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This paper studies the random internal wave equations describing the density interface displacements and the
velocity potentials of N-layer stratified fluid contained between two rigid walls at the top and bottom. The density
interface displacements and the velocity potentials were solved to the second-order by an expansion approach used by
Longuet-Higgins (1963) and Dean (1979) in the study of random surface waves and by Song (2004) in the study of second-
order random wave solutions for internal waves in a two-layer fluid. The obtained results indicate that the first-order
solutions are a linear superposition of many wave components with different amplitudes, wave numbers and frequencies,
and that the amplitudes of first-order wave components with the same wave numbers and frequencies between the
adjacent density interfaces are modulated by each other. They also show that the second-order solutions consist of
two parts: the first one is the first-order solutions, and the second one is the solutions of the second-order asymptotic
equations, which describe the second-order nonlinear modification and the second-order wave—wave interactions not only
among the wave components on same density interfaces but also among the wave components between the adjacent
density interfaces. Both the first-order and second-order solutions depend on the density and depth of each layer. It is
also deduced that the results of the present work include those derived by Song (2004) for second-order random wave

solutions for internal waves in a two-layer fluid as a particular case.
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1. Introduction

Stably stratified fluids give rise to many fascinat-
ing phenomena, which owe their existence to the inter-
action between density variations and gravity. One of
the best known of these is the internal wave, presum-
ably so named because, in contrast to more commonly
encountered waves, it is formed deep within stratified
fluids rather than on their surface.!! Over the past
decades a large amount of work has been done on free
surface waves (see Refs.[2-4]). However, waves which
occur in nature are never, in fact, free surface waves,
since they are always beneath a fluid of some finite
density, if only air.l5) Keulegan!®! and Long!” did the
initial work on internal waves. After that, numerous
authors have pursued studies of internal waves from

various points of view (see Refs.[8-10]).

Interfacial internal waves in a density-stratified
fluid are important phenomena in the ocean, and
many authors have investigated them. For example,
using Padé approximations, Holyer!®! considered large
amplitude interfacial waves moving between two in-
finite fluid of different densities, which were at rest
far from the interface. Breyiannis et all'®! studied
analytically and numerically the properties of two-
dimensional steady periodic interfacial gravity waves
between two fluids in relative motion and of constant
vorticities and finite depths. In addition, the random
behaviours of the free surface waves and internal waves
have been well recognized in many field measurements
in deep to shallow water (see Refs.[11-15]). Longuet-
Higgins['3] established the second-order random wave

theory of surface waves for deep water by using a per-
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turbation method. Later, Sharma and Dean
tended the analysis of Longuet-Higgins!'3! for deep wa-
ter to water of finite depth. However, the researches
on random interfacial and internal waves are very few.
By using an expansion method, analogous to that of
Longuet-Higgins!'®! and Sharma and Dean'¥ in the
study of random surface waves, Song['® derived the
second-order solutions for random internal waves in a
two-layer fluid contained between two rigid walls at
the top and bottom.

The wave equations describing interfacial internal
waves in NN- layer stratified fluid are nonlinear wave
equations and finding their solutions are important for
nonlinear problems. At present, there are many meth-
ods for solving nonlinear wave equations: for example,
the perturbation method,[!~18! the homogeneous bal-
ance principle,'?=21 expansion method about the Ja-
cobi elliptic function,!??! various tanh methods,23! the
general projective Riccati method[?* and so on.

It is also noticed that the phenomena of density
stratification are very complicated in the ocean, and
sometimes the density stratification is obviously in
state of multi-layers. In present study, second-order
random solutions for internal waves in N-layer strati-
fied fluid contained between two rigid walls at the top
and bottom are derived by an expansion approach,

(13] and Sharma and

which is used by Longuet-Higgins
Dean'¥ in the study of random surface waves and by
Song!!?! in the study of second-order random wave so-
lutions for internal waves in a two-layer fluid. The
solutions obtained here would have potentially impor-

tant applications in the study of internal waves.
2.Basic equations and boundary

conditions
We consider N-layer stratified fluids of different

densities contained between two rigid walls at the top
and bottom as shown in Fig. 1, which are homoge-
neous, inviscid, incompressible and irrotational. The
second-order random solutions of internal wave prop-
agating in the interfaces are derived.

The Cartesian coordinates (x,z) = (z,y,z2) are
introduced with origin at the upper boundary, where

z and y are horizontal coordinates, and z; (i =

\ww
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1,2,---,N) is the coordinate of depth of the undis-
turbed ith layer fluid, in which zp = 0 is the upper
boundary and zy is the bottom. p(?) is the density of
the ith layer fluid, and h; = 2,1 — 2; (i = 1,2,--- ,N)
is the thickness of the undisturbed ¢th layer fluid, and
N (z,y,t)(i = 1,2, ,N —1) is the vertical displace-
ment of the ¢th density interface.

