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In consideration of adiabatic dust charge variation, the combined effect of the external magnetized field and the

dust temperature on head-on collision of the three-dimensional dust acoustic solitary waves is investigated. By using

the extended Poincaré-Lighthill-Kuo method, the phase shifts and the trajectories of two solitons after the collision are

obtained. The effects of the magnitude and the obliqueness of the external magnetic field and the dust temperature on

the solitary wave collisions are discussed in detail.
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1. Introduction

Solitary waves, an important nonlinear topic
because of their existence in space and astrophys-
ical plasmas, have been extensively studied both
theoretically and experimentally.  Micrometre or
sub-micrometre sized dust grains are important in-
gredient of space plasma which has significant ef-
fect on wave properties. Hence, study of solitary
waves in dusty plasmas has been received consider-
able attention.!~11 In recent years, the investiga-
tion of solitary waves also has been extended to non-

(1-3] [4.5] and dissipativel®7 dusty

uniform, nonplanar,
plasmas and has made considerable success in clari-
fying many aspects of the characteristics of solitary
waves. The excitation, propagation, and interaction
of solitary waves are important issues in theoretical
studies. However, there are very few investigations
about the interactions of solitary waves in dusty plas-
mas. We know that one of the striking properties of
solitons is their asymptotic preservation of form when
they undergo a head-on collision. What interests us
most is the phase shifts and the trajectories of the
two solitons after a collision. Huang and Velardel'?]
discussed the head-on collision of two concentric cylin-

drical ion-acoustic solitary waves. The properties of

the head-on collision between two one-dimensional*?!
and non-planar®¥ dust acoustic solitary waves are
also given by Xue. However, all these few studies on
soliton collision are focused on un-magnetized, one-
dimensional or cylindrical/spherical symmetry dusty
plasmas. It is known that the external magnetic field
would have significant effect on solitary wave propaga-
tion. We can expect that the external magnetic field
would also have significant effect on solitary interac-
tion. Hence, in this paper, in consideration of adia-
batic (7en/7a = 0) dust charge variation, where 7, is
the charging time scale and 74 is the hydrodynamical
time scale, we investigate the combined effect of the
external magnetized field and the dust temperature on
head-on collision of the three-dimensional dust acous-
tic solitary waves. By using the extended Poincaré—
Lighthill-Kuo (PLK) method, the phase shifts and the
trajectories of the two solitons after collision are ob-
tained. It is discussed in detail how the magnitude
and the obliqueness of the external magnetic field and
the dust temperature modify the properties of dust

acoustic solitary wave collision.

2.Governing equations

We consider a three-component dusty plasma sys-
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tem, which consists of extremely massive, micron-
sized, negatively charged hot dust fluid, and Boltz-
mann distributed electrons and ions, in the presence
of an external static magnetic field directed along z-
axis (Bol|zo, where 2 is a unit vector along z direc-
tion). Charge neutrality at equilibrium requires that
nio = ZdaoNdo + Neo, Where nyg, ngo and ney are the
unperturbed ion, dust, and electron densities, respec-
tively, and Zgg is the number of electrons residing on
a dust grain. The dust acoustic wave dynamics can
be described by the following three-dimensional set of
continuity, momentum, pressure, and Poisson’s equa-
tions:
ong

I L (ngVy) = 0
8t+ (naVa) ,

% +Va - (VVa) + Z—jvpd
=Z4[V¢ + wea(Va x 20)],
%-I-Vd'Vpd-l-’YpdV'Vd =0,

V2¢ = Zang + ne — n;, (1)
where Vy = (u,v,w), V = <%, %7 %) Vq is
the dust fluid velocity normalized to the dust acous-
tic speed Cyq = \/m with T} being the ion-
temperature (in energy units) and mgq being the mass
of negatively charged dust particles; nq is the dust
grain number density normalized to nag; o3 = T3/ T,
with T, being the electron-temperature (in energy
units); g = mep/Mio, M; is the ion number density
normalized to ny; 0q = Tq/(ZaoT;) with Ty being
the dust-temperature (in energy unit); ¢ is the elec-
trostatic potential normalized to Tj/e with e being
the magnitude of the electron charge. The time and
space variables are normalized by the dust plasma pe-
riod w;dl = \/md/TdoZgoez and the Debye length
Ap = Cq4/wpa, respectively. weq = (ZgoeBg)/mq is
the dust cyclotron frequency normalized to wpq. pg is
the dust pressure normalized to ngoZqoTa- ¥ = 5/3 is
the adiabatic ratio of specific heats.

