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In this paper, the stochastic resonance in a bias linear system subjected multiplicative and additive dichotomous

noise is investigated. Using the linear-response theory and the properties of the dichotomous noise, this paper finds

the exact expressions for the first two moments and the signal-to-noise ratio (SNR). It is shown that the SNR is a

non-monotonic function of the correlation time of the multiplicative and additive noise, and it varies non-monotonously

with the intensity and asymmetry of the multiplicative noise as well as the external field frequency. Moreover, the

SNR depends on the system bias, the intensity of the cross noise between the multiplicative and additive noise, and the

strength and asymmetry of the additive noise.
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1. Introduction

Stochastic forces can play a crucial role in influ-
encing the deterministic kinetics. A representative ex-
ample is the stochastic resonance (SR) phenomenon
observed in systems driven by random and external
periodic forces.!' =21l The original work on SR by Benzi
et al was in the context of modelling the switch of the
Earth’s climate between ice ages and periods of rel-

ative warmth.[1-2]

Typically SR is a nonlinear effect
that accounts for the optimum response of a dynam-
ical system to an external force at positive noise in-
tensity. The term SR in a broad sense means the
non-monotonic behaviour of the output signal as a
function of some characteristics of the noise (noise in-
tensity or noise correlation time) or of a periodic force

(amplitude or frequency).

Researchers have investigated SR by applying var-
Fauve and Heslot,*! and
McNamara et all*! observed the SR by experiment.
Wiesenfeld et all*? studied the SR phenomenon in
the two-state mode by the adiabatic elimination the-
ory. Dykman et all®! and Hu et all™8! introduced the

ious kinds of methods.

TCorresponding author. E-mail: guofen9932@163.com

linear-response theory and perturbation theory to in-
vestigate the SR. Zhou et al[®! employed the residence-
time distribution to explain the SR as a resonance

synchronization phenomenon.

The SR phenomenon has been studied in a variety
of nonlinear systems with additive and multiplicative
noise.l'=14] It was concluded that non-linearity, peri-
odic and random force are the essential ingredients for
the onset of SR. On the other hand, behaviour similar
to SR has also been found in linear systems subjected
to multiplicative coloured or dichotomous noise.!*>~17]
It was suggested that noise multiplicativity and time
correlation are the necessary conditions for the SR to

occur in linear systems.

As widely used in actual systems such as modern

s[18:19] " bias signal is adopted

communication system
to improve the quality of communication. However,
only few papers involve the effect of the bias signal
in a linear system. In this paper, we investigate the
SR phenomenon in a bias linear system with multi-
plicative and additive dichotomous noise. According
to the expression of the signal-to-noise ratio (SNR),

we find that the SNR decreases as the increase of the

http://www.iop.org/journals/cp
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bias of the system and the increase of the intensity
of the additive noise, while the SNR increases as the
increase of the asymmetry of the additive noise and
the increase of the intensity of the cross noise between

the multiplicative and additive noise.
2.The bias linear system and its
output SNR

Consider a bias linear system described by the

following stochastic differential equation:

de (t)
dt

—Ja+&@)]z(t)+£(t) Acos(2t)+7+n(t),

(1)
where r is the bias of the system. & (¢) and 7(t) are di-
chotomous noises with zero mean and their correlation

functions are described as follows:
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Where o3 is the intensity of the cross noise between
the multiplicative noise & (t) and additive noise n(t).
& (t) and n(t) take the values Jy, —K; and Jo, —K>
respectively. J; >0, K; > 0,¢=1,2. We define p; as
the transition rate of £ (¢) from J; to —K; and ps the
reverse rate, ¢ as the transition rate of n(t) from J,
to — K5 and ¢o the reverse one. A; and A, denote the

asymmetries of the dichotomous noise ¢ (¢) and 7(t)

respectively. These parameters satisfy the following
equations:
p2J1 — p1Kq1 =0,
22 —q1 K2 =0,
Ay =J1 - Ky, Ay =Jy— Ky,
A1=p1+p2, Ae=q+q
= J1 Ky, = JoK>. (3)

