Vol 15 No 4, April 2006
1009-1963/2006/15(04)/0671-05

Chinese Physics

© 2006 Chin. Phys. Soc.
and IOP Publishing Ltd

Variational iteration method for solving

the mechanism of the Equatorial Eastern
Pacific El Nino—Southern Oscillation’

Mo Jia-Qi(3E g4 »P), Wang Hui(£ 1),
Lin Wan-Tao(#f 5 %)%, and Lin Yi-Hua($k—Bt)D

a) Anhui Normal University, Wuhu 241000, China
b) Division of Computational Science, E-Institutes of Shanghai Jiaotong Universities, Shanghai 200240, China

©) Chinese Academy of Meteorological Sciences, Beijing 100081, China

4L ASG, Institute of Atmospheric Physics, Chinese Academy of Sciences, Beijing 100029, China

(Received 29 September 2005; revised manuscript received 16 January 2006)

A class of coupled system for the El Nino—Southern Oscillation (ENSO) mechanism is studied. Using the method
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1. Introduction

El Nifio and Southern Oscillation (ENSO) are the
abnormal events happening in the atmosphere and
the ocean of tropical Pacific. The phenomenon of the
ENSO is a very attractive object in the international
academic circles.'=% Lin and Mo et al have stud-
ied a class of problems in atmospheric physics, ocean
weather, fluid dynamic systems and so on."=24 The
oscillatory nature of ENSO requires both positive and
negative ocean—atmosphere feedbacks. And a positive
sea surface temperature (SST) anomaly in the equato-
rial eastern Pacific region is considered. This anomaly
reduces the zonal SST gradient and the strength of the
southern oscillation circulation, resulting in weaker
trade winds around the equator. The weaker trade
winds in turn drive the ocean circulation changes and

then reinforce the SST anomaly.

Recently, many scientists have investigated the
nonlinear singular perturbation problem. Approxima-

tion methods have been developed and refined, includ-

ing the method of averaging, boundary layer method,
matched asymptotic expansion method, and multiple

scales method.[25—27]

Using the perturbation method,
Mo et al considered a class of singularly perturba-
tion problems.[23=30 In this paper we study an ENSO
model by using a simple and special method for vari-
ational iteration solution.[3!]

The ENSO oscillator model should take into con-
sideration the variations of both the eastern and west-
ern Pacific anomaly patterns. Because of the complex-
ity of ENSO, we only study the oscillator model that
overlooks the ENSO western Pacific anomaly patterns
and does not consider the effect of the western Pacific
on ENSO. As will be shown below, the oscillator model
can be reduced to a simple oscillator model by further

simplification with certain assumptions.

2.Model of Equatorial Pacific
SST

It is assumed that winds in the western Pacific do

not affect the SST anomalies in the eastern Pacific for
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regions 14°W-85°W and 10°S-10°N. Thus the cou-

pled system requires equations as follows:*

dT,
e anTy + apTy + b T, T + b2 T2, (1)
dT;

T a1 Ty + agoTy + bor1 T, T, + b T2, (2)

where T, is the locally averaged temperature anomaly
of the air and Tj is the locally averaged temperature
anomaly of the sea surface in the equatorial eastern
Pacific region; the coefficients a;; and b;; are real non-

negative (for the expansions and their physical senses

see Ref.[4]).

3. Variational iteration

Introduce functionals F; and Fj:
boo[dT, _
F =T, + At | == +anTs + a1
0 dr

+ bIITaTs + blZI_-‘s2 dTa (3)

t
dT; —
Fy =T, + / A |: + a1 T, + axT;
0 dr

+ b T T, + b22T52 dr, (4)

where T,, T, are T,, Ts restricted variables respec-
tively, and A; (i = 1,2) are Lagrange multiplicators.
Take variationals §F;, i = 1,2, of the functionals

(3) and (4):

t

5F1 = (ST‘a + ()\15Ta) |'r:t — / ()\11 - a11/\1)5TadT,
0

t

(5F2 = 5TS + ()\26h) “r:t - / ()\12 - aAQQ)(STSdT.

0
Let 6,F = 0. Then we have

d)\

? — a]_]_Al = 0, T > t, (5)
dA

d—: — CL22)\2 = 0, T > t, (6)
A(T) et = =1, i=1,2. (7)

From Egs.(5) and (7), we obtain

AL = *GXP(CLH(T - t))a (8)
Ao = —exp(age (T —t)). (9)

From Egs.(3), (4) and (8), (9), we can construct

the following variational iteration:

t

(T)nir =(Ta)n / exp(an (7 — 1))

0

" {d(Ta)n

dT + all(Ta)n + alQ(Ts)n

+ b12(Ta)n(Te)n + b12(Ts2)n:| dr, (10)

t

(T)nsr =(T2)n / exp(aza(r — 1))

0

« [A:

d + a21(Ta)n + a22(Ts)n
T

+ b21(Ta)n(TS)n + bag (Tsz)n:| dr. (11)

Obviously, if the series of {(T.(t)).} and
{(Ts(t))n} derived from Egs.(10) and (11) are con-
vergent, then T,(t) = nan;Q(Ta(t))n, and T.(t) =
nh—{go(hs(t))" will be the series of solution to the sys-

tem (1) and (2).
4. Approximate solution for the

model
Now we first select the initial approximation
(To(t), ho(t)) such that it satisfies the system

dT,
ET a1 T, + ay27Ts, (12)
dT;
dt = anga + azsz. (13)

