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A conclusive teleportation protocol of a d-dimensional two-particle unknown quantum state using three d-

dimensional particles in an arbitrary pure state is proposed. A sender teleports the unknown state conclusively to

a receiver by using the positive operator valued measure(POVM) and introducing an ancillary qudit to perform the

generalized Bell basis measurement. We calculate the optimal teleportation fidelity. We also discuss and analyse the

reason why the information on the teleported state is lost in the course of the protocol.
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1. Introduction

Entanglement is a key ingredient of quantum
One of the

striking consequences of quantum entanglement is the

techniques for information processing.

existence of the procedure called quantum telepor-
tation.['! Some teleportation protocols have been
proposed.[23] Teleportation protocols can also be used
to transmit quantum operations.!4-?!

Mor and Horodeckil®! proposed a conclusive tele-
portation protocol for a quantum state in two-
dimensional Hilbert space by employing a posi-
tive operator valued measurement (POVM)" as
the joint measurement at the sending station.
Bandyopadhyay®! and Li et all®! have also proposed
protocols to implement the conclusive teleportation
in two-dimensional Hilbert space separately. Quan-
tum information theory has been extensively devel-
oped for a two-level spin-1/2 system because this sim-
ple model provides a natural extension of a binomial
bit to a quantum bit, namely, qubit, and gives a com-
prehensive understanding of fundamental quantum
theory. It is only recently that d-dimensional quan-
tum systems have attracted a considerable research ef-

fort. Quantum cloning in d-dimensions was studied by

[10] [11]

Zanardil"” and quantum teleportation by Zubairy,
and Stenholm and Bardro.['2! Rungta et al called the
d-dimensional quantum system the qudit and investi-
gated its entanglement and separability.l*3 The opti-
mal conclusive teleportation of a d-dimensional quan-
tum pure state was studied.[!*~16 The qudit was ex-
tensively studied as a finite-dimensional version of a

continuous variable state by Gottesman et al.ll7]

In this paper we study the teleportation of a
quantum state of two particles belonging to d x d-
dimensional Hilbert space. Our protocol considers the
use of a non-maximally entangled pure state of three
qudits as a quantum channel. We relate the quantum
teleportation with the problem of quantum state dis-
crimination, and show that the success of this scheme
has a fundamental limit determined by how a set of
non-orthogonal linearly-independent quantum states
can be unambiguously distinguished. We also discuss
the information on the teleported state which is lost
in the course of the protocol using a non-maximally
entangled state and the POVM’s measurement by the
sender. We show how much information on the tele-
ported state is lost by evaluating the teleportation fi-
delity.
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The structure of the rest of this paper is as follows:
In Section 2, a conclusive teleportation protocol of a d-
dimensional two-particle unknown quantum state us-
ing three d-dimensional particles in an arbitrary pure
state is proposed. The reason of information loss is
also analysed. In Section 3,we conclude our present

study.

2.Conclusive teleportation

Suppose Alice has an unknown quantum state of

two particles, given by

d—1
)12 = > arlk)ilk)z, (1)
k=0

d—1
where oy, is positive real value and 3 a2 = 1.
k=0
Alice shares the state of the quantum channel with

Bob, given by
d—1

= Axlkkk)sas, (2)

k=0

| 345 —

d—1
where Ay is positive real value and Y A2 =

k=0
Alice has qudit 3 and Bob has qudits 4 and 5. Al-
ice wants to teleport the unknown state to Bob. The

combined state is given by

| ) total =|90)12 ® | P)34s5

d—1 d—1

= arlk)ilk)2 @ Y Aelkkk)sas
k=0 k=0
—1d-1

d
:ZZak)\l|k>1|k>2‘l”>345 (3)

k=0 i=0
Let X and Z be d X d matrices such that X|j) = |(j +
1) mod d), and Z|j) = w|j) with w = exp{—2im/d}.
We can introduce d? linear-independent d x d - ma-
trices Uy; = X'Z*, which satisfy

UstUs’t’ = w3t,7tS,Us’t’Usta tr(Ust) = ddsOJtO- (4)