The velocity potential &9 satisfies the Laplace
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Fig.1. Definition sketch.
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At the density interfaces, the kinematic boundary

conditions are
e apld
oz ot
z =z + 0 (z,y,1),
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and the dynamic boundary conditions are
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The top and bottom boundary conditions are

o)
5 =0, z=20=0, (5)
o)
55 =0, z=zn. (6)

3. First-order random internal

wave solutions

As Longuet-Higgins (1963) and Song (2004) in the
studies of random surface waves and random internal
waves, the perturbation method is used to solve the
above basic equations and boundary conditions. The
velocity potentials and vertical displacements of the

density interfaces can be expressed as

o) —col) 420 + O(%), i=1,2,---,N, (7)

TI(Z) = 6771(1) +52771(;) + 0(53)7 1= 17 27 e 7N - 17 (8)

where ¢ is the perturbation parameter, O is the order
symbol, and the subscripts I and II denote quantities
corresponding to the first-order and second-order per-
turbation solutions respectively. Also the velocity po-
tential ¢()(; = 1,2,---, N) at the density interfaces
z=zi1+n% Yand z = z; + 09D (i =1,2,--- ,N —1)
can be expanded in Taylor series about z = z;_; and

z = z; as

(i—1y 0B

@(2) iz D) :QS(Z) |z=zi_1 +7n e ‘z:zl-fl

+0((n D)%),

(1=2,3,---,N), (9)
) ) N Y10)
fp(l) Z:Zi+’ﬂ(i) :Qs(l) |z:zi + 7](1)8— |z=zi_1
+0((m")?),
(i=1,2,---,N—1). (10)

So we can replace the density interface boundary con-
ditions in Egs.(2)—(4) by the conditions to be satisfied
for z = z;(i =1,2,---,N — 1) instead of z = z; + (9.
Substituting (7)—(8) into (1)-(6) and (9)—(10) into
(2)—(6), we derive the governing equations for the first

and second powers as follows.

The first-order equations and the boundary con-

ditions are
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The second-order equations and the boundary

conditions are
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Now, we assume that the first-order random in-  the Gaussian distribution. Substituting (23), (24) into
ternal wave solutions of equations (11)—(16) are (11)—(16), we have
() _ N0 : o
n :Zb- cosvj, 1=1,2,---,N—1, (23) AL — _ j i hi. —1.9... (95
=’ iy sinb(k;hy) COSBki® T =12, (29)
D =5N"AD(2)cosyp;, i=1,2,---,N, (24 i1 i
; i (?) J (24) A0 :ﬁ_bg' )coshkj(z—zi)—bg.)coshkj(z Zi—1)
() . . J kj sinh kjhl
where b;° denotes the amplitude of the jth wave i=1,2,, i=23,-- N—1, (26)
component of the ith layer density interface, ¢; =
kj-x—wjt+e;, 2 = (z,y), wjis the angular frequency, ™) _ ng 1)w~
k; = (kj1,kj2) is the horizontal wave number vector A; k sinh(k; ) coshk;(z — zn),
with the moduli k;, ¢; denotes the random phase. If
: . . =12 (27)
we assume that ¢; is the independent random vari-
able and consider that it is uniformly distributed over Therefore, we obtain 951(1) (1=1,2,---,N) as fol-
the interval (0, 27), then we can obtain that nj(l) obeys  lows:
|
o My,
Z smh k ) cosh k;zsin;, (28)
@(1 © w; b(l D cosh k; i(z—2;) — bg-i) coshk;(z — zi_1) . 93 N1 0
_gk_ sinhkjhi Slnwja 1= 14,90,'"", ] ( )
oo b(N 1)
Z m cosh k](Z — ZN) Sin 'l/)J (30)
Substituting (23) and (28)—(30) into (16), and manipulating these equations we get
A + e =0, =12, (31)
(i—1)y(i-1) (4) 3 (4) () (i+1) _ - . i
c; b]- +a; bj +c; bj =0, :=2,3,---,N—-2; 7=1,2,---, (32)
N—2);(N—2 N—1);(N-1 .
where
4 4 , w? ) ,
ag_z) —g (p(l) _ p(z+1)> + kfj (p(z) coth kjh; + plitD) COthkjh»H-l) L i=1,2 N—1, j=1,2---, (34)
i
(i+1), 2
(i) P wi . .
D P " i _19,... N—2 j=1,2-- 35
CJ k] Sil’lhkjhi_;,_l’ 7 ) &y ) y J ) &y ( )
Thus, we can derive
a Do o 0 0 0
cgl) a§-2) c§-2) 0 0 0
0 @ ¥ B3 0 0 0
! o =0, j=1,2,---. (36)
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Equations (31)—(33) represent linear modulations
among the amplitudes of the first-order wave compo-
nents with same wave numbers and frequencies be-