The Boltzmann distributed electrons and ions are

directly given by

n; = exp(—¢), M. =

- 1 ljuexp(ai(ﬁ). (2)

Dust charge variation Q4 comes in through the

charge current balance equation!*!

9Qq 0Qq
W‘i‘ud%—fe'FL, (3)

which is valid for grain charging, arising from plasma
currents due to electrons and ions reaching the grain
surface. We assume that the dust grain radius (a) <
the electron gyroradius (p.). The charging charac-
teristics are not significantly influenced by the exis-
tence of external magnetic field, since for a < pe,
the curvature effect of the trajectory of an electron
(ion) impinging on a dust grain of radius a can be
neglected.[16:17] Hence, when the streaming velocities
of the electrons and ions are much smaller than their
respective thermal velocities, the expressions for the

electron and ion currents for spherical grains of radius

8T, \ /2 @
R are given by I, = —7['R28< ) neexp<%>,

TMe
LN 1/2
I = 7rR2e< 8T, > nil1— eT_¢ , where @ denotes
™m; i

the dust grain surface potential relative to the plasma
potential ¢. It is well known that the characteristic
time for dust motion is of the order of tens of mil-
liseconds for micrometre-sized grains, while the dust
charging time is typically of the order of 10~8s; there-
fore, the motion of dust is not so fast that the contri-
bution from the electron current to dust is balanced
for the ions. It follows that dQq/dt < I, I; and the
current balance equation reads I, + I; = 0, and we

obtain

a(l — ¢)exp(—s¢) — pexploi(¢ + )] =0, (4)

oi/ i, pi = mi/me, and ¢ = eP/T;. Be-
cause the dust charges Qq = a®, i.e., —eZq = aTiy) /e,
we obtain the normalized dust charges (also denoted

by Z4)

where a =

_¥
Yo’

where 1y = ¥(¢ = 0) is the dust surface floating po-

tential corresponding to the unperturbed plasma po-

Zq (5)

tential, which is determined by
(1 = o) — pexp(aipo) = 0. (6)

Now, according to Eq.(5) and after expanding ¢ =
(0 + @) near ¢ = 0, Eq.(6) becomes

Zo=1+mb+ud + o, ™)

where
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1)1 (re)(i-w)
M de T T 1+ a1 do)
_ 1 d%*p(9) |
Y2 T2y de? =0
_ 1 (o)1 — o) + 21 — o (1 — %0)]9'(0) — o (1 — o) [¥'(0)]?
2o (14 01)(1 = o) '
Here ¢'(0) = %@S),The variables 71, 2, which are % :e/\< — % + 8877>

related to the physical parameters, describe the ef-
fects of dust charge variation. Setting v; = 72 = 0,

we obtain the constant dust charge case, i.e., Zg = 1.

3. The dynamics of soliton’s head-

on collision and discussion

We assume that in the plasma, two solitons, A
and B, which are, asymptotically, far apart in their
initial states and travel toward each other obliquely
under the external magnetic field with an angle of 6.
After some time they interact, collide, and then de-
part. We also assume that the solitons have small
amplitudes ~ € (where € is a small formal perturba-
tion parameter) and the interaction between solitons
are weak. Hence, we expect that the collision will be
quasi-elastic, so that it will only cause shifts of the
post-collision trajectories (phase shift). In order to
analyse the effect of collision, we employ an extended
PLK perturbation method.['8:12:13] According to this

method, we introduce stretched coordinates,

E=e(lpz+1ly+1l.2—Xt)+ €2P0(77:7')

