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Quantum entanglement and quantum nonlocality of N-photon entangled states |¢¥ny,) = Cm[cosy|N —m)1|m)2+

eif

m siny|m)1|N — m)2] and their superpositions are studied. We point out that the relative phase 0,, affects the

quantum nonlocality but not the quantum entanglement for the state |¢ny,). We show that quantum nonlocality can

be controlled and manipulated by adjusting the state parameters of [¢) N, ), superposition coefficients, and the azimuthal

angles of the Bell operator. We also show that the violation of the Bell inequality can reach its maximal value under

certain conditions. It is found that quantum superpositions based on |¢j.,) can increase the amount of entanglement,

and give more ways to reach the maximal violation of the Bell inequality.
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1. Introduction

Quantum entanglement and quantum nonlocality
are two striking aspects of quantum mechanics.!'~?!
They are introduced by Einstein, Podolsky, and Rosen
(EPR) in their famous paper.l!! The relationship be-
tween them has attracted much attention. They play
an essential role in the modern understanding of quan-
tum phenomena, and in quantum information trans-
mission and processing. Bell proposed a remarkable
inequality imposed by a local hidden variable theory,[®!
which enables a quantitative test on quantum non-
locality. The quantum nonlocality test can be per-
formed on an entangled system composed of two co-
herent systems. This entangled system can be used
as a quantum entangled channel for quantum infor-
mation transfer. Numerous theoretical studies and
experimental demonstrations have been carried out
to understand nonlocal properties of quantum states.
Various versions of Bell’s inequality[®: 78] has been pro-
posed. Gisin and Peres found pairs of observables
whose correlations violate Bell’s inequality for a dis-

crete N-dimensional entangled state.[®) Banaszek and

Wédkiewicz studied Bell’s inequality for continuous-
variable states in terms of Wigner representation in
phase space based upon parity measurement and dis-
Recently, Chen et al studied

Bell’s inequality of continuous-variable states!!®l us-

placement operation.

ing their newly defined pseudospin Bell operators, and
they showed that the EPR state can maximally violate
Bell’s inequality in their framework.

Recently, much attention has been paid to
N-photon entangled states and their superposi-
tion states. They are widely used to realize
quantum lithography,'?—13] super-resolving phase

[14] [15] 1

measurements, and quantum teleportation.
a previous paper,['% we investigated their quantum
decoherence. The purpose of the present paper is to
study quantum entanglement and quantum nonlocal-
ity of the following N-photon entangled states and

their superpositions:

|UNm) =Chcosy|N — m)q1|m)s
+ €% siny|m)1|N —m)s], (1)

where m takes the values from zero to N, the normal-

*Project supported by the National Fundamental Research Program (Grant No 2001CB309310), the National Natural Science
Foundation of China (Grant Nos 10325523, 90203018 and 10075018), the Foundation of the Ministry of Education of China, and
the Educational Committee of Hunan Province (Grant Nos 200248 and 02A026).

TCorresponding author. E-mail: Imkuang@hunnu.edu.cn

http://www.iop.org/journals/cp



682 Sun Yan-Hua et al

ization factor is given by A;f = 1+cos 8y, sin 270N 2m
with v and 6, being the entanglement angle and the
We will calculate the

von Neumann entropy and study the Bell’s inequal-

relative phase, respectively.

ity for quantum states |)n,,,) and their superposition
states. We will show that quantum superpositions for
the two modes may increase the amount of entangle-
ment, and N-photon entangled states can maximally
violate Bell’s inequality. This paper is organized as
follows. In Sec. 2, we study the quantum entangle-
ment of N-photon entangled states and their super-
position states through analysing their von Neumann
entropy. Quantum nonlocality of N-photon entangled
states and their superposition states is investigated
through discussing the violation of the Bell’s inequal-
ity in the pseudospin Bell-operator formalism devel-
oped by Chen et all'% in Section 3. The last section

gives a summary and conclusions.

