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Based on the total time derivative along the trajectory of the system the definition and the criterion for a unified

symmetry of nonholonomic mechanical system with variable mass are presented in this paper. A new conserved quantity,

as well as the Noether conserved quantity and the Hojman conserved quantity, deduced from the unified symmetry, are

also obtained. An example is given to illustrate the application of the results.
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1. Introduction

It is significant to study the symmetries and
conserved quantities of dynamic systems not only
There ex-
the Noether
symmetry,'~4 the Lie symmetry®=8] and the form

in mathematics but also in physics.

ist three main kinds of symmetries:

invariance,[®=15 and three main kinds of conserved
quantities: the Noether conserved quantity,!=% the
Hojman conserved quantity'®! and a new conserved

quantity.!17]

Previous studies on symmetries and conserved
quantities are all carried out from a certain kind of
symmetry to seek a type of conserved quantity. Re-
cently, Mei gave a Noether-Lie symmetry'8 of La-
grange system which could lead to the Noether con-
served quantity and the Hojman conserved quantity.
Wu firstly defined the Lie-form invariance['?! of holo-
nomic mechanical system which could lead to the Hoj-
man conserved quantity and a new conserved quantity.

[20] of a La-

Mei et al also gave a unified symmetry
grangian system which could lead to the three kinds
Xu et al

generalized Mei’s results to a holonomic mechanical
[21]

of conserved quantities mentioned above.
system. On the basis of the total time derivative
along the trajectory of the system, this paper gen-
eralizes Mei’s results to a nonholonomic mechanical

system with variable mass and obtained three kinds

TE-mail: xialilixialili@yahoo.com.cn

Since the

holonomic mechanical system with constant mass is a

of conserved quantities mentioned above.

special case of the nonholonomic mechanical system
with variable mass, therefore the results of this paper

have more universal significance.
2.Definition and criterion of uni-

fied symmetry

We consider a mechanical system composed of N
particles, and its configuration is determined by the
Let its

motion be subjected to the g ideal nonlinear nonholo-

n generalized coordinates gs(s = 1,---,n).

nomic constraints of Chetaev type

¢ﬁ(t7qqus):07 (/6217"'79), (1)

8(,0[5
94s

The mass of a representative point ¢ of the system is

dqs = 0. (2)
m; = m;(t,¢s,qs), (E=1,---,N). (3)

Then its motion can be described by the differential

equations as follows:

_ dpp
ES(L)_QS+P5+AﬁaqS7
(3217"'7n;ﬂ:1a"'7g)7 (4)

where L = L(t,qs,4s) is the Lagrangian, Qs =

Qs(t,qs,qs) are the nonpotential generalized forces,

http://www.iop.org/journals/cp
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P, = Pg(t,qs,4s,qs) are the generalized counter

thrusts, and we have

where r; and 7; are the vector radius and the velocity
of the particle 7 respectively. p, is the relative velocity
of the small particle corresponding to the particle 1,

E, are the Euler operators

d o 1o}
s — — — . (6)
dt 9q,  9qs

In general, it is supposed that Egs.(4) is nonsingu-
lar, before integrating them, we can find Ag as func-
tions of ¢, ¢; and ¢,, thus we can get the equations
of motion of the holonomic system corresponding to

the nonholonomic system expressed by Egs.(1) and

Egs.(4):

ES(L):QS+PS+A5, (3:17"'7’”)’ (7)

. dpp
where A, = 4, t,qs,9s) = A .
( ) =As 3.

nonholonomic reactive constraint forces.

From Eqgs.(7), we can find all the generalized ac-

celerations as

(.js = as(taqsaqs)a

Definition?® If a symmetry is a Noether one as
well as a Lie one and is also a form invariant at one
time, the symmetry is called a unified symmetry.

For nonholonomic system, the constrained

Eqgs.(1) retain the form invariance:

XW(pg) = 0. (9)

For nonholonomic system with variable mass (1) and
(4), the Noether identity can be written in the Eqgs.(2)

and has the form

L%EO + X(l)(L) + (Qs + As + Ps)(gs - dsfo)

d
“Gn=0. 10
T (10)

The determining equations of the Lie symmetry are
Egs.(9) and

1(Qs) + X (Py) + XV (4).
(11)

The criterion equations of the form invariance are

Egs.(9) and
B AXO@)} = XO(Q) + XD () + XD (4,).
(12)

The following equations are obtained on the basis of

XOUE (L)} =X

the total time derivative along the trajectory of the

system

0 0 . d 15}
xW :an_{'gsa + <E€ QSEé.O) aqsv
dd dd 0
X@ = x4 <& &‘gs o — q5£$§0> 25, (13)
d_2 62 va
dt ot g, 94,
_ d o 0
T dtod, g,
Using the definition and relations (9), (10), (11) and (12), we have:

Criterion if there exists such a gauge function Gy = Gx(t, gs,(s) that the infinitesimal generators £, and