From Egs.(12) and (13), we have

(Ta(t))o = Dioexp(Ait) + Dagexp(Aat),  (14)
(T5(t))o = Croexp(Mit) + Caoexp(Aat),  (15)

where

1
Ai =z[(a1q + as2) £ V(a1 — ag2)? + 4(araa21),

2
i=1,2, (16)
az2C1o a22Ca0
Do =-222710 -, 92220 17
0= ey PO T (17)

and Cig and Cy are arbitrary constants.
Substituting the initial approximate solution (14)

and (15) into Egs.(10) and (11), respectively, we ob-

tain the first-order approximate solution to the system

(1) and (2):
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(T =0~ [ exp(an(r =) T+ an (o + ann(o-+ b (TalTa + ba(Ta)ar

=Dipexp(A1t) + Dagexp(Aat)
¢
- / exp(a11(7 — t))[(A1 + a11)D1oexp(A17) + (A2 + a11)Dapgexp(Aa7))
0
+ a12(Croexp(A17) + Capexp(AaT))
+ b11(D1gexp(A17) + Dagexp(AaT))(Croexp(A17) + Copexp(AaT))

+ b12(Croexp(AiT) + Cogexp(Aa7))?]dT;
(T =)o~ [ explasa(r = 1) 2T 4o, (T + asa (T + ban (T)u(T2ho + 3a(2
=Choexp(A1t) + Copexp(Aat)
- /Ot exp(azz (7 — t))[az1(Dioexp(A17) + Dagexp(A27))

+ (A1 + a22)Croexp(A7) + (A2 + az2)Cao(exp(A2T))
+ ba1 (D1pexp(A17) + Dagexp(AaT))(Croexp(A17) + Copexp(AaT))
+ baz (Croexp(MT) + Capexp(Ag7))?]dr.

Thus we have

a12C
(T.(0): =Dioesp(ut) + Danexpl0a0) + (Dio + 290 ) exp(-at) = exp(hur)

C
+ (Dot 52220 Y fxpl-anat) - explar)
2 — a11
(b11D10 + 512C10)C10
— t) — 22Xt
. (exp(—a11t) — exp(2A1t))
b11(C10D29 + Co9D1g) + 2b12C10C:
+ tulCinDao £ EonDro) £ Bra 0 () — exp((hs + Xa)t)
(b11 D2 + b12C2)Cag
—aq1t) —
Sy (exp(—aq1t) — exp(2Aat)), (18)
az2 D1
(T5())1 =Croexp(Mit) + Caoexp(Azt) + <Clo + m) (exp(—agat) — exp(A;it))
+ (ng + M) (exp(—agat) — exp(Aa7))
A2 + agp
(b21 D10 + b22C10)C10
—aoot) —
N, + s (exp(—agat) — exp(2A1t))
b21(C10D29 + Co9D1g) + 2b92C1oC:
+ LoD £ EonDro)  Br U0 e ayyt) — exp((hs + Xa)t)
(ba1 D20 + b22Ca0)Cag
—aoot) — 2ot 19
0 22200 )C0 cxp(-anat) ~ exp(2at) (19)

where )\;, D; (i = 1,2) are determined by Eqs.(16)  two characteristic roots A;, ¢ = 1,2 from Eqgs.(12)

and (17), and Cyo and Cyg are arbitrary constants. and (13) are real with different signs, thus from the
Using the same method, we can obtain the higher- theory of singular point, the zero point in the phase

order approximate solution. plane of the linear system (6) and (7) is an unstable
It is not difficult to find that saddle point;

(i) for ajrage < ajsase, we can decide that the
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(ii) for ajiase > ai2a29, the two characteristic
roots are different positive roots A;, ¢ = 1,2, thus
there is an instable node or focus;

(iil) for a11a92 = ajsags, there are a positive char-
acteristic root and a zero root. Thus there exists a
singular line in the phase plane, and this singular line
is instable too.

And the trajectories in the phase plane for the
system (12) and (13) are situated away from the zero
point.

Because the nonlinear terms of the coupled sys-
tem (1) and (2) are Ry = (bi1TuTy + b12T2) and
Ry = (b1 T Ty + b22T?), we have

Bl

1 —_— =
lyll—0 [yl

where

IRI| = (BT + R)'2, |yl = (T3 + T2)"/>.

Thus there appears the same stable behaviour for
the solution of the nonlinear coupled system (1) and
(2) and the linear system (5) and (6). Therefore, the
solution of the system (1) and (2) is unstable.

From the above conclusion, we know that the sea-
air oscillator of an ENSO model (1) and (2), the air
temperature anomaly T, and sea surface temperature
anomaly Ty in the equatorial eastern Pacific region
show unstable trend and an asymptotic unstable an-

nual phenomenon.

5. Conclusion

A. From the constructions of the system (Egs.(1)
and (2)) and functional F; (i = 1,2) (Egs.(3) and
(4)), we can prove that the sequences of functions
{(T\(t))n}, and {(T:(t))n} determined by Egs.(10)
and (11) are convergent sequences. Then (77(t) =
T}LHC}O(TI (t))n, Ta(t) = nli)Ir;O(T2(t))n) is a series of so-
lution to the system (1) and (2).

B. The convergence rate for the solution (T} (¢),
T5(t)) of the system (1) and (2) is determined by se-
lection of the initial approximate solution. In this pa-
per, we select the initial approximate solution (14) and
(15), from which we can find a series of finer approxi-
mate solution.

C. Atmospheric physics is a study of very compli-
cated natural phenomena. Hence we need to use some
basic models for the sea-air oscillator. And then we
solve them using the approximate method. The varia-
tional iteration method is a simple and valid method.

D. The variational iteration is an approximate an-
alytic method which is different from the general nu-
merical method. The expansions of the solution by
using the variational iteration method can be ana-
lytic. Thus, from Egs.(18) and (19), we can further
study the qualitative and quantitative behaviours of
the temperature anomaly in the equatorial eastern Pa-
cific region, the thermocline anomaly and the zonal
wind stress anomaly. We leave these problems in fu-

ture studies.
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