2.Quantum entanglement for N-

photon entangled states

In this section, we study properties of quantum
entanglement of the N-photon entangled states given
by Eq.(1). In order to do this, we consider the non-
trivial case of N # 2m, in which the normalization
constant C,,, = 1. The degree of the entanglement can

be described by the von Neumann entropy defined by

E(p1) = —Tri(p1logp1), (2)

where p; is the reduced density operator of the first

mode.

For the N-photon entangled states defined by Eq.

(1) we find the von Neumann entropy to be
By = — cos? ylogcos® vy — sin® ylogsin®y,  (3)

which indicates that quantum entanglement of the N-
photon entangled states given by Eq.(1) is indepen-
dent of the superposition phases 6,,, and the total pho-
ton number N of the two modes, and changes period-
ically with the change of the entanglement angle ~.
In particular, the amount of entanglement reaches the
maximal value of F/y = 1 when the entanglement angle
takes values of v = km + /4 with k being integers. In
Fig.1 we plot the change of the von Neumann entropy

against the entanglement angle.
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Fig.1. The von Neumann entropy of the N-photon
entangled state is plotted against the entanglement
angle ~.

We then study the quantum entanglement of su-
perposition states based on the N-photon entangled
states given by Eq.(1). Firstly, we consider a two-
state superposition state defined by

1

V2

which leads to the von Neumann entropy

| W) = —=(|130) + [¥31)), (4)

Ey =1 — cos?ylogcos® vy —sin? ylogsin®y,  (5)

which implies that the amount of entanglement of the
two-component superposition state only depends on
the entanglement angle 7y of its basis. Especially,
comparing Eq.(5) with (2) we find that the differ-
ence of the amount of entanglement between the two-
component superposition state (4) and the basis state
(1) is a positive constant, i.e., Es — E; = 1. This
indicates that the amount of entanglement of the su-
perposition state is always larger than that of the ba-
sis state for an arbitrary entanglement angle 7. In
other words, starting with basis states defined by (1)
one can construct quantum superposition states with
larger amount of entanglement than that of the basis
states. Hence, we may conclude that quantum super-
positions of two modes may increase the amount of
entanglement.

In order to further demonstrate the above idea of
quantum superposition increasing the quantum entan-
glement, in what follows we take into account a multi-
component quantum superposition state consisting of
N bases with a fixed photon number N, but with dif-

ferent distributions m,

N
Un) =AY amltnm), (6)

where A is a normalization factor. It is straightfor-

ward to express the N-component superposition state
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as the following number-sum Bell state,

[ On) =) dul N —m)rm)a, (7)

which is the eigenstate of the number-sum Bell opera-
tors N = Nl +N2 with Ni being the number operators
of the respective modes. The coefficients in Eq.(7) are
given by

dm = A(amcm COS’Y+aN7mCN7meiGN7m sin 7)a (8)

where the normalization of the superposition state (8)
implies that d,,, satisfy the condition Z7Nn:0 |d,,|? = 1.

In order to calculate the von Neumann entropy
of the superposition state (7), we need the reduced

density operator

N
pr="_ |dul*|N —m)1(N —ml, (9)

m=0

which leads to the following von Neumann entropy:

N
En ==Y |dn|*log|dn|*. (10)
m=0

For the sake of simplicity and without loss of
generality, we consider the situation of equal-weight
superposition in which we choose the superposition
coefficients a,, = 1/ v/N +1 and the relative phases