+EP(En,T) + -, (8)
n =€(lpx + Ly + Lz + At) + Qo (&, 7)

+EQE )+, (9)
T =€3t, (10)

where £ and 7 denote the trajectories of the two soli-
tons travelling toward each other. The wave velocity
A and the variables of P; and @Q; are to be deter-
mined. I;,l,, and [, are the directional cosines of the
wave vector k along x-, y-, and z-axes,, respectively,
so that 12 412 4+ 12 = 1. From Egs.(8)~(10) we have

i l 9 + 3
Ox; ¢
0

15)
+ 1, € <P°"8§ +Q0§an> +--0, (11)

0 0 0
+€3<T+AP()”8€ —AQ0§8n> +, (12)

where x; = x,y, z, respectively. The dependent vari-

ables are expanded as

ng =1+ e2n1 + 63n2 + ...
pa=1+€pi+€ep+ ...
u = 63u1 + 64’LL2 + ...

v = 631)1 + 641)2 + ...

w = €2w1 + 63w2 + ...

¢ =€¢1+eE G+ .. (13)

Substituting Egs.(2), (7), and Egs.(11)—(13) into
Egs.(1) and collecting the terms in the different pow-

ers of €, to lowest order in €, we obtain the following
relations

0 0 0
A<_3_£+3_17> Mt <a£

o€ 37] wq 20d 35 D1

0 0
:lz<a_§ + 8_77> ¢17 (15)

0 >u1 =0, (14)

ny = _X¢17 (19)

where x = v1 + (1 + poi)/(1 — p). The solutions of

Eqgs.(14)—(19) read

¢1 = ¢1(§7T) + ¢2(777T)7 (20)
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ny = 7X[¢1(€7T) + 452(7777)]7 (21) or
L. 1 T i )
wy = —=Ax[1(&,7) — Da(n, 7)]/12, (22) ng :ﬁ/ ( or ad—- o€ +b o€3 dn
1 08 5 9% 9 &,
p1 = x| (& 7) + D2, 7)), (23) +to < ady— - —b dg

Uy = _(i> le [élf(fﬂ-) + ¢2n(77)7-)]’ (24)
d

l.) we
A\ 2 Xl
U1 = <E> cd [Qslf(é-:T) + 45277(17’7-)]. (25)

Under the solvability condition, the wave velocity
A2 = [2(1/x + oq47) is also obtained. The unknown
functions of &; and &, will be determined at the
Equations (20)—(23) imply that, at

the leading order, we have two waves, ®(£,7) and

higher order.

@5(n, ), which are travelling toward each other. At

the next order, the solutions also have the following

shape:
¢2 = Vi(¢,7) + ¥a(n,7), (26)
ny = —x[¥1(§,7) + o (n,7)], (27)
wy = =Ax[V(§,7) = Ta(n, 7]/l (28)
p2 = =xY[¥1(&7) + Yo (n,7)]; (29)
and

A\l
Ug = — <l_> X LW (&, 7) + Pan(n,7)]
z Wed
A3xla
+ 22, [Ponn(n,T) —

2%ecd

Pi1ee(€,7)],  (30)

A\ Xl
o =(2) 2 tietem) + i)
A3xly,
+ 202, [4521717(77’ T) —

z%ed

Pree(€,7)], (31)

where ¥; and ¥, are to be determined.

To the next higher order, we can deduce

L 2ws 1 0 (00 06, 36,
- = == CLQS]_ —|—b—
YA DEdn 2N E\ or o¢ oE3
1 0 [0, APy, | 0Pdy
— 9 (222 6,222
+2Aan<af Tty an3>
oP, 92,
-0 b, | =L
- < g ¢ ) o€
80, 52,
(%50 L o : 32
(ag c ) s (32)

2\ or on on?