One can also check whether {Uy; } satisfy the condition

of bases of the unitary operators in Ref.[18], i.e.

tI‘(UStU:/_t/) = dlgtt’(sss’a
UaUf = Laxa, (5)

where Iy 4 is the d x d identity matrix. {Us:} form
a complete basis of d X d -matrices, namely, for any

d x d matrix W, Wcan be expressed as
1
W=— Et:tr(U;';W)Ust. (6)

From {U,:}, we can introduce the generalized Bell-

states,

o) = T© U le™) % §<U5t>:j|ij>, (7)

where ™) =

.
75 Z:O|u>.

d—1
For any |p) = > A;|id), A; is positive real value
i=0

and
d—1
doar=1 (8)
=0

In the conclusive teleportation protocol, the basis
set of entangled states is obtained by using the same

local unitary operators {U,:} on the state |¢):

pst) = T @ Ugle), (9)

and d — 1;t = 0,1,---, and d —
1.Note that the state vectors in Eq.(9) are linearly in-

where s = 0,1,---

) )

dependent and form a basis set. The basis states |@4;)
are not necessarily orthonormal. Only when the chan-
nel is maximally entangled with A; = 1/\/3 can the
set of the basis states |¢s:) become |77 ),which repre-
sents the von-Neumann orthogonal measurement. It
is possible to write the state |ps;) in the orthonormal

basis |ij):

&

Lst)ilig), (10)

|(pst = Z

where the matrix I3 is calculated from Eqgs.(8) and
(9) as

(Fst)ij = (Ust) 55 (11)

Because the basis states |ps;) are linearly indepen-
dent,the matrix I isjt is non-singular, and its inverse
matrix is given by
_ 1 -

(Fstl)ij = E(Us )U)‘J : (12)
Using Egs.(10) and (12) yields

i) = D (Tt Vislese). (13)

st

The completeness for the set of orthonormal bases |ij),

by using Eq.(13), will change to

d—1
Lixa= Y [ii)(ijl = Y (FaVislest) (il (14)
i,j=0 1,758t
Alice introduces an ancillary qudit a in the state
1 d=1
— > |7) and performs the joint generalized Bell ba-

Vd =0

sis measurement. After Alice performs the joint gen-

eralized Bell basis measurement on qubit a and 1, the
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combined state will change to

<‘PZZ| > ® ‘gj>total

\[Z st z]al Z]|f2|]

2,7=0
d—1d—1

® Z Z arpi|k)1]k)2|iii) 345
k=0 i=0
d—1 d—1

d Z Zag)\k st 1]|.7> |kkk>345 (15)

1,j=0 k=0
Alice obtains the measurement outcome s and t and

performs the unitary operation

Ust)ijli)2 — [d)2, (16)
then the state in Eq.(15) will change to
d—1 d—1

)2345 = Z > aieli)alkkk)sas, (17)

1,j=0 k=0
thus the state in Eq.(17) will change to
d—1 d—1

Z ajA|)2

|kkk)3as

<
=)
=
Il
=)

;i Ag|j)2|kkE)sas

2 Z (Ust)ijti|st)23|77) a5

3585t

d2 Z |(pst 23 ® Z st zgaz|.7.7>45a(18)

i,j
where s = 0,1,---,andd—1;¢t =0,1,---,and d—1.In
order to discriminate non-orthogonal {|ps;)23}, we
adopt the method of discriminating non-orthogonal
quantum states in Ref.[19]. Suppose that Alice adopts
a set of POVM operators {M,} with n > d?, which
are designed to satisfy the condition that p(«|B8) =
(¢s|Ma|ps) does not vanish only when a = g for
a < d? and that p(a|B) is allowed not to have to van-
ish for d? < a < n. This shows that when the mea-
surement outcome is due to any of M, for o < d?, Al-
ice can conclusively determine which non-orthogonal
state the system is in, and Bob performs the corre-
sponding unitary operation on his particles to obtain
the perfect teleportation fidelity. On the other hand,
the measurement bears an inconclusive result when
the outcome is of M, for o > d2.

