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A direct method to find the first integral for two-dimensional autonomous system in polar coordinates is suggested.

It is shown that if the equation of motion expressed by differential 1-forms for a given autonomous Hamiltonian system

is multiplied by a set of multiplicative functions, then the general expression of the first integral can be obtained. An

example is given to illustrate the application of the results.
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1. Introduction

It is well known that research on the first inte-
gral of dynamical systems has already become an im-
portant and active field of modern mathematics, me-
chanics and physics, and some traditional methods, in-
cluding the Lie symmetry, the Noether symmetry, the
form invariance,!=7) the direct method®=12 and the
Ermakov method,[*®14 have been used. It should be
noticed that the direct method to obtain the first in-
tegral of autonomous system in Cartesian coordinates
has been given. However, many dynamical systems,
such as Kepler problem etc., cannot be discussed eas-
ily in Cartesian coordinates but in polar coordinates.
Thus it is very important to obtain the first integral
of autonomous system in polar coordinates. In this
paper, we present a direct method to obtain the first
integral for two-dimensional autonomous systems in
polar coordinates. It is shown that if the equation
of motion expressed by differential 1-forms for a given
autonomous Hamiltonian system is multiplied by a set
of multiplicative functions, then the general expres-
sion of the first integral can be derived. An example

is given to illustrate the application of the results.
2.Theory and method of finding
first integrals in polar coordi-

nates
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The

tonomous systems in polar coordinates is

H=§@ 1)

where V(r, 0) is the given potential of the system. The

Hamiltonian for two-dimensional au-

2
$+p9>+V(r,0),

r2

Hamiltonian generates the following equations of mo-

tion:
T (23)
dt — dp, = b &
d0 O0H pg
— = == 2b
dt  Ops 12’ (2b)
dp,  O0H _ pg
dt ~ or 3 Ve, (2¢)
dpg OH
A 2d
i 50 Vo, (2d)

where p,., pp are generalized momenta, subscripts r
and 0 of V' denote the partial derivatives. Equations
(2a)—(2d) can be equivalently written in term of the

following six differential 1-forms

podr — r2p,.df = 0, (3a)
(pg — r°Vi)dr — r’p,dp, =0, (3b)
Vedr + prdpg = 0, (3¢)
(p5 — r°V;)d6 — rpodp, = 0, (3d)

r2Vyd + pedpy = 0, (3e)

r3Vpdp, + (pg — TSV,,)dpg =0. (3f)
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Multiplying Egs.(3a)—(3f) by various unknowns  sides, we have

W,Q,R,S,T and U which are functions of 7,0, p,, pg, I, = poW + (p% — r*V.)Q + ViR, (52)

and then summing up the resulting equations, we ob- 9 9 3 9

tain Iy = —r°p, W + (pg — 7°V,)S + r° VT, (5b)

dI =W (pedr — r2p,df) I, = —1°p,Q — rpsS + r° VU, (5¢)

+ Ql(ps — r*Vy)dr — r’p,dp,] Iy = pr R+ peT + (p — r*V,)U. (5d)
+ R(Vpdr + prdpg) Since
+ S[(pg — T?’Vr)dﬁ — rpedpy] Lo = Ior, Iy, = Ip vy Irpy = Ipyr,
+ T(T2V9d9 +p9dp9) Top, = Ip,0,Lop, = Ipe0; Ip.pe = Ipop.. (6)
+ U[r*Vdp, + (p5 — r°V,)dpe] =0,  (4) and

where I = I(r,0,p,,pe) is the first integral. Vipe = Vipe = Vop, = Vop, = Vo, = V5, =0,  (7)