tween the adjacent density interfaces.
4.Second-order random internal

wave solutions

In order to find the second-order random veloc-

ity potentials and the displacements at the fluid inter-
faces, we use the second-order equations and boundary
conditions (17)—(22

(20) and (22) have nonhomogeneous terms depending

). Since boundary conditions (19),

on the first-order solutions, these terms must be de-
rived from the first-order solutions (23) and (28)—(30),
so the boundary conditions (19), (20) and (22) have

the following forms:

o _omy’ + i i Lpp0 (k2 4 ;- k) sin(; + )
8z ot i 277 k;tanh k;jhy J j - K1) sin(y; I
+ (k:j2 —kj- kl) sin(¢; — 1/;1)} z =z, (37)
08 oV el wi iy (e @Y [(1.2 ,
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'Y coshkjhy — b 5™ cosh kyhy — b
J J J 1 12 I (1)(1) (1)7(1)
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b(i)b(i) Zb(i)b(l) 9 A1 ko - ke wjw bg-iil) — bg-i) cosh k‘jhi
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wjiwy b‘sl) cosh kjhi+1 — b;i_H') bl(l) cosh klhi+1 B bl(i-l-l)

kiki sinh k;jh; 11 ' sinh kh; 1

k; -k

(i+1) [ SIS
_(i+1) G , 9Py l
=P {97711 T T D 1

j=11=1

wiwr b\ cosh kjhiyy — b5 Y
kj kl sinh kj hi+1

k2 7 K2 > = 1
58w 72b()b()wl:| cos(t; + 1) +ZZ; [k]—.kl
j=11=1

y bV cosh kyhiyq — b\ TV

+ bg.i)bl(i)ijz - Zbg'i)bz(i)wfl cos(t; ¢l)}

sin kth—l
2=z, i=23,--,N-2, (42)
0o oo N-2 N-1
g DY ST BB ot
p 91 ot . 4 | ik sinh kN 1
j=11=1 J J
p(N=2) _ p(N=1) kB B B ) )
« Sirzlhklh;OSl IMN-1 b;N 1)bl(N 1)ijz _ 2b§N 1)bl(N 1)wl2 cos(; + 1)
" iil P b;-N_Q) - b§N_1) coshkjhn_1 . b§N72) — bl(Nfl) cosh kjhn_1
i 7 ki sinhkjhn -1 sinh kihn_ 1

(N) oo oo
_ ) -1, 9%y Lyv—n,v—1) [ wjwy
P {g"H T +;;4 i i k ey tanh k; hy tanh ki
= L vy, (v wjwy
Wiy — 2 —pN Dy k; -k
Cht “’l] cos(¥; + ) + ; l; PRt 7" B Ky tanh k; hy tanh kihy
+wjw; — 2w, ] cos(9; — ¢l)} Z=2zZN_1. (43)

As the procedure used in the first-order approximation, the solutions of the second-order equations can be

assumed as

=3 [BG) @ sin(wy - v + B ()sin(w; + )], =12+, N, (44)
j=11=1
ZZ { ucos(¥; — ¥) + dmcos(% + 1/)1)} 1=1,2,--+ N —1. (45)
j=11=1

Substituting Eqgs.(44), (45) into Eqgs.(17), (18), (37)—(40) and (21), we can determine Bﬁj) and Bﬁ;) as

follows:

B3)(2) =AL cosh (|k; £ ky|z), jl=1,2,-, (46)
B} (2) =Af, cosh (Jk; £ K (= — 1)) — Agjy cosh (Jky £ Kl (2 — 2 1)),
i=23- N—1, jjl=12-, (47)
By )(2) =A% cosh (|k; £ kil (= — 2n)), 4,0=1,2,-, (48)
where
% for j#1,
A = k;; sinh(k hy)’ (49)