There are different ways to solve the linear
stochastic equation (1). In order to find the first two
moments, we average Eq.(1) and multiply it by 2z,

then obtain the following two equations:

d(z) _
5 - (z) — (€z) + 7, (4)
d<d"”i ) —a(a?) — 2(ea®) +2(na) + 20 a)

+ 2Acos (12t) (€x) . (5)

Applying the well-known Shapiro—Loginov for-

mula,?%) we obtain the following equation:

4 {éx) <§‘“> A (€2). (6)

dt

Multiplying Eq.(1) by £ (t), averaging, and then com-
bining it with Eq.(6), we have:
d
<d€tx> = — (&%) — (a+ A1) (€x) + o1 A cos (2t) + 03.
(7)

Equation (7) contains the moment (£2z), one can ap-

ply the properties of dichotomous noise £ (¢) to decou-
ple this term,

(€%2) = o1 () + A (€2). (8)
Substituting Eq.(8) into Eq.(7), one has:
d{&x
L) o @)~ (at A+ 21) ()
+ o1Acos (2t) + o3. (9)
Equations (4) and (9) are equations for two unknown

functions (z) and (£z).

can obtain the asymptotic value at ¢t — oo of the first

Solving these equations, we

moment (z),
(z) = f1cos (£2t) + fosin (2t) + fs, (10)

where

i =Aoy (22 — eres) [(22 +3) (22 +3)] 7,

fo=—A0102(2a+ M + A1)
x[(22+ ) (22 + )],
fa=[r(a+X+ A1) — 03] (cre2) ™,
c12=(1/2) (2a + A + 44)

+(1/2) /O + A1) + 4oy, (11)

In a similar manner, we can obtain the following

equations:
: <§f2> =201 (2%) = (20 + 21 +24y) (¢2?)
+2(nz) + 2[r 4+ AyAcos (22t)] (x)
+ 201 A cos (2t) (z) (12)
d ?tﬂ = — (a+ X2) (nz) — (Enx)
+ o3 A cos (2t) + o2, (13)
VM) o () — (a4 M+ 2o+ 1) ()

+ros + AjosAcos (2t) + Azos.  (14)
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According to Egs.(5) and (12)—(14), one obtains
four equations for the four variables, (x2?) (£x?), (nz)
and (£nz). Omit the complicated calculation process,
here we give only the stationary value t — oo of the

second moment:

(2%),, = [(2a+ 241 + \1) fs — 2fo] (c5c6) ™, (15)

where

fs =2fc +2rfs + Afa,
fo =2f7r +2rfs + AA1fa + Ao1 f1,
fa=Aoy [02 (a+ A+ A4y)+ aclcz]
< [(2+) (22 + )],
fs=—alr(a+ A+ A1) — 03] (clcz)_1 +r,
fo =[oa(a+ A1+ A2+ A1) — 03 (Az +1)] (0304)_1 )
fr=—(a+ A2)[o2(a+ A1 + A2+ Ay)
— 03 (A2 + )] (0304)71 + o2,
c3a = (1/2) (2a + A +2X2 + 4A4)
£ (1/2) /(0 + A1) + 4o,
cs6 = (1/2) (4a+ A +24,)

+(1/2) \/(Al +24,)° 4 1604, (16)

and ¢;, f;(i = 1,2,5 = 1,2,3) have been defined ear-
lier.

Our final aim is to calculate the stationary cor-
relation function (z(t + 7)z(t)). From the solution of

the linear equation Eq.(1), one can obtain the follow-

ing formula:

z(t+7)=x(t)exp(—at)g (1)

+ T/OTg(u) exp (—au)du

+ A/OT hs (u) exp (—au)

x cos [2 (t+7 —u)|du
+ /0 hy (u) exp (—aw)du,  (17)

where

1) = (o[- [“eas] ).
mw = (nt-wew |- [Te@a] ),

ha (u) = <f(t—u)exp {—/Ouf(s)ds}>. (18)

By calculating the integrals presented in Eq.(18),

one obtain:2122]
K K
g(u = e —1[{2 exp (*Iigu) — ) —2,‘{2 exp (*ﬂlu)a
g
h1 (u) = )\73€Xp (7A3u - 1) g (u) )
3
g
h2 (U) = _16Xp (—)\]_’U, - 1) g (’LL) ’ (19)

1

where k12 = ¢12 — a, and ¢;(¢ = 1,2) have been de-
fined earlier.