teleportation, d? operators are used to identify non-

In the conclusive

orthogonal states while the other operators consisting

of the measurement set represent some inconclusive

mixtures. In the inconclusive teleportation, Bob ran-
domly chooses a unitary transform T, and obtains a

reduced teleportation fidelity. Then the final state is
1 ..
ﬁTa > (Ust)ijo| i) as-
ij

Similar to those in Ref.[19], the conclusive mea-

surement operators are represented by general projec-

tors as

MD& = A|()’Zst><§55t|7

<Sost|¢s’t’> - 5ss’§tt’7 (19)
for s = 0,1,--- , and d — 1;t = 0,1,---, and

d -1, a = td+s+1.
And the inconclusive measurement operators are rep-

resented by

d2
Mp iy =laxa — Y Ma
a=1
-y (1= pincii.

1,j=0

Here the derivation of Mgz, can be seen in Ref.[19].
We can easily see that Myz ,; is a matrix of rank d?.
So Myz4; can be decomposed into d? rank matrix op-

erators. 1.e.

A
Mgq = <1 - @) 100)(00]

+(1—%)|o1><01|+-~-
1= 55 )0l = 1)0(d - 1)

(

+ (1 /\2d)|10 )(10] + (1 - W) 11)(11] + -
(-3
(-3

1-— > 1(d-1))1(d-1)]+ -

_1)0y((d—1)0] + <1 _ ﬁ)

1) - 1)1+ - (1—%)
< |(d — 1)(d — D)((d—1)(d— 1)|. (21)

From Eqgs.(19) and (20), we can see that 0 < A < A3d
forall j =0,1,---,and d— 1. Suppose that Ay is the
smallest for all j =0,1,---, and d — 1, then POVM
with the optimal when A = A\%d.

Now let us calculate the optimal average
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fidelity['®! as follows: which is often less than the initial entropy,
d
Fo ima :Fcon + Encon
ptimal Hinyy = — Zpa Inpe,. (27)
a=1

_1 dnd? Z(W}2345|MQ\W>2345 fa($2)
i o ( )

(03

:é/ﬁnf(ii«

d—1
+ Z <W>2345|Mi,j|W>2345fi,j(9)>

V)o3a5|Ma| ¥)a3ss5) - 1

ij=1
1 d—1
=X+ V/d9d2 Z (¥)a2sa5| M; ;| ¥)23a45
ij=1
X |15 (@I T Y (Uat)ijetil jd)as|®. (22)
,J
After a lengthy calculation, we obtain
=1
Foptlmal < A+1-— Z )\2d2 (23)
7=0

We can see easily that m < 1, which shows that
the information on the unknown state is not trans-
ferred to the receiver completely. In addition, due to
the non-orthogonality of the POVM, some information
cannot be transferred to the receiver. We can show it
by calculating the Shannon entropy of the information

obtained by the receiver.

From Eq.(19),we can see that Mgz, is a matrix
of rank d?.

measurement is j, then the prior probability for that

Suppose that the outcome of a generalized
result, if the input is |p,), will be

A .
Pija =Pa <1 - m) (palig)(ijlea)

=pa<1 /\2d> (4] Z

1,j=0
= (- §) @)s? (24)
Pa j d alijl o

where p,is the probability of obtaining |¢,) and can
be calculated out from Eq.(18).
the posterior probability for input |¢,)upon observing

N ilid))?

By Bayes’ theorem,

output 27 is

Dija
Qaij = % (25)

Z Pija
a=1

The observer’s final ignorant level, after receiving

output 77, is given by the Shannon entropy,

d2
- Z Qazj 1nQaij7 (26)
a=1

Equations (25) and (26) imply that some quantum in-
formation is left in the inconclusive event.