0, for =1,
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Y/ L 50
13t k, sinh(k k) (50)
C..
_ %7 for j#1, .
AL =19 ki sinh(k; h;) 1=2,3,---,N —1, (51)
0, for j=1,
C..
_ #7 for j#I, .
Az =14 ku sinh(k;; h;) 1=2,3,--+,N — 1, (52)
0, for j=1,
ct.
AL = i=23.. N-1 53
145l k‘ﬁ Sinh(kﬁhﬂ’ ? » 9, ’ , ( )
Ccr.
Af =290 93 ... N-1, 54
%l kL sinh(kjh) (54)
Cv .
R e A
Nl — 41 511 ( gl N) (55)
0, for j=1,
ct.
AL, =— Nt 56
MLk sinh (kb )’ (56)
1
C;tjl Z(wj + wl)ditjl + Zbgl)bl(l) [w]' (k‘? + k]‘ - kl)/51j+wl (k] - kl + klz)/Sll] 5 (57)
1 (- i
+ + i—1),(i—1
Clijl =(w; wl)d(i—l)jl - Zbg )bl( ) [“’j (kJZ T kj 'kl)/Sij+Wl (kj ki £ k?)/sll]
1oGg-1),6
+ §b§. Yooy (k; - ki + k) /Ra, (58)
Ly, 6
Ciigp =(wj £ w)disy + 0007 [w; (K + by - k1) /Syt (k; - ki £ K7) /Sl
Lo (i-1),0
1 _ -
Oy =(wj Twn)diy_yy; — Zbg‘N DN [w; (2 =+ ;- et) /S g (s - R+ ) /Swi] (60)
k;tl = |k] + kl| ,kj = ‘kj‘ 5 Sij = kj tanh k]'hi, Rij = k]' sinhk]-hi. (61)
Inserting (46)—(48) into (44), we obtain @I(Ii)(i =1,2,-+-,N) as follows:
@I(Il) = Z Z [Al’].l cosh (|k; — k| z) sin(vp; — ) + Ale cosh (|k; + k| 2) sin(y; + wl)] , (62)
j=11=1
@I(Ii) = Z Z { {Al_ijl cosh (|k; — ki| (2 — z;) — Ay cosh (lkj — ki| (2 — zi_l)} sin(¢; — )
j=11=1
+ [ A1 cosh (ks + ] (= = 25)) — Ay cosh (ke + Rl (2 = zi-1))] sin(u; +w0)}
i=2,3,---,N—1, (63)
o =D [Anicosh (k; = kil (= = 2v)) sin(t; — 1)
j=11=1
+A'|A}jl cosh (|k; + k| (z — zn)) sin(ep; + 1/)1)} . (64)
Substituting (45) and (62)—(64) into (41) —(43), we have
diy =0, jl=1,2- and j=1, (65)
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and
mfjld;jl + nfﬂd;ﬂ = pfjl,
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Fujwr = 2w } o {Zbﬂ' b (w; £ ) k% tanh(kZhs)
1 (2) (2) w](ka :t k] . kl /52] + WI(k . kl Zl: klz /S2l 1 (1) (2)
-b:"b it — -b. b it
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(N—1) {ib§N_2)bz(N_2)(wj L) |w; (k3

wj(k? +kj-ki)/Sn-1); +wi(kj - ki £ ki) /Sn_1)

k3 sinh(khy_1)

b(N 2)b(N 1)

2 J

Lyav—n,v-1, o

b Tl (wiEw) kitanh(kJ,hN D

x(w:l:w) (,U(k kl:l:kz /RN 1)1 wj(k'2j:k kl /R(N 1)j
i k7 sinh (kS hy_1) k% tanh(k 5 hy—1)

1
] + Z [k] . klewl

b(N—2) b(.N 1) b(Nfz) b(Nfl)
X J 3 l 9 T b(N—l)b(N—l)w wr 2b(-N_1)b(N_1)w2
(R(Nl)j S(N-1)j Ry Siv—1n J l 3%l J 1 1
n lp(N)b(_N—l)b(N—l) (wj £ wp) [wi(k? £ kj-ki)/Snj +wi(k; - ki £ k})/Sni] ke
@ 7 KZ tanh(k5hy) i kg e
Fwjw; — 2wl2}. (72)

So d,;; and djjl can be determined by Egs.(66) and (

67).

|
5. Discussion

It is noticed that there exist some differences be-
tween second-order random wave solutions for internal
waves in a two-fluid system*® and in N-layer strati-
fied fluid. The latter contains the nonlinear modifica-

tions and the nonlinear interactions among the wave

b(l)

components between the adjacent density interfaces,
so in this case the latter is much more complicated

than the former.

Now we consider a specific case. When assump-
tion N = 2 is satisfied, the first-order random internal

waves solutions are

1 .