Multiplying Eq.(17) by z(t) and averaging, we ob-
tain the asymptotic expression of the correlation func-

tion,

(x(t+T7)z(t) = <552>St exp (—at) g (7) +r(z) /0"' exp (—au) g (u) du

+ A{z) /OT hy (u) exp (—au) cos [2 (t + 7 — u)]du + (z) /OT hy (u) exp (—au)du.  (20)

Averaging Eq.(20) over the external period 27/ 2, one can obtain the stationary value of the correlation function:

(xt+7)a(t), = <w2>st exp (—at) g (7) + my /OT exp (—au) g (u) du 4+ mqy /OT ha (u) exp (—au) cos (2u) du

T

+ mg /OT ho (u) exp (—au) sin (2u) du + f3/0 hi (u) exp (—au) du, (21)

where

my =rfs, mo=(A/2)[f1cos(27)— fasin(27)],

and f;, h;j(i=1,2,3,j =1,2), 9 (u) were defined earlier.

ms = (A/2) [f1sin (27) + facos (£27)], (22)

Applying the Fourier transform on both sides of Eq.(21), we obtain its one-sided averaged power spectrum

defined for positive frequency §2:

S (W) = 5. (2)6 (@ — 2) + S (), (23)
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S:(2) =Amos(ca — c1)[exp(1) f0] "
X {f1[A5 + (2c1 4 2c2 — a)A] + (2° + (c1 + c2)(c1 + 2 — a) + c1e2) A3 + a2®
+ciea(er +ca —a)] + fz.(l[/\g +2(c1+ca—a)As+ %+ (c1+c2)(e1 +ca —a) —crea]},  (24)
Sn(w) =Sn1(w) + Shz(w), (25)
Su1(w) =(c1 — c2) H{(@®)st[2c2(c1 — a)(c3 + w?) ' + 2c1(a — c2)(c] + w?) 7]
—rf3[2(c1 — a)(c3 + w?) '+ 2(a — ) (cf + w?) '}
— 2fso[exp(1)A1(er — c2)] H{(e1 — @)[(M + 2)? + @] + (@ — c2)[(A1 + 1) + 0?1},
Sna(w) = — Aoz(As + c1)(a —c2)[(e2 + /\3)2 + 02]
x {f202 + fi(As + c1) Hexp(1) fio[(As + ¢1)® + w2} 1
+ Aos(As + c2)(a — c1){exp(1) fio[(As + 2)* + w?]}
X {f2f2[(c1 + A3)* + 2] + fi(Xs + c2)[(e1 + A3)? + 2°]}, (26)
fio = As(er — e2)[(As + 2)® + 2%][(As + ¢1)* + 27], (27)

and ¢;, f;(i = 1,2,5 = 1,2,3) have been defined ear-
lier. Where S5(£2) is the power density connected with
the output signal, S, (w) is the power spectrum asso-
ciated with the noise background. SNR is defined as
the ratio between the power densities of the signal and
the noise background at the frequency w = §2:
Ss(£2)
Sn(w=0)’
where Ss(£2) and S,,(w) have been defined earlier.

SNR = (28)

3. Discussions and conclusion

Up to now, we have obtained the expressions of
the first two moments and the output SNR. Now let
us discuss the influence of the noise and the external
field on SNR and draw some conclusions.

By virtue of Eq.(28), the effects of the external
frequency, the noise intensity, the asymmetry and cor-
relation time as well as the bias of the system on the
SNR are discussed through Figs.1-5.

In Fig.1, we plot the curve of the SNR versus the
correlation time 1, = )\gl of the additive noise with
varied additive noise asymmetry As. As seen in Fig.1,
the SNR is a non-monotonic function of 75, a maxi-
mum exists on the curve of the SNR, i.e., stochastic

resonance in a broad sense occurs, which is absent in

|
Ref.[16].

crease of Ag, the maximum-value position of the SNR

Moreover, the SNR increases with the in-

curve shifts to the right when A, increases.