0, = 2rm/N. In this case, we have
|dm|? = A?|C,n|? {14 cos[2n(N —m)/N]sin 2v}, (11)

where the normalization constant is given by

N
A2 =3 " |Cp|*{1+cos[2m(N —m) /N] sin 2v}. (12)
m=0

Then the von Neumann entropy of the superposi-
tion state can be directly obtained through substitut-
ing (11) and (12) into (10). From Egs.(10)—(12) we can
find the maximal value of the von Neumann entropy
of the superposition state to be En max = logy(N +1)
when v = kn/2 with k being an arbitrary integer.
This implies that the maximal amount of entangle-
ment of the N-component superposition state only de-
pends on the total photon number N, and increases
with increasing IN. In order to clearly see the influence
of the number of components N and the entanglement
angle v, in Fig. 2 we plot the von Neumann entropy
of the superposition states when N = 1,2,3, and 4,
respectively. From Fig.2 we can see that the entan-

glement amount increases with increasing number of

components, i.e., the photon number N, and changes

periodically with respect to the entanglement angle +.
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Fig.2. The von Neumann entropy of multi-component
superposition states based on |¢n.,) is plotted against
the entanglement angle v for N = 1, 2, 3, and 4, respec-
tively.

3.Quantum nonlocality for N-

photon entangled states

In this section, we study quantum nonlocality
of N-photon entangled states and their superposition
states through discussing the violation of Bell’s in-
equality in the pseudospin Bell-operator formalism
developed by Chen and co-workers.l'®) Let us be-
gin with a brief review of the pseudospin-operator
formalism.'%! For a single-mode boson field, the pseu-
dospin operators can be defined in terms of project

operators in a Fock space in the following form:

o0

S. =Y _[12n+1)(2n + 1| — [2n)(2n]],
S_ =Y ll2n)(2n + 1] = (5;1)", (13)

where |n) are the usual Fock states of the boson mode.
The operator S, = —(—1)N with N being the number
operator and (—1)% being the parity operator, and S,
and S_ being the ‘parity-flip’ operators which satisfy

the commutation relations of the su(2) Lie algebra

[S.,54] = £25,, [S4,5_]=5..  (14)

For an arbitrary unit vector ending on the surface
of a unit sphere a = (sin ,, cos @, sin 0, sin ¢, cos 0,,),

we have the following dot product:
a-S=S5,cosf,+sin Ga(ei“’“ S_ 4 e iva S4). (15)

Then for a two-mode boson field, the Bell opera-
tor due to Clauser, Horne, Shimony, and Holt (CHSH)
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can be defined by

B:(a51)®(b52)—|—(aSl)®(b'52)
—I— (a' . Sl) ® (b . Sg) — (a' . Sl) ® (bl . 52), (16)

where a’, b, and b’ are three unit vectors similarly de-
fined as a, S7 and S5 are defined in Eq.(13).

As well known, local hidden variable theories im-
pose the Bell-CHSH inequality |(B)| < 2 where (B) is
the mean value of the Bell operator with respect to a
given quantum state. However, in the quantum the-
ory it is found that |(B)| < 2v/2, which implies that
the Bell-CHSH inequality is violated. In particular,
when |(B)| = 21/2 for a given quantum state, we say
that the Bell-CHSH inequality is maximally violated
by the quantum state.

Quantum nonlocality of a quantum state can be
described by the violation of the Bell-CHSH inequal-
ity. The expectation value of the Bell operator with
respect to a quantum state |¢) can be expressed in

terms of the correlation functions as

<B> :E(eaaeb) + E(ea,eb’) + E(ea/,eb)
- E(ea’aab’)a (17)

where the correlation functions are defined by
E(6a,05) = (4155, © S5 |4), (18)

with
Séz) = Sj.cos6, + Sj,sinb,. (19)

We now investigate the quantum nonlocality of
the N-photon entangled state given by Eq.(1). For
this multi-photon entangled state we find the correla-

tion function to be

ENm(0a,05) =C2{{(-1)N + K (6m,7)6N,20m]
X €os 0 cos Oy + 0N, 2m+1
X K(0pm,v)sinb,sin 6}, (20)

in which we have introduced the following effective

state parameter
K(0,,,7) = cosb,, sin 2~ (21)

to describe the effect of the basis state defined by (1)
on the correlation functions.

Making use of the correlation function (20), from
Eq.(17) we can get the expectation value of the Bell
operator for arbitrary values of all azimuthal angles
0., 0y, 0, and 0. As a concrete example, we con-
sider the situation of 6, =0, 8,» = 7/2 and 6, = —6y.