I( ) m cosh k;zsin;, (73)

b(l)w
—J — _coshk; in, 74
Z k; smh(k gy COSI i (2 = 22) sin . (74)
771(1) = Z bg.l) cos ¥;, (75)

j=1

2
g (p(l) - p(2)) + (Z—J <p(1) cothkjhy + p coth kjhz) =0, j=1,2,--- (76)

j

The solutions of the second-order equations are

Z Z { Trcosh (ke — k| 2)sin(y; — ) + Af cosh ([ + k| 2) sin(g; + ¢l)], (77)

Jj=11=1

ZZ[ 2chosh(|k: — k| (2 — 22)) sin(;

S,
I
i
~
Il
—

— ) +A2ﬂ cosh (|k; + ki| (z — 22)) sin(¢; + ¥y) |, (78)

ni) =303 [dijicos(; — ) + dfy, cos(; + )], (79)
j=11=1
e L
dy={ Do/ 97 (80)
0, J=1,
+
P1ji .
df., =~ 1=1,2, - 81
151 m+ y I < I ( )

151



No.4 Second-order random wave solutions for interfacial internal... 765
in which
c-
B LI
Apy = kj; sinh(k; hy)’ (82)
0, for j7=1,
C+
P/ — L — 83
Yk sinh(kf k) (83)
c-
_ #7 for .7 7é la
Ayi=1 ki sinh(k;;ho) (84)
0, for j=1,
C+
Af, = — 3 85
28 & sinh(kf )’ (85)
1
Oy =(wj £w)diyy + 700" [w; (k) £ k- ki) /Syt (b - ki £ K7) [Su], (86)
1
Cify =(wj Fwn)diy — 500" [w) (R & k- k) [ Sojven (e - ko & 1) /S (87)
+ wj
mlijl =g(pM) — p@) + (kii) [p(l) coth(k;shl) + p® coth(kﬁhg)} , (88)
jl
p:t' _ lp(l)b(l)b(l) ((JJJ + LL)l) [w](k'? + k kl /Slj + wz(k] . kl + k?)/su] k kl wjwi
151 J l k:t tanh(k:thl) Sljsll
1 w(kzzl:kkl /Sg +wl(k--kl:|:k2)/521
W) — 2w @) ) ZpMy (1) EASY] J J 1
R } A U G R K tanh(kho)
1) (1)
1 b;” b 1),(1 1),(1
L klewlsﬂ—zj : 5{—% F 00N wje — 2 b2 | b (89)
By simple operations, we have
£ Ly J @5 E@) e g e (5®) coth(kEhy) /Sa; pD coth(kEhy)/S
pi =B S [y (8 £ ke ) () coth(k5iha) /Sy —p Y coth(kihn) /51, )
il
twr(k; - Ry £ k2) (p(z) coth(kZ:hs) /Sa1—p") coth(k hl)/Su>] - (p(2) - p(l)) (w? +w?)
twjer [k ki (0P /(S238m) = oV (S1350)) F o) £ pV)] } (90)

It is noted that the first-order solutions (73)—(76)
and the solutions (77)—(81) of the second-order equa-
tions are exactly the same as those derived by Song['®!
for second-order random wave solutions for internal
waves in a two-layer fluid, so the result of Song!®
is just the result for a particular case of the present

results.

Furthermore, if the density of the upper layer is
= 0) and

assumption N = 2 is satisfied, the present results can

small enough and can be neglected (i. e.,pM)

reduce to those derived by Sharma and Dean** for

surface waves in finite water depth, and they would
further be simplified to those derived by Longuet-
Higgins [13] for deep water if the depth of the lower
layer is taken as infinite (for the details see Ref.[15]).

6. Conclusions

In this paper, second-order random solutions for
interfacial internal waves in N-layer stratified fluid
contained between two rigid walls at the top and the

bottom are derived by an expansion approach, used
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by Song[!9] in the study of random internal waves in a
two-layer fluid and by Longuet-Higgins['*! and Sharma
and Dean'¥ in the study of random surface waves.
From the obtained results, it is noted that the
second-order random wave solutions consist of two
parts which depend on the density and depth of
each layer. The first one is the first-order random
wave solutions which are a linear superposition of
many waves with different amplitudes, wave numbers
and frequencies. The second one is the solutions of

the second-order asymptotic equations which repre-

sent the second-order nonlinear modification and the
second-order wave-wave interactions among both the
wave components on the same density interfaces and
the wave components between the adjacent density in-
terfaces. It is also noticed that the amplitudes of first-
order wave components with same wave numbers and
frequencies between the adjacent density interfaces are
linearly modulated by each other. In addition, The
results of the present work include those derived by
Song!!?! for second-order random wave solutions for

internal waves in a two-layer fluid as a particular case.
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