Now we can give an example of two-dimensional
conclusive teleportation to show the feasibility of
this method. Suppose the unknown state |p);2 =
a|00)12 + B|11)12. The state of the quantum channel
|ch)sas5 = cos 0,]000)345+sin 6.|111)345. In the conclu-
sive teleportation protocol, the basis set of entangled
states is obtained by using the local unitary operators
{I,0,,0,,0,} on the state |¢) = cos0.]00)+sin 6,.|11),

as follows:

[va) = (Ua @ I)lp),
Uy=1,0.,i0y,and o.;a=1,2,3,4.

lo)12 @ [ch)zas. Af-
ter Alice performs the Bell basis measurement on her

The combined state is | @) 12345 =

particles 1 and an ancillary qubit |a) initiated by the
1
state—(]0) + [1)), the state will change to

V2

(0%|a) ® | B)19345 =(DE|a) ® @) 12 ® |ch)zas
ORI

+ip2)(a11) £ 8]00))
+1ip3) (a[11)3|00))

+|¢4>(a00>uﬁ|11>)}, (28)

=(¥*)a) @ |p)12 @ |ch)aas
~ |ler)(alon) £ i)

+]ip2)(a[11) £ 5]00))
+1ip3) (a[11)3|00))

+|¢4><aoo>uﬁ|n>>] (20)

<y7i‘a> ® | D) 12345

By discriminating non-orthogonal |p,) optimally, we

can now calculate the optimal teleportation fidelity

Foptimal :Fcon + Encon

. 1 : 1 1
=» 4x =Ax1 4x —(1-X)x -
; 16 +; 16( ) 2

14

)

_ 14 2min{|a]? |67}
- 5 :

(30)
: 2 1912 1
when min{|a|?, |B]*} — 3’ and Foptimal — 1.

3. Conclusions
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A conclusive teleportation protocol of a d-
dimensional two-particle unknown quantum state us-
ing three d-dimensional particles in an arbitrary pure
state is proposed. A sender teleports the unknown
state conclusively to a receiver by using the positive
operator valued measure(POVM) and introducing an
ancillary qudit to perform the generalized Bell basis
measurement. We calculate the optimal teleportation

fidelity. We also discuss and analyse the reason why

the information on the teleported state is lost in the
course of the protocol using a non-maximally entan-

gled state and POVM’s measurement by the sender.

In this paper, we only consider the case of entan-
gled pure state as a quantum channel. It is also inter-
esting to discuss the case of mixed entangled state as
a quantum channel and study its teleportation fidelity

and optimal teleportation.

References

[1] Bennett C, Brassard G, Crepeau C, Jogsa R, Peters A and
Wootters W K 1993 Phys. Rev. Lett. 70 1895
[2] Lin X and Li H C 2005 Chin. Phys. 9 1724
[3] Huang Y C and Liu M 2005 Acta Phys. Sin. 10 4517(in
Chinese)
[4] Huelg S F, Vaccaro J A and Chefles A 2001 Phys. Rev. A
63 042303
[5] Huelga S F, Plenio M B and Vaccaro J A 2002 Phys. Rev.
A 65 042316
[6] Mor T and Horodecki P 1999 quant-ph/9906039
[7] Jauch J M and Piron C 1967 Helv. Phys. Acta 40 559
[8] Bandyopadhyay S 2000 Phys. Rev. A 62 012308
[9] Li W, Li C and Guo G C 2000 Phys. Rev. A 61 034301
[10] Zanardi P 1998 Phys. Rev. A 58 3484

[11] Zubairy M S 1998 Phys. Rev. A 58 4368
[12] Stenholm S and Bardro P J 1998 Phys. Rev. A 58 4373

[13] Rungta P, Munro W J, Nemoto K, Deuar P, Milburn G J
and Caves CM 2000 quant-ph/0001075

[14] Konrad Banaszek 2000 quant-ph/ 0002088

[15] Sergio Albeverioa, Fei S M and Yang W L 2002 quant-ph/
0208015

[16] Roal L, Delgado A and Fuentes-Guridi I 2003 quant-ph/
0304002

[17] Gottesman E, Kitaev A and Preskill J 2000 quant-
ph/0008040

[18] Werner R F 2000 quant-ph/0003070

[19] Son W, Jinhyoung Lee, Kim M S, and Park Y J 2000
quant-ph/0012092




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


