. Numerical simulations
are given to verify the correctness of the theoretical

analysis. Finally, conclusions are drawn in Section 4.
2.Model description

Chua’s circuit is well known and has been exten-
sively studied. The modified Chua system is different
from the usual Chua system in that the piecewise-
linear nonlinearity is replaced by an appropriate cu-
bic nonlinearity which yields a similar behaviour. The

modified Chua system can be represented as follows:

T = _ﬂya
i=z -yt
i =oaly—2° —72), (1)

where a, 3 and v are known parameters. With the
perturbations added, which include one unknown pa-

rameter, the above Chua system is rewritten as

&1 = —By1 + 0p.(1),

Y1 =21 — Y1 + 1+ Opy (1),

f = ay — 21 —v21) + 0p.(t), (2)
where 6 is an unknown parameter and ¢z, ¢y, ¢
are bounded known perturbation functions. The be-
haviour of the perturbed chaotic system is different

from that of the original chaotic system for the same

initial states. For example, assuming

0z = sin(t),
iy = cos(21),

a=10, =16, v =—0.143, and 6 = 0.1, (3)

the respective dynamics behaviours are shown in Fig.1
and Fig.2 for the initial states z(0) = x1(0) = 0.04,
y(0) = y1(0) = 0.08, z(0) = 21(0) = 0.06. The system
(2) is called the master system, then the slave system

is taken in the following form:

Gy = —Byz + Opa(t),
Yo =22 — Y2+ T2+ 590y(t)7
2y = a(ys — 25 — v22) + O, (). (4)

In the above master—slave formalism, ¢, ,,¢. and
a, 3, are bounded known functions, and known pa-
rameters, respectively; both 8 and 6 are unknown con-
stant parameters. Further, what should be noted is:
1) We suppose that only z; and z, are available or
measurable, and 2) The unknown parameter is merged
into the perturbations that are not related to the state
variables. Our aim is to design an adaptive controller
that can drive the slave system (4) to follow the mas-

ter system (2).
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Fig.1. Phase portrait of the original chaotic system .
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Fig.2. Phase portrait of the perturbed chaotic system
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3. Adaptive synchronization de-
sign
This section will be devoted to the design of the
synchronization controller.

Above all, assume that the designed synchroniza-

tion controller is taken as the form of

=(Vo(va, vy, v2) + ka) (21 — 22),
=(vy(va, vy, v2) + ky) (21 — 22),
=¥z (v, vy, v2)

— a2 + 2120 + 22) + k) (21 — 29),

Avg (21 — 22),
b2 (Vay vy, V2, (1)),
Py (v, vy, vz, 0y (1)),
=02 (Va, vy, vz, (1)), (5)

where v, vy, v, are assistant variables to be con-
structed, whose dynamics only depends on ¢,(t),
wy(t), @.(t), respectively, and A, k., k,, k. are the
designed parameters. After adding the above control

laws to the slave system, we have

(Yo + ko) (21 — 22),
(Yy + ky) (21 — 22),
Zy =a(ys — 25 — yz2) + 9<Pz( )
+ (Yo —o(z] + 25 + 2122) + k) (21 — 22),
0 =Ava(z1 — 22). (6)

iy = — By + 0. (t) +
Yo =22 — Y2 + T2 +5<Py( t) +

From the systems (2) and (6), the error dynamics be-
tween the master system and the slave system is ob-

tained by

T + kz)627
(Yy + kyez,
(¢ + k’Z)ez- (7)

ez:_ﬁey+€9@z( ) (

€y =€, — ey, +e; + egipy(t) —
€ :a(ey - ’Yez) + e@@z(t) -
Because 6 is an unknown constant, we have

€9 = —Avge,. (8)

Define that

NZ(t) = CZ(t) — Uz (t)€9(t)v (9)

and substitute the expressions (8) and (9) into the ex-

pression (7), then we will have the following resulting

system that can be regarded as an auxiliary system:

Uy = — Py + @u(t) — kyvs,
Uy =0z — Uy + v, + 0y (t) —

k,v,. (10)

kyv,,

1.)2 =QUy — ayv, + ¢ (t) -
It is obvious that if we choose
b (v (2), 0y (1), 02 (1)) =M,

=gy,

=Av,v,, (11)

then the system (7) will be transformed into a linear

system. That is to say,

ﬂz 0 7& 7kz Kz
by | =11 -1 1-k, py |- (12)
Ly 0 a —-ay—k, Mz

Based on the linear system theory, we may choose

ks =08, k,=2, and k,=2, (13)

which ensure that the dynamics system (12) has an
asymptotically stable equilibrium at (0,0,0).

