Vol 15 No 5, May 2006
1009-1963/2006/15(05)/0919-04

Chinese Physics

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

Semiclassical propagator and van Vleck determinant
in a mixed position—-momentum space

Yang Guang-Can(#t%)1

School of Physics and Electronic Information, Wenzhou University, Wenzhou 325027, China

(Received 18 September 2005; revised manuscript received 22 November 2005)

In this paper a semiclassical propagator in a mixed position—-momentum space is derived in the formalism of

Maslov’s multi-dimensional semiclassical theory. The corresponding mixed van Vleck determinant is also given explicitly.

The propagator can be used to locally fix semiclassical divergences in singular regions of configuration space. It is shown

that when a semiclassical propagator is transformed from one representation to another, its form is invariant.
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It is well known that WKB approximation is a
standard semiclassical method and has been success-
fully used in many physical problems.l"? But it is
usually confined to one-dimensional cases. There has
long been a need for the development of a method that
can be used to deal with multi-dimensional problems.
In last two decades, the Maslov and Fedoriuk (MF)
n-dimensional semiclassical theoryl3l has achieved a
great progress in this direction and has been used
successfully in the atomic and molecular physics.[*~¢
Recent applications of semiclassical theory for quan-
tum chaos and Rydberg atoms and/or ions is external
fields can be found in Refs.[7-11] MF’s theory empha-
sizes a suitable choice of representation space (usually
a mixed position—momentum space) to overcome the
semiclassical diversity in configuration or momentum
space. Delos has shown how to construct a uniform
semiclassical wave function by using MF’s approach. (¢!
The semiclassical propagator in configuration space,
known as van Vleck formula, has been acquired by
many authors from different starting points.[12-16]
But it can not work in the singular regions such as
near caustics or foci of classical trajectories. To over-
come the difficulty, Keller proposed a complex tra-
jectory formalism.['”) But a complex trajectory has
not a definite physical meaning in classical mechan-
ics. In fact, such divergence is not due to semiclassi-
cal theory itself, but that configuration space is not

suitable Lagrangian coordinate plane of the Lagrange
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manifold in phase space.36] The divergence can be
repaired by transforming the wavefunction or propa-
gator into a momentum or mixed position—-momentum
space. Maslov and Fedoriuk have shown that a semi-
classical wavefunction or propagator is invariant when
it is transformed from position representation to mo-
mentum or mixed position—-momentum representation
under stationary phase approximation.l Gutzwiller
has given a formal transforming formula of propagator
to momentum space.l’! For multi-dimensional prob-
lems, a mixed position—momentum representation is
more suitable and it contains position and momen-
tum representations as two special cases. In this paper
we will show how to calculate explicitly a semiclassi-
cal propagator in a mixed position—-momentum space
and then construct a uniform semiclassical propagator
which is finite even at any boundaries between classi-
cally allowed and forbidden regions where the primi-

tive propagator in configuration space is divergent.

A uniform semiclassical propagator can be con-
structed by the following steps: firstly, at any singular
regions in configuration space, we transform the prim-
itive propagator into a suitably chosen mixed space,
then a finite propagator in the mixed space can be
constructed; finally we transform it back into configu-
ration space and sew it with the primitive propagator
smoothly to construct a uniform semiclassical propa-

gator. The method can be used to construct a uni-
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form semiclassical Green function in the same way. 8!

In the following we will explicitly accomplish the con-
struction.

For simplicity’s sake we consider a single parti-
cle without spin in n-dimensional configuration space,
and its Hamiltonian is independent of time. For given
energy, the propagator K(q”,q',t — to) satisfies the

inhomogeneous equation

[ih2 — H} K(q",q',t —to)

ot
=ihd(q" — q')é(t — to), (1)

where ¢’ and ty are the initial position and time, g”
and t are the final position and time. Without loss of
generality, take tg = 0, then K(q”
K(q",q',t). The semiclassical approximation K. of K

,q',t —to) becomes

is given by Van Vleck formulal'6]
1
Ko(q" q't) = Cr|)'/?
class.traj.