2.098x10*}

2.097x10~4}

SNR

2.096x10~%

2.095x10~4L

0.00 0.02 0.04 0.06

T2

0.08 0.10

Fig.1. SNR as a function of the correlation time
Ty = /\El of the additive noise for A;=100, Az = 10,
Ay =1, a = 10, 01 = 0.5, 0=0.0012, o3 = 0.01,
r =10, A =1, 2 = 1 with varied A,.

The curve of the SNR versus the multiplicative
noise intensity o; with varied system bias r is plotted
in Fig.2. The curve exhibits a maximum and we ob-
serve clearly the conventional stochastic resonance in
this case, which is not presented in Ref.[16]. Moreover,
the SNR decreases with the increase of the system bias
r, the position of its peak moves to the left with the

increase the bias r.
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6x10~%

4x10~*

SNR

2x10~*

o1

Fig.2. SNR as a function of the multiplicative noise

intensity o1 for A\1=5, Ao=5, A\3=5, A1 =1, Az =1,

a =2, 02=0.1, 03=0.01, A=1, 2 = 1 with varied r.

In Fig.3, we analyse the influence of the bias r on
the SNR when the SNR is plotted versus the exter-
nal frequency 2. As seen in Fig.3, the SNR increases
initially when {2 increases, and then reaches a maxi-
mum for some intermediate (2. Hence, the bona fide
stochastic resonance takes place. At the same time,
the SNR decreases with the increase of r, which is a

similar effect shown in Fig.2.

4x1073

r=0.0

3x1073}
§ 2x107%}
wn

1x1073f

Fig.3. SNR as a function of the external frequency {2
for A1 = 1,22 = 1,A3 =1, A1=1, A3 =1, a = 0.6,
o1=1, 02=1, 03=0.1, A = 1 with varied r.

0.025
0.020 ]
e 0.015f ]
Z
[72]
0.010¢t 1
0.005 ]
0.000 . .
00 01 02 03 04 05 06 0.7
71
Fig.4. SNR as a function of the correlation time
™ = /\171 of the multiplicative noise for A2 = 1,
A3 1, A1 =02, Ay =1, a=1,01 = 2,03 =1,

r=0,A=1, 2 =2 with varied o3.

In Fig.4, the SNR is shown as a function of the
correlation time 7 = )\fl of the multiplicative noise
for different values of the additive noise strength os.
Here we again observe SR phenomenon in a broad
sense. As shown in Fig.4, the SNR decreases slowly
as o9 Increases.

The curve of the SNR versus the asymmetry A,
of the multiplicative noise for different values of the
cross noise strength o3 is given in Fig.5. As shown in
the figure, the SNR also behaves non-monotonously
as the asymmetry A; varies. The SNR increases as
the noise strength o3 increases, whereas the SNR de-
creases with the increase of the noise strength o5, as
shown in Fig.4. In addition, by comparing Fig.5 with
Fig.1, we can see that the effect of the asymmetry A,
of the multiplicative noise on the SNR is different from
that of the asymmetry Ay of the additive noise, since

the latter influences on the SNR monotonically.

5x10~3

4x10™3

3x10~3

SNR

2x10~3

1x1073

Fig.5. SNR as a function of the asymmetry A of

the multiplicative noise for \; = 1, A2 = 1, A3 = 1,

Ay =1l,a=1,01 =02 =1,r=0,A=1, 2 =0.2

with varied o3 .

In conclusion, we have studied the SR phe-
nomenon in a bias linear system subject to multi-
The out-

put SNR shows non-monotonic behaviour when it is

plicative and additive dichotomous noise.

plotted versus the correlation time of additive noise,
the strength, asymmetry and correlation time of the
multiplicative noise as well as the external frequency.
The conventional SR, the bona fide SR and the SR in
a broad sense can be observed in the bias linear sys-
tem. Furthermore, the SNR decreases as the increase
of the system bias, the effect of the asymmetry of the
multiplicative noise on the SNR is different from that
of the additive noise, the influence of the intensity of
the cross noise on the SNR is opposite to that of the

additive noise.
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