In this case, from Eqs.(17), (20) and (21) we can ob-
tain the expectation value of the Bell operator given

by

(B) :2C,2n{[(—1)N + K (0, Y)0N,2m] cos by
+ 5N,2milK(9m77) sin 9[,} (22)

In order to observe the quantum nonlocality of the
N-photon entangled state (1), we consider two differ-
ent cases of N = 2m and N = 2m =+ 1, respectively.
When N = 2m, the quantum state given by Eq.(1) is

disentangled, and reduces to
[6nm) = Con(c0sy + &0 simy)m)r|m)a.  (23)

Making use of Egs.(17), (18) and (20), we obtain
the expectation value of the Bell operator with respect
to the disentangled state (23) (B) = 2cos#,, which
means that [(B)| < 2. Hence, the unentangled state
(23) cannot produce a violation of Bell’s inequality.

On the other hand, when N = 2m =+ 1, the expec-
tation value of the Bell operator with respect to the

state (1) is given by
(B) = 2[K (0,,,7) sin 8, — cos 6], (24)

which indicates that for a fixed entanglement angle v
and a fixed relative phase ,,, when 6, = —tan ! K,
the expectation value of the Bell operator (B) reaches

its maximum given by

(B)maz = 2+/1 4+ K2(0m,7), (25)

which implies that (B)maz > 2 due to |K(0,,,7)] < 1.
Thus, the N-photon entangled state always violates
the Bell’s inequality if K(0,,,v) # 0. From Eqs.(21)
and (24) we can see that the degree of violation of
the Bell’s inequalities depends upon both the entan-
gling angle v and the relative phase 6,,, and it changes
periodically with respect to both v and 6,,. In par-
ticular, we note that the relative phase 0,, seriously
affects the mean value of the Bell operator although it
does not affect the quantum entanglement of the quan-
It is easy to find that when
| Nm) reaches maximal entanglement, i.e., v = 7/4,
and 6,, = 0, we have K(0,,,7) = 1. Under these con-
ditions, we can reach the maximal violation of Bell’s
inequality with (B)max = 2V/2.

In Fig.3 we plot the degree of the violation of the

tum state given by (1).

Bell’s inequality for N-photon entangled state against
~ and 6,,,. From Fig.3 we can see that the mean value
of the Bell operator with respect to the multi-photon
entangled state (1) changes periodically with both the
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entanglement angle and the relative phase, and the
Bell’s inequality is always violated for arbitrary val-
ues of the entanglement angle and the relative phase
except v = kn/2 and 6 = (2k 4+ 1)7/2 with k an inte-

ger.
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Fig.3. The degree of the maximal violation of the

Bell’s inequality for N-photon entangled state (B)max

plotted against the entanglement angle v and the rel-

ative phase 0.,.

Finally, we consider the quantum nonlocality of
quantum superposition states which is formed using
the multi-photon entangled state (1). In order to cal-
culate the expectation value of the Bell operator with
respect to the superposition states based on entangled
states given by (1), we need the following correlation

function
Emr = (x| S5 @ SO [Ynms),  (26)
which is given by the following expression:

E iy =Cp,Cy cos 8, cos 6y
x {(—1)Ns
X [cos® y + e
+ () (0 e

+ C,,C} ., sin 6, sin 0,
—0,.)

m,m/’ 6N,m+m’ Cos 7y sin Y

18,01 =0m) gin2 7

x {[cos? v + el (Om/ sin® Y] 0, ms 1

+ cos ysiny(e®’ + e ) i mrsr}. (27)
As a simple example of analysing the quantum

nonlocality of superposition states, we consider the

following two-component superposition state:

|v3) = C(ao|hs0) + ai|is1)), (28)

where C is the normalization constant. Making use of

Eq. (27), we can obtain the expectation value of the

Bell operator for this superposition state,

(B) = — 2cos 0 + 4sin O (Jag|* + |aq |*)
x Relagay (cos® v + ei(P1=00) gip? 7], (29)

which indicates that (B) depends upon not only the
superposition coefficients aq, a1, the azimuthal angles
0., 6y, but also the state parameters of the basis states
given by Eq.(1), 69,61 and ~.