X exp {h (R u2>] (2)

where .
R(¢"d'0) = [ Lig gt Q

0

is the classical action evaluated along the classical
path which leads from ¢’ to ¢” at the given time ¢ and
u is the Maslov index which is related to the topolog-
ical properties of the ray of trajectories. Its intrinsic
geometrical properties have been discussed in detail
by Littlejohn and co-workers.[1?2%] The summation in
Eq.(2) is over all classical trajectories from ¢’ to q"”.
The Van Vleck determinant is defined as

0’R

= —_—— . 4
Cn= |-y @

According to quantum mechanics, a propagator
must be finite everywhere. However, the primitive
semiclassical propagator of Eq.(2) has singularities at
any boundary between classically allowed and forbid-
den regions and at any caustics or focus of classical
trajectories. The reason for such singularity is not
due to the semiclassical theory itself, but because the
configuration representation is not suitable any more
in these regions. When it is transformed into momen-
tum or mixed position—-momentum space, such singu-
larities can be fixed. It has been shown that there
‘almost always’ exists a representation in which the
semiclassical approximation does not diverge in these

singular regions. ¢!

We choose mixed coordinates (pq,qs), where o =
vkand 8 =k +1,---

are disjoint sets. So the mixed coordinates contain

,n. In other words, they
no canonical conjugate pairs. The propagator in the
mixed space can be obtained from the counterpart
in configuration space by partial Fourier transforma-
tion. The propagator F'(py, g, Po, 953) from (pl,, gj5)to
(P qj3) is defined by

K(paaqﬁapaaqﬁa

—(2mh)~ /dq /dqa (¢",q1)

x expli(pegn — Pada)/hl- (5)

Its semiclassical approximation Kc(p’o",qlg,p;,q'ﬁ,t)
,q') into Eq.(5)

and evaluating the integral by k-dimensional station-

can be obtained by inserting K.(q'

ary phase approximation (SPA). Firstly, we calculate
the integral on ¢/, that is

Ke(q", 045 1)
z(27rh)—’“/2/dq;Kc(q”,q’,t)exp(ipfxq;/h) (6)

Inserting Eq.(2) into the expression, we find that the

exponent becomes the product
R=R+p.d, (7)

and the factor i/A. It is noted that we use a single
symbol to denote the exponent before and after the
SPA. For convenience, the Maslov index and summa-
tion over classical trajectories have been dropped tem-

porarily. The stationary phase (SP) points ¢, satisfy

OR
8(]’ = _p:xaalpha: 17"'7k' (8)
alqg,

After SPA the pre-exponential factor can be written

1 (@rib)? o, (PR
(2mih)n/2 (2mh)k/2 (Cr) 92/,
ik/2

9a’ 1/2
. 1/2 ( _9%a
w0 () ©)

To simplify the expression further, we rewrite Cr as

as

9*R 0’R
0ql,0q"  0q, 8
=| 2r  or (10)
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and the second derivatives of R now should be re-
placed by the derivatives of R. To achieve this re-

placement, we can use the following relations

OR
g,
R  OR
oq ~ dall (1
OR  OR

aqj B dqy
Inserting Egs.(10) and (11) into Eq.(9), we get

2k o2k |\
(—i)*2 | Opndq  Op,Oqy
(2mih)™/2 | 82R ’R
045045 99504
_ (_l)k/Z 1/2
= GrminyE CR) 2, (12)

It is noted that all R have been replaced by R. After
SPA, the integral in Eq.(6) becomes

K( "ot t): (_i)k/z (C”)l/QeXp iR

c\q apouq[jv (27['1h)n/2 R i ’
(13)

where

R(q", P, P, t) =R(q", 400 (q", 1y, 45, 1), 435 1)
+ Podao(d”, Por 435 1) (14)

is the value of Eq.(7) at the first SP point. Secondly,
we again approximate the integral over ¢/ by SPA to

obtain the mixed propagator
K.(ph, a3, P 43, 1)
N2h7k/2 dd"K.(p". o gt
N( ™ ) 9o c(p 7pa)q67 )
x exp(—ipqn/h). (15)
The exponent part of the integrand is

