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This paper investigates the quantum Dirac field in n + 1-dimensional flat spacetime and derives a lower bound

in the form of quantum inequality on the energy density averaged against spacetime sampling functions. The state-

independent quantum inequality derived in the present paper is similar to the temporal quantum energy inequality and

it is stronger for massive field than for massless one. It also presents the concrete results of the quantum inequality in

2 and 4-dimensional spacetimes.
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1. Introduction

In classical general relativity, the stress tensor is
required to satisfy the classical energy conditions so
that the solution to the Einstein field equation is phys-
ically reasonable. For instance, the stress tensor obeys
the weak energy condition (WEC): T, u*u” > 0 for
all timelike observers, where u* is the observer’s four-
velocity. WEC suggests that all observers must see
positive energy density. The classical energy condi-
tions are obeyed by all observed forms of classical mat-
ter and energy and play important roles in proving sin-

gularity theorems®?] and positive mass theorems.!4]

However, the classical energy conditions are
doomed to fail in quantum field theory. It has been
demonstrated that the energy density can become neg-
ative for certain states in quantum fields.!®! Further-
more, the Casimir effect®:"! and the squeezed state of
light!®! studied experimentally have given indirect sup-
port to the existence of negative energy densities. At
the same time, if no restrictions were placed on neg-
ative energy, then many exotic effects including the
violation of the second law of thermodynamics®! or

of cosmic censorship,1911! and superluminal travel by

‘warp drive’!?] or time machines!™® could occur.

Certainly, the quantum field theory by itself con-
tains mechanisms to prevent the bizarre results from
emergence. Now people have found severe constraints

[14=31] The constraints pioneered

on negative energy.
by Ford have been developed into the quantum energy
inequality (QEI) which is a bound on the average of
energy density weighted by a sampling function. The
QEIs have been found by various authors for different
quantum fields.[20:21,23-25.27.31] Ag for the Dirac field,

Vollick?”! obtained an optimal QEI

1 oo
— dt
2r | @)

Py = [ s Too 9 1(6)>

which is state-independent in two-dimensional flat
spacetime. Here the normal ordered energy density
is measured by an inertial observer whose proper time
is t and f(t) is a smooth and positive sampling func-
tion whose integral is unity. Fewster and Mistry!2]

derived a QEI in four-dimensional flat spacetime
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where

@w=(1-5)" (1 %)
n % loglz + (22 — 1)/?] (3)

is a monotonically increasing function for z in (1, 00)
with the maximum value of one. The QEIs constrain
the magnitude and duration of negative energy density
and have been used to show that the above mentioned
exotic phenomena are impossible in reality.[17:32]

In these QEIs the energy densities are all aver-
aged along timelike worldlines. It is natural to enquire
whether there exists any QEI with the energy den-
sity weighted along a spacelike curve or over a space-

271 and Few-

time volume.!®3] In this regard, Vollick,
ster and Hollands®¥ found that space averaged QEI
exists for the scalar field and the conformal field re-
spectively in two dimensions, but Ford and colleagues
demonstrated that similar conclusions do not apply to
the four-dimensional case.?®] It should be noted that
the bound on the spacetime-averaged energy density,
called spacetime quantum energy inequality (STQEI),

[36] In two-dimensional

might hold as argued by Helfer.
flat spacetime, Borde et al established a STQEI for
the massless scalar field®” and Fewster and Hollands
found one for the conformal field.*] So far, there has
not been much work to search for STQEI in other
fields or in higher dimensions.

In this paper, we will generalize the methods de-
veloped by Fewster and Mistry in deriving QEI in the
flat spacetime of four dimensions/?3! to n + 1 dimen-
sions and obtain a lower bound on the energy den-
sity averaged against spacetime sampling functions for
the Dirac field. The bound has the form of quantum
inequality and amounts to the QEIL In the end we
will evaluate our bound explicitly for the 2 and 4-
dimensional spacetime.

We use the unit system where ¢ = A = 1 and the

metric sign convention (+ — -+ —).
2.Derivation of the quantum in-

equality for the Dirac field

Let us begin with some basics of quantum Dirac
field theory. For the Dirac field the Lagrangian den-
sity is )

i— — _
L— iww(—ﬁ + M)y — mipih, (4)
from which the symmetrized stress tensor®®! can be

calculated:

T = i [P (=87 + Oy + Dy (=57 + Py

Va-a)

The field operator can be expanded as

b(@) =3 3 oa(k)u (k)

k a=1,2

+df (k)v* (k)e ), (6)

where b, (k) and b, (k) are the annihilation and cre-
ation operators for the electron respectively, while
d.(k) and df, (k) are the respective annihilation and
creation operators for the positron. The four opera-

tors anticommute except in the cases

{ba(k)’ bl’ (kl)} = {da(k)vdlf (k’)} = 5a,a’5k,k’I’
(7)
where I is the unit matrix. The mode functions are
taken to be
w2kw+;1¢a
u®(k) = F ok ) (8)