Expanding the left hand side of Eq.(4) and equat-

we have the following six coupled partial differential

ing the coefficients of dr, d, dp,.,dps in Eq.(4) on both  equations
|
ow 5 OW 9 53.,.0Q OR 9  3.,.,08 9., OT
D o+ (B PVe) S Voo — (B — V) o — Ve
Py t TPy e V) Hg + VoG — e — V)G Ve
= —2rp, W + 13V,9Q — Vo R — (3r*V, + r*V,..)S + (2rVy + r?V,)T, (8a)
ow 9 3.,,00Q 3 0Q OR oS 3., OU 9 9 3
—r°V)— r—— + Vog— — —r°Vp— = =3rp,Q — pgS + (3r°V, Vio)U, (8b
Peapr‘i‘(Pe T )3pr+rp3r+ eapr-i-?‘PeaT Voo r°prQ — peS + (3r°Vy +1°V,9)U, (8b)
ow 5 3.,,00Q OR OR orT 5 a3, 0U 9 3
L =V p S Vot T (2 =PV S = — W — 2peQ — (3r2V, + 12V, )U, (8
p98p9+(p9 )8pg Pro T Vogu, “P0, o= Ve) g, poQ — (3r*V, +r°V,,)U, (8c)
oQ oS oS oT ou
2r 31”_ an 2 BV;“ 2V__3v—:2W 3VvU' 8d
TP3T+TP80+T‘P980+(P9 )3pr+r “ap, " 0p =" + " VooU, (8d)
ow OR oS oT oT ou
2 3 2 2 .3 3
LA i Vi) e = pomp + 12 Vom— — (0 — Vi) oo = —2p9S — ViU, (8
Tpape p 69+(P9 T )Bpe Peae-H” " ape (Pg—r )60 Do " Vre (8e)
oQ OR oS oT ou ou
3pp—= r— — TPg— — — (p2 — 3V, 3Vop— =R +rS. 8f
P pe P op  Pop, Pop, o7 Vg, tTVeg, =RET (85)
In order to solve the above equations, we only consider and
some special cases, for example, we take 3_W 2 a_W a_R _ 2 8_T
P gg TP T Vge T Vg,
W = W(TaaapTape)aQ = OaT = T(Taaapmpe)a
= 2rp,W — Voo R + (2rVy + r?V,)T, (1la)
R = R(r,0,p,,p9),S =0,U = 0. ©)) oW OR
Pog—+ Vea =0, (11b)
Substituting Egs.(19) into Egs.(5) and (8), we obtain Pr pr
ow 8R+ OR 6T_7W (11¢)
I = pyW + VyR, (10a) Poope  Por T opy Por T T ¢
ow oT
Iy = (VT — p, W), (10Db) Py T Vo o w, (11d)
ow OR oT oT
_ 2p, — — +r?Vy=— =0, (11
I, =0, (10c) PG T Prgg ~Pogg trVog =0, (11e)
OR or
L, = poR+poT, (10d) o Pop (1)
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According to the theorem of partial differential equa-

tions, using Eq.(11b), we have

poW + VoR = ¢1(r,0,p0). (12)
From Eq.(11d), we have
r2(VoT — p,W) = ca(r, 0, pe). (13)
From Eq.(11f), we obtain
pr R+ peT = c3(r,0,pp). (14)
In term of Egs.(12), (13) and (14),we obtain
A
that is
r?prcy + poca — 12 Vyes = 0, (16)

and Eqgs.(10a), (10b) and (10d) can be turned into the

following forms

Ir = pBW + ‘/GR =C (Ta eape)v (173“)
Ip=7*(VoT — p,W) = ca(r,0,ps),  (17D)
I, = prR+pgT = cs(r, 0, pg). (17¢)

According to the above three equations, we obtain a
partial differential equation,
ol oI ol
2 2
r— — —7rVg— =0. 18
Tpar‘Fpeae r ° 9o (18)
The solution of Eq.(18) can be deduced from the equa-

tion for the characteristic

d dé
=, (19)
rPr Do
and we have
Eipo=a. (20)
From the characteristic
dé d
== (21)
pe 1%V
we obtain
1
3P6 + 7V +g(r) = az, (22)
where g(r) is an arbitrary function of r. From the
characteristic 4 q
~= P (23)
T2pr _7‘2‘/9
we obtain

o + / Vodr + h(0) = as, (24)

where h(6) is an arbitrary function of 6. So, the gen-

eral expression of first integral is

Do 1
I :(p<7‘ +p70; 7p3 + T2V + g('f‘),

2

mm+/%®+ﬂ@> (25)

where ¢ is an arbitrary differentiable function.
3. Example

The non-central dynamical system is one of the

fundamental systems in mechanics and quantum me-

chanics: its Hamiltonian in polar coordinates is 4

1 2 o
H=—<pf+@>——+ (91 + g2 cosb)

2 72 r r2sin’@
1 <p2 + p_3> +V(r,0) (26)
2 r T2 ) )
where o, g1 and g, are positive constants, and
o 1
V(r,0)=——+ = &(0 27
(r6) = -7 + 5 9(6), (21)
?(0) = —5—=(91 + g2 cos b). (28)
sin” 6
Substituting Eq.(27) into Egs.(22) and (24), sepa-
rately, we can obtain
1
RO —ortglr)=a, (29
109(0)
Prpo — r o0 + h(0) = as, (30)

where g(r), h(8) are arbitrary functions of r or 6.
The general expression of first integral for non-

central dynamical system is

1
I=p <% + p.0, 51)3 + &(0) —or +g(r),

109(9)
Do — ————— + h(0) ). 31
Prpo — —— .= + )> (31)
Specially, if we suppose that
1
I=2p;+ @(0) —or +g(r), (32)
and
g(r)y =or, (33)
the first integral for non-central dynamical system is
1
I= Epg + &(6). (34)

It is shown that the first integral obtained from direct
method is the same as the Ermakov invariant obtained
from the Ermakov method in Ref.[14].
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