In order to observe the maximal violation of the
Bell inequality, we can choose ap = a; = 1, the Bell

function (B) given by Eq.(29) then becomes

(B) =2sin 6[cos® v + cos(6; — ;) sin? 4]
— 2cos By (30)

Making use of Eq.(30), we can show that the max-
imal violation of the Bell inequality can be reached by
controlling the azimuthal angle 6, the state parame-
ters of the basis states given by Eq.(1), 6o,6:1 and ~.
In fact, when 61 — 6y = 2kw with k being an arbitrary

integer, we can arrive at the following Bell function:
(B) = 2(sin 6, — cos 6y,), (31)

which means that the values of the Bell function of (B)
are independent of the entangling parameter of the ba-
sis state defined in (1), and we can reach the maximal
violation of the Bell inequality (B)max = 24/2 when
9{, = —71'/4.

On the other hand, when the phase difference is
01— 0o =
the Bell function given by Eq.(30) becomes

(2k + 1)7 with k being an arbitrary integer,

(B) = 2[sin 0}, cos(27) — cos 6], (32)

from which we can see that when the entanglement
angle satisfies v = kmw with k being an arbitrary
integer, Eq.(32) becomes Eq.(31),

mal violation of the Bell inequality is reached with

hence the maxi-

0y = —m/4. However, when the entanglement angle
satisfies v = (2k + 1)7/2 with k being an arbitrary
integer, the Bell function (32) reduces to

(B) = —2(sin by + cos 6y), (33)

which implies that the violation of the Bell inequal-
ity reaches its maximal value (B)n.x = 2v/2 when
0, = w/4. Therefore, we can conclude that superposi-
tion states based on entangled states (1) can provide
more ways of reaching the maximal violation of the

Bell’s inequality.



686 Sun Yan-Hua et al

Vol. 15

4. Conclusion

In summary, we have studied quantum entangle-
ment and quantum nonlocality of N-photon entangled
states for the two modes defined in Eq.(1) and their su-
perpositions through investigating the von Neumann
entropy and the violation of the Bell’s inequality in the
pseudospin Bell-operator formalism. For the multi-
photon entangled states defined in Eq.(1) we have in-
dicated that the von Neumann entropy is indepen-
dent of the relative phase 0,,. Hence, quantum en-
tanglement of these states only depends on the en-
tanglement angle. However, the quantum nonlocal-
ity of these quantum states exhibits different depen-
dence upon the state parameters. We have shown that
both the entanglement angle and the relative phase
seriously affect the violation of the Bell’s inequality.
And we have indicated that under certain conditions
the maximal violation of the Bell’s inequality can be
reached.

It is worthwhile to mention that multi-component

superposition states made from N-photon entangled

states for the two modes defined in Eq.(1) exhibit some
interesting characteristics in their quantum entangle-
ment and quantum nonlocality. Firstly, we have found
that these multi-component superposition states have
larger amount of entanglement than that of the basis
states defined by (1). Hence, quantum superpositions
for the two modes can increase the amount of entan-
glement. This indicates the possibility of obtaining
entangled states with a larger amount of entanglement
starting from entangled states with a smaller amount
of entanglement. Secondly, we have found that for
these quantum superposition states there are more
ways to make corresponding Bell’s inequality reach
the maximal violation, and shown that quantum non-
locality can be controlled and manipulated by adjust-
ing the state parameters of | n,), superposition co-
efficients, and the azimuthal angles of the Bell opera-
tor. We hope that the results obtained in the present
paper would find their applications in quantum in-

17—21]

formation processing! and the test of quantum

nonlocality.[22:23]
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