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In this paper, we investigate the Berry phase of two coupled arbitrary spins driven by a time-varying magnetic

field where the Hamiltonian is explicitly time-dependent. Using a technique of time-dependent gauge transform the

Berry phase and time-evolution operator are found explicitly in the adiabatic approximation. The general solutions for

arbitrary spins are applied to the spin-1/2 system as an example of explanation.
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The Berry phase, which describes a time-

dependent quantum system undergoing a cyclic and
adiabatic evolution, was first discovered by Berry.[!]
Simon gave a simple geometric interpretation of the
Berry phase.l?! In order to remove the adiabatic con-
dition in any cyclic evolution, Aharonov and Anan-
dan proposed a more general type of the Berry phase
called Aharonov-Anandan (AA) phase.l®! Now, the
Berry phase has been comprehensively discussed in
many fields of modern physics both theoretically and
experimentally[*~7 and generalized to local spin mo-
ments in itinerant magnets, 8 entangled systems,!

[10]

mixed open systems,1112  two-species

13]

states,
Bose-Einstein condensates, '3 any two states includ-
ing orthogonal states,*4 spin-1/2 systems,1516] com-

[17,18] [19] and non-

posite systems, dephasing systems,
isolated system?”) etc. Furthermore, it has been rec-
ognized that the Berry and AA phases are an impor-
tant way to implement quantum computation.[21_24]
It should be addressed that the geometric quantum
computing is a way of manipulating quantum states
using quantum gates based on the Berry phase shifts
and holds the merit of some built-in fault tolerant fea-
tures. However, the discussion about the Berry phase
in a composite system has been completed only in a

spin 1/2 quantum system.'7:'8]

In this paper, we mainly investigate the Berry
phase of a two-interaction-spin system with an ar-
bitrary spin quantum number. If this quantum sys-
tem with an isotropic exchange coupling is driven by

(25] ynder the adiabatic

a time-varying magnetic field,
condition the Berry phase can be obtained explicitly
by means of the time-dependent gauge transform.

In a time-dependent rotational magnetic field, the

Hamiltonian in our model reads
H=2J8,-8,+gusB(t)-(5,+55), (1)

where J > 0 describes the antiferromagnetic cou-
pling and J < 0 the ferromagnetic coupling, and
B(t) denotes the magnetic field. If B(t) is chosen as
B(t) = B(sinf cos ¢(t), sinfsin p(t), cos ), Hamilto-

nian (1) can be rewritten as
H =J(S%— 8% — 82) + gupBS, cos 6
1 . o
+ 5onpB(Se 0 + 5 ). (2)

For simplicity the spin quantum numbers of two par-
ticles are taken to be identical, that is, S; = Ss,
from which it follows that § = Sy + S5, S5, =
S1. + 52, and S+ = Si4 + Sa+. In the eigenvector
|S,m) = |S1,52,5,m) of (52,52, S2, 5.), we have
S2|S,m) = S(S +1)|S,m), S, |S,m) =m|S,m) and
S2|S,m) = S;(S; +1)|S,m).
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In the generalized time-dependent gauge
transform!3-26:27] defined by
R(t) _ ek/z(g_eiw(t)_g_‘_efiw(t)) (3)

the time-dependent Schrodinger equation is a covari-
ant such that (A =1)

. d / 7! /
s [9'(t)) = H' [{'(t)), (4)
where
= RERT —iRZRT, |10/() = RIv(0), (5)

and the state |¢(t)) is the solution of the original

Schrodinger equation

. d A
ig; [0(0) = H[¢(t)). (6)

The time-dependent auxiliary parameter A\ given
in Eq.(3) is to be determined by requiring that the
Hamiltonian operator H' is diagonal in the represen-

tation |S,m). Using the following relations:

PR A 5 o A
RS, Rf =5, cos? % — §_e2#(t) gin? B

— 8,6 sin A, (7)
G D 2 A Z2ip(t) o1 2
RS_R'"=S_ cos 5 Sype™ % Wsin
— S.e Wi \ (8)
58 BT =8 L, emie®
RS,R" =S5, cos \ + §(S+e @
+ S_e(®)gin A (9)
) do . oA
Zpt— 9" 22
lRatR 2 I sin 5 S,
de —ig(t) i (t)
+2dt sin \(Sye + S_e'?t)
idh, ~ . ~
-z —ip(t) _ ip(t)
+ 5 qr (Ste S_e'?\M), (10)

we obtain the Hamiltonian operator in the adiabatic
approximation such that dy/dt ~ 0 and d\/dt ~ 0

H =J(5?-52—-52)+ 028, (11)

and
2 = —gupBsin A(cos? 0 + 1) (12)

with the auxiliary parameter A determined by

cos A = —cosfsin \. (13)

Therefore, it is easy to obtain the general solution
of Eq.(6) as follows:

[%(8)) =D Csme™ > |S(t), m(t))

=3 Csme ORI [S,m). (14)

S,m

The total phase in Eq.(14) is seen to be

O5.5‘,7n(t) —€S,m + YS,m

:A dt’ <S,m
=[JS(S+1) — JSi(S1 +1)
— JS5(Ss + 1) + malt, (15)

iR+%R _RYAR s,m>

which consists of the usual dynamical phase given by
t

e Sm = / (S,m| (RHR')|S,m)dt’  (16)
0

and the Berry phase written as

)= i [ (Sl (R R IS,my e ()

It should be noted that |1 (t)) satisfies the Schrodinger

equation, whereas
|S(8),m(t)) = RI(¢) |S,m)

does not.  The appearance of the phase factor
e ilem (O +7m ()] originates from the dynamical require-
ment that |¢(¢)) must satisfy the Schrédinger equa-
tion.  For simplicity, we consider only a time-
independent {2 . With the help of Eq.(10), the Berry

phase is obtained by
L2 A
vs,m(t) = 2msin 5 dy, (18)
namely,
L9 A
vs,m(T) = 4mmsin 5= 2mm(1 — cos A), (19)

It is obvious that the
Berry phase does not depend on an explicit form of the
function ¢(t). For the initial state with § = —\, the
Berry phase then reduces to s, (T) = 2mm, which

where T denotes the period.

agrees with the recent result reported in Refs.[13,27].
In addition the Berry phases for the spin—1/2 system
are obtained from Eq.(19) by

Y11(T)=2m(1 —cosA), for S=1, m=1, (20)

Y1,-1(T) = =2m(1 —cos A), for S =1, m = —1,
(21)
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71,0(t) =0, for S=1, m=0, (22)
Y0,0(t) =0, for S =0, m =0. (23)

From Eq.(11), the Hamiltonian H' satisfies the

following Schrodinger equation:
H'|S,m) = E.,(t)|S,m), (24)

and the initial state can be written in the basis of the

eigenstate of the Hamiltonian H' as
9'(0)) = Csm |S,m), (25)

then the general state at time t, associated with the

initial condition [¢(0)), can be found as
o)=Y e BN 0y |5 m)
i [rE @A
=e 4°(0)) - (26)

Therefore, the solution of Eq.(6) is written as

and the time-evolution operator becomes

0r(t,0) — RTe—ifot[RHRT—ihR%Rf]dt’ﬁ(O)' (28)
The time evolution of arbitrary initial states can be
evaluated with the time evolution operator given by
Eq.(28), which is useful in quantum optics to inves-
tigate, for example, the time-dependent two-photon
squeezing states, SU(2) squeezing states, and squeez-
ing properties of the time-dependent SU(1,1) coherent
states. 28]

In conclusion, we have obtained an exact solution
of Schrodinger equation with two coupled arbitrary
spins driven by a time-varying magnetic field. Using
a technique of time-dependent gauge transform, the
Berry phase is obtained explicitly if the quantum sys-
tem undergoes a cyclic and adiabatic evolution. Com-
pared with the dynamic phase, the Berry phase does
not depend on time but is related to the area enclosed
by the parameters over a cyclic evolution. It is, there-
fore, purely geometric in nature. One would, there-
fore, believe that quantum gates based on this geo-
metric phase are possible to implement and the two
coupled arbitrary spin system is a very good candidate

for quantum computation.
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