&, satisfy Eqgs.(2), (9) and

2
d
G
tN}

{Li&) + XO(L) + (Qu + As + P)(Ex — 4o&0) + 5

+Z{ [xXO@)] - x0(@Qu) - X (P - xV(a))}

n

F Y {XO [B(0)] - X)) - XA (P) - XV (4} =0, (14)

s=1
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then the symmetry is a unified symmetry of the non-

holonomic mechanical system with variable mass.
3.Conserved quantity deduced

from unified symmetry

The unified symmetry of the nonholonomic me-
chanical system with variable mass can lead to all
of the Noether conserved quantity, the Hojman con-
served quantity and the new conserved quantity under
certain conditions.

Proposition 1 For the nonholonomic mechani-
cal system with variable mass, the unified symmetry

will lead to the Noether conserved quantity

oL
In= L& + 4
04s

(&s — 4s€o) + Gy = const.  (15)

Proof Because the unified symmetry is certainly
a Noether symmetry, there exists such a gauge func-
tion Gn = Gn(t, gs, gs) that the Noether identity (10)
holds. According to Ref.[22], the system has the con-
served quantity (15).

Proposition 223! For the nonholonomic me-
chanical system with variable mass, under the general
infinitesimal transformations of groups in which time
is variable, if there is a function p = u(t,gs,gs) such
that

doyg d
S p=0 16
9q, Tat "P=Y (16)

then the unified symmetry will lead to a Hojman con-

served quantity of a general form

10

Iy :;a(ﬂfo)
10 19 d . d
+ paqs (Ngs) + ;aqs |:/"' <a€s - qs&&])]
d
- Efo = const. (17)

Proof Because the unified symmetry is certainly
a Lie symmetry, so we have the determining equations

of Lie symmetry

. dd

B

d
dtags - qsaago
d Oag Oag
— 20—y — —2Ep — —2
a dtfo 5 o 90 &n
da, [ d o d
" P <dt§k - qkdt§0> =0. (18)

From expressions (16) and (18), by using Hojman’s
proof method, we can prove proposition 2.
Proposition 3 For the nonholonomic mechan-

ical system with variable mass, if there is a function

Gr = Gr(t,qs,qs) such that
X(l)(L)éfo +x@ {X(l)(L)]
dt

+ [XD(Q, + 4,) + XO(P,)] (& - dut0)

d
“Gp=0 19
T (19)

then the unified symmetry will lead to a new type of

conserved quantity

Ir = X(l)(L)fo + %(Es — ¢s&0) + Gr = const.
ds (20)
Proof Because the unified symmetry is certainly

a form invariance, so the criterion Eqgs.(12) hold. Us-
ing relationships (12) and (19), we can prove that

proposition 3 is true.**
4. Illustrative example

We consider a particle of variable mass, its mass
is
m = mpexp(—t), (mo = const.). (21)

The Lagrangian is

1 . ) .
L= om(di +d5 + 43)- (22)
The nonpotential generalized forces are
Q1 =Q2=Q3=0. (23)

The absolute velocity of separate corpuscle is zero, i.e.
B=-Ti=—q1% — ¢2J — Gsk. (24)

The motion of the particle is subjected to the following

nonholonomic constraint:
p=dqi+dz—d;=0. (25)
Let’s study the unified symmetry of the system.
According to Egs.(21), (23) and (5), we have
P=P,=P,=0. (26)

Choosing the infinitesimal generators as

& =1, &L= =E§=0, (27)

after calculation, we find that generators (27) satisfy
Egs.(2), Egs.(9) and

XW(L) =mg3, XM [xXM(L)] =0,
QL+t +Pi=Q2+ A2+ P,=0,
XM(Q1+ A1) + X® () =0,
XW(Qq + 42) + XB)(Py) = 0.

(28)
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It is easy to verify that generators (27) are quantities
with unified symmetry.

Substituting relationships (22), (23), (27) and
(28) into the Noether identity (10), we obtain the

gauge function

Gy = —mds, (29)
and proposition 1 gives
1 . . .
In = —=m(¢? + ¢35 + 3¢3) = const., (30)

2
which is the Noether conserved quantity deduced from
the unified symmetry (27).

Formula (16) becomes

d
—1 = _3 31
g B : (31)

which has the solution
1= (g3 — g3)exp(—3t). (32)

From Eqgs.(27) and (32), using proposition 2, we can
only obtain a trivial Hojman conserved quantity:
Ig = -3. (33)

Substituting Eqgs.(27) and (28) into Egs.(19), we ob-

tain

Gp = 0. (34)
And proposition 3 gives
Iy = —1hg3 = const., (35)

which is a new conserved quantity deduced from the
unified symmetry (27).

It is obvious that both the Hojman conserved
quantity (33) and the new conserved quantity (35) are

non-Noether conserved quantities.
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