R=R-plql. (16)

The SP points no satisfy

The relations in Eq.(11) are replaced by

OR

aq" :pga

OR _ OR 18
o, op (%)
oR _of

Bqlg B aqé’

which leads to replacement of the derivatives with re-
spect to ¢, in the first column of Cs by the ones
to p/ and the replacement of all R by R. The pre-

exponential factor then becomes

2R 2R Y2
1 Op,0p;  Op,0qy
@mr)Z | R 9°R
9q30py  9q50q;
_ 1 1/2
= Cp)/2. (19)

(27rih)"/2( R

It is noted the factor in Eq.(12) has been cancelled
by the second SPA integration. We have to empha-
size that Cp is just the van Vleck determinant in the
position—momentum space. Therefore, the final prop-

agator in the mixed space is

> (ca)?

class.traj.

X exp {% (R . Ng)] . (20)

1
v _
K (P 45,0 q55t) = rhy

where

n_1n

R(pll, 43,0, a5, t) =R(qU(DL, a3, Dl a3 1), A5s Plos Aps t) — Padle(DLL, 03, Dl 3 t)
=R(q(Pins 46> Pev» 433 1) 435 4o (Pevs 43> Py d3s ), U3 )

n 1

+ P00 (Pos 5> Ps 45 t) — Pt (Pevs 435 Pevy 435 T)

is the value of Eq.(7) at the second SP point where

we used the same symbol. Its concise form is

R=R+pLq, — Padn (21)
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In Eq.(20) the Maslov index i has been added and it
related the topological properties of classical trajecto-
ries in the mixed space. The summation over classical
trajectories has also been added. Comparing Eq.(20)
with Egs.(2) and (22

sical propagator consists of an amplitude matrix and

), we can find that each semiclas-

an exponential function on corresponding classical ac-
tion respectively. We conclude that the semiclassical
function is invariant in form when it is transformed
from one representation to another.

Formula (20) is a unified expression. If a = 0,
B =1,

gator in configuration space.

,n, it will recover to Eq.(2), the propa-
On the other hand, if
a=1,---,n,0 = 0, we have the propagator in mo-

mentum space

1
Kr. t —_— Cr)/?
F( apa ) (2 h)n/2 Classztraj (| T|)
1 T
L(r_ —) 99
xexp[h( e } (22)
where
T(p",p',t)=R(q",q',t)—p'd —p"q" (23)

is the classical action along the classical path from p’
to p” at the given time ¢, and v is the Maslov index
Usually, v # p be-

cause of the different topological properties of trajec-

calculated in momentum space.

tories between configuration and momentum spaces.

The determinant is defined in an analogous way as

o*T

8pl 8pll (24)

Cr =

Equation (23) is just the Gutzwiller’s semiclassical
propagator in momentum space.[4]

For most semiclassical physical problems, it is
convenient to work in configuration space. Equation
(2) usually works quite well in most regions. But in
some regions, such as near caustics and foci of classi-
cal trajectories, it will be divergent. In these regions,
we can ‘almost always’®! choose a suitable set of
mixed position—momentum coordinates to construct
a mixed propagator which is finite. From this func-
tion, an accurate configuration space propagator can

be constructed by an inverse partial Fourier transfor-

mation,
Ke(q",q'st
=(27h)~ /dp /dpa c(Po, 43 Py, G3r 1)
x expli(—pags + Pada) /M- (25)

Then we can sew it with the primitive propagator
smoothly to get a uniform propagator.

The semiclassical propagator in mixed position—
momentum spaces have been successfully used to cal-
culate the ring structure of electron flux of photode-
tachment microscope.m]

In summary, we have obtained a semiclassical
propagator in a mixed position—-momentum space ex-
plicitly and it can be used to locally fix semiclassical
divergences in singular regions of configuration space.
The explicit expression is quite useful in the study
of quantum chaos, atomic and molecular physics and

chemical physics.
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