2w (w + M)V
ok

2w (wg + m)V

wrt+m

2ka ¢

and ¢'T = (1,0), $2" = (0,1). The expectation value

of the normal ordered energy density in an arbitrary

¢O¢

quantum state is
(: Too :) :% Z Z(wk + o)
k! o

(bF, ()b (K'Y yut (Re)u (K Yo 100

dl'(k/)da(k»vm(k)va'(k/)ei(k—k').m]

Z Z(wk’ — wk)

kok! a0

X [{da(Re)bar (k)™ (Reu® (I )e 4

— (bRl (Kl (k) (ke T+K)2)
(10)

o~

X
+
+

N | =

Now we define the spacetime-averaged energy

density measured by a stationary observer as

<p>ST=/ dt/ da, -

X [ d$n< TOO Z>f0(t)f1($1) cee fn(wn),
(11)

where fy, -+, f,, are assumed to be smooth, non-
negative and compactly supported spacetime sam-
pling functions whose integrals about the correspond-
ing coordinates are all unity. Substituting Eq.(10) into

the above equation we obtain
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1
(p)st =3 (Wi + wir)
k,k' a,0f
X [(b1, (K)bar ()™ (Re)u (k') fo(wir — wk)f( ky) < fullkn — k)
+ (L, (k) da(R))o" (k)™ (k') fo(wr — wie) fi(ky >~--f1<k’n — k)]
+ % % Z wk/ — wk
b (K1 o) () o+ ) b = K3) - Pl = )
— (bl (k)dL, (k") u! (k)v™ (k) fo(—wr - w:«)fl(kl +ky) - Fulkn + K] (12)
Here fis the Fourier transform of f: and g obeys
- o0 ‘ gxg=1F, (15)
f(A) = / dz f(x)e™ 4. (13) . .
—o0 where the convolution % is defined as

Now we prove an identity which is crucial for ob-
taining the lower bound on {p)st. We first define the

function g as

o0

(hl*hg)(A):/ dA' hy(A — A')hy(A').  (16)

— 00

F1/2(A) Following Fewster and Mistry’s method??! we define
9(4) = Vor (14) a family of operators on the Fock space as
|
Z go(ro — wi)g1(p1 — k1) - - gn(pn — kn)ba(k)u® (k)
ak
+ g0(to + wi)g1 (k1 + K1) -+ - g (pin + kn)dl, (k)™ (K)]. (17)

Here the subscript p indicates a group of variables {pq, g1, -

,n . Considering the integral symmetry about

k and k" and using Eq.(7), we derive (no summation over u)

OLOW =S,I+ 3" v o7 - 9nds

' Bl (k)b (K )ut (R)u’ (k)

“gnd'o 091 19
a,al kK
+9091 + gn g'0+g’+ g ol (R)d! (K )ut (k)0 (K)
+ gSrgl gt g5 gy g e (R)bar (K )T (R)u® (K')
—9597 - 9igsgT - g'zdlf(k')da(k)v“(k)va'(k')] : (18)
where )
S = o3 ool +06) %lgn s + K)o+ k)P (19)
k
and we have taken the following notations for convenience:
+ + 4 .
9o = go(ko £ wr), g7 = gi(ps £ ki), 'y = glho tww),g's = gilwi £ ky), (i = 1,---,m). (20)
Then we can prove
pst = / o / dpr - / Ao (010, — ST, (21)
where we have used Eq.(15) and the lemmal??!
1 AN ! /7
FwHw)flw—w)= dppg(w — p)g(w’ — p). (22)
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Upon calculating

2
{0604} =5 D " lgo(ko — i) Plgr (w1 = k) 2+ |gn (n — k) P1
a,k

2
g Dl +0) o+ £l + )T

=(S—p+Su)1, (23)

p)sT =/ duo/ du1-~-/ dptnpto{0},0, — S,.T)
0 — oo

0 [e’s) [e’e]
+/ duo/ d,u1-~-/ dpnpo(—0, 0}, + S_,.I). (24)

we find that

Considering No(olo,) > 0 for any pug > 0 and *HO(O;LOD > 0 for any pug < 0 in all quantum states, we have

0o oo oo 0 0o 0o
p)sT > —/ duo/ du1~--/ dﬂnNOSu+/ duo/ du1~--/ dptnpoS—p. (25)
0 —oo —o0o —o0 —oo —o0