From the expressions (8) and (9), the error dy-
namics of the parameter # can be rewritten in the

form of

éo = —Avieg — Avgpi,. (14)

Before considering the stability of the above equation,

we should recall the following Lemmal'® first.

Lemma Consider a system

z= f(zvy)7
9= Ay +p(z,y), (15)

and suppose that p(z,0) = 0 for all z near 0 and

op
8—y(0,0) =0. (16)
If 2 = f(z,0) has an asymptotically stable equilibrium
at z = 0 and the eigenvalue of A has a negative real
part, then the above system has an asymptotically
(0,0).

Since v,(t) is bounded, which is generated by the

stable equilibrium at (z,y) =

system (10), there exist positive constants T, m and
n, such that

t+T
n < / v(1)*dr < m. (17)
¢
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Aa a consequence , by applying the above lemma, we
can conclude that gz, py, p.e9 converge to zero. Fi-

nally, from the following relationships:

a(t) = 1a() + va(D)en(),
ey(t) = py(t) + vy(t)eo(?),
ez(t) = Mz(t) + ’Uz(t)ee(t)a (18)

it can be proven that e;,e, and e, also converge to
Zero.

In the above statement, we have proposed an
adaptive control law that guarantees that the synchro-
nization errors converge to zero for an uncertain Chua
system. In order to verify the efficacy of the addressed
scheme, numerical simulations are carried out.

Let us suppose that the system whose phase por-
trait is shown in Fig.2 is called the master system,

then it is also described by

&1 =16y; + 0.1sin(t),
U1 =21 — y1 + 1 + 0.1 cos(2t),
21 =10(y1 — 2} +0.143z2;)
+ 0.1(sin(t) + cos(2t)). (19)
On the other hand, the initial states of the slave
system (4) are chosen as z2(0) = 1.54, y2(0) = 1.58
and 22(0) = 1.56, and the initial value of the parame-
ter 0 is assumed to be 8.1.
Taking A = 1, we apply the designed adaptive
control signals to the slave system, then it will be

changed into

By = — 16y + (v2 +0.8)(21 — 22) + @\sin(t),
U2 =22 — Yo + T2 + (Vavy +2)(21 — 22) + 5005(215),
2y =10(y + 0.1432, — 23)
+ (vpv, — 10(22 + 2120 + 23) + 2)(21 — 22)
+ B(sin(t) + cos(2t)),
é\:vx(zl — 29),
0, = — 16v, — 0.8v, + sin(t),
Uy =V; — vy + v, — 20, + cos(2t),

v, =10v, + 1.43v, — 2v, + sin(t) + cos(2t), (20)

where the following assumption is made: wv,(0) =
0.04,v,(0) = 0.08 and v, (0) = 0.06.

A master—slave formalism is taken , which con-
tains the master system (19) and the slave system

(20). This synchronization system has been simulated

for the above design. The corresponding synchroniza-
tion errors are shown in Figs.3—5. The estimative error
of the parameter 6 illustrated in Fig.6 approaches zero

evidently.
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Fig.3. Synchronization error for z.
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Fig.4. Synchronization error for y.
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Fig.5. Synchronization error for z.
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4. Conclusions

In this work, we have studied the synchronization
problem of Chua’s system. The proposed approach
provides a procedure for designing an adaptive syn-
chronization controller for Chua’s system with uncer-
tain inputs or perturbations. This algorithm allows
one to handle realistic situations such as unmeasured
states and uncertainties.

The resulting synchronization controller is ob-
tained by use of a constructive method , which needs
one available variable of an uncertain Chua’s system.
Finally, the performance of the designed controller is

verified by numerical simulations.

No.5
0
-4}
Ny
-8
~12 .
0 20 40 60
t
Fig.6. The dynamic error of 6.
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