Inserting Eq.(19) into the above equation and taking the continuum limit (1/V) Y, — [ d"k/(27)", we obtain

the inequality
ST>—4/ duo/ dpy - / dpn

X / 2n)" 900 + wi) P91 (1 + k1) [* -+ 1gn (1 + k) [P o- (26)
For the multiple integral in the right-hand side of Eq.(26) we use the method of transforming integral variables
to calculate the parts about u; and k; for ¢ = 1,---,n, respectively. Finally we obtain
(p)sT > _40"/ duo/ dwlgo(uo + w)P(w? = m?)™*wuq, (27)
0 m

where fooo dulg(u)|? = 1/2 has been used and

1

Cp=———i—F—.
2n-17n/2[(n/2)

(28)

Let up = po + w,v = w, and apply the way of changing the integral variables once again, then we can simplify
Eq.(27) further:

2C, o _
(st >—=" / dug|f 1/2( 0)|2/ dv(v? — m?)™* Ly(ug — v). (29)
We can also write the above inequality as
2C, U,
>__ P [ g 2yt (—0) 30
sz =2 [ aual o) P08 (2). (30)

where the bounded positive function Q% (z) is defined as

QP(z)=(n+1)(1- m—2)”/2 —n(n+ 1)z~ "+ /1 dyy2(y® — 1)"/>7 1, (31)
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The function QZ(x) is monotonically increasing for
x > 1 and exhibits the maximum value of one as

r — 00 Corresponding to the massless case. In

Eq.(30), the factor |f, 1/2( 0)|? decays faster than any
inverse polynomial in ug as up — oo and therefore
the above inequality is always finite for any smooth,
positive and compactly supported spacetime sampling
functions.

In the light of Eq.(30) we come to the conclusion
that the lower bound for massive field is stronger than
that for massless one because the integration interval
and the function QP (ug/m) are smaller in the massive

case than in the case m = 0.
3.Quantum inequalities in 2 and

4-dimensional spacetimes

In the following we evaluate the quantum inequal-
ities in 2 and 4-dimensional Minkowski spacetimes and
compare them with the corresponding results of QEIs
derived previously to gain more insights into the quan-
tum inequality bound.

Firstly we discuss the 2-dimensional case. From
Eq.(30) we obtain the quantum inequality for the

massless Dirac field:
1 o 179
Pse == [ dwlfPwo)d @2
0

Equation (32) can also be transformed to ¢-space by

using Parseval’s theorem and can be rewritten as

1 o0
>
<P>ST_ i /_OO

Comparing Eq.(33) with Eq.(1) we find that the quan-
tum inequality is weaker than the optimal temporal
QEI by a factor of 1/6. For the massive field, the

spacetime inequality is

s>~ [~ dwl i PPe? (2, 6o

where

(33)

1\'? 1
Di .\ _ 2 1/2

=|1-—= ——1 -1 . (35

QP = (1-%) - Flosle-+ (=12 (39

Because QP(Z?) < 1 the massive inequality is stronger
than that for massless fields.

Now we deal with the case n = 3. In four-

dimensional spacetime, the inequality for the massless

field is worked out

(p)sT > —

| dwdif Pk, o)
0

1273

Equation (36) can also be written as

g AR @)

When the Lorentz function

(p)sT >

to

t) = ———— 38
1) = s (39)
with characteristic width tg is adopted, the inequality

can be easily calculated:

9

S — 39
51272t (39)

(p)sT > —

This fact is

consistent with the conclusion that the spatial con-

If tg — 0, the inequality is divergent.

straint on negative energy density does not exist in
four dimensions.??! For the massive field the quantum

inequality bound is

(p)sT > —

Tom 3/ duo | 1/2(uo)| Q3( OYud, (40)

where Q¥ (z) is defined as Eq.(3). Comparing Eq.(30)
with Eq.(2), we can see that the quantum inequality
has the form of the temporal QEI.

4. Conclusion

We have derived new restrictions on the space-
time average of the energy density against spacetime
sampling functions for the Dirac field in any dimen-
sional flat spacetimes, and given the explicit results of
the quantum inequality bound in 2 and 4-dimensions.
The quantum inequality derived in this paper is simi-
lar to the temporal QEI in the same dimensions, but
is not tighter than the latter. This indicates that the
bound obtained by the current approach with the en-
ergy density averaged over the spacetime volume is
not severer than that averaged only along the time-
like curve. We also find that the quantum inequality
for the massive field is stronger than that for massless
case. This fact is natural and suggests that it is more
difficult for the energy density to become negative in
massive fields than in massless ones. Since the char-
acteristic widths of space sampling functions do not
emerge in the final result as clearly as that of the time
sampling function, it is the direction for future efforts
to search for sharper spacetime bound or the optimal
one.

In conclusion the quantum inequality obtained in
the present paper is a kind of constraint on negative

energy density averaged over space and time, and we
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may apply the method in this paper to other fields

and expect to get similar restrictions.3?!
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