0P, 0%
+/<8—n+c¢> 3¢ dfdn

0 9%
- / <8Q£°+ 951) Coldedn,  (33)

where

1+u1 2
1
2/\X { ( - + oa( +7)x>
2

L]

+2"/2+

12 A(1 = 12)y2
b z2{1+ (4 2x ]
2 x lz o
L. X2[a (1=~ +x) +x)\
4)\2 B I 47 YT X X

ol — 2y — 1.1 }
1—p
The first (second) term in Eq.(33) is proportional
to n(€) because the integrated function is independent
of n(€). Thus the first two terms of Eq.(33) are all sec-
ular terms, which must be eliminated in order to avoid

spurious resonances. Hence we have

09, 0P 0% 9,
8—T—a¢18—€+b8€3 :0, (34)
8452 8452 83 ¢2

The third and fourth terms in Eq.(33) are not sec-
ular terms in this order, but they will become secular

in the next order.[!®] Hence we have

oP,

8—7]0 = —c®,, (36)
0

8%0 — (37)

Equations (34) and (35

wave KdV equations in the reference frames of £ and

) are the two-side travelling

7, respectively. Their corresponding solutions are

1/2
= ¢, sec’ K%) <§ - %a@m’)], (38)

1/2
®y = Op sec? {(iif) <’l7 — %(J,@BT>:|, (39)

where @4 and ®p are the amplitudes of the two soli-
The leading

@

=

tons A and B at the initial position.
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phase changes due to the collision can be calculated

from Egs.(36) and (37):
adp\ V2
tanh
12b

PO:_C<12b¢B> {
<n+ a¢m)}+1} (40)

o2 o (52)

(6= Lamar)] -1} )

Hence, up to O(€?), the trajectories of the two solitary

waves for weak head-on interaction are

1265\ "/
E=e(lgz+1lyy+ 1.2 —At) — e2c< B)

x {tanh [(‘192’5)”2
x <n + %a%rﬂ + 1} +0(e%), (42)

12b¢A>1/2

a

n=e(lzz + Ly + 1.z + At) — e2c<

X {tanh [(%)1/2
y <g - %aquT)] _ 1} + 0. (43)

To obtain the phase shifts after a head-on collision
of the two solitons, we assume that the solitons A and
B are, asymptotically, far from each other at the ini-
tial time (t = —00), i.e., soliton Aisat £ =0,n = —oo,
and soliton B is at n = 0,& = +o0, respectively. After
the collision (¢ = +00), the soliton A is far to the right
soliton A is at £ = 0,7 = 400, and
soliton B is at n = 0,§ = —oco. Using Egs.(42) and
(43) we obtain the corresponding phase shifts A4 and

of soliton B, i.e.,

Ap as follows:

Ap =e(@ = At)|e=0m=+00 — €(x = At)|e=0.n=— oo

12685\ /2
—2€2C<—B> , (44)
a
Ap =€(@ + At)|n=0,6=—c0 — €(z + At)|n=0,6=+ o0
12684\ /2
= 2€2C<A> . (45)
a

Since soliton A is travelling to the right and soli-
ton B is travelling to the left, we see from Eqgs.(41) and
(42) that due to the collision each soliton has a pos-
itive phase shift in its travelling direction. The mag-
nitudes of the phase shifts are related to the physical

parameters, l.e., €,1,0,04,l,,wcd, and P4(Pp). In

this paper, we are interested in the discussion of the
modification of phase shifts by the external magnetic
field. The variation of phase shifts with propagation
angle 6 (I, = cos()) and wcq are shown in Fig.1. In all
results, all physical quantities are dimensionless and
e = 01,64, = &5 = 0.1 are used. Figure 1 indi-
cates that, the phase shift increases with obliqueness
0 but decreases with w.q. Phase shift increases quickly
with 8 when w.q is small and changes smoothly with
0 when w.q is larger. When the obliqueness is small,
the external magnetic field has a weak effect on soliton
collision. On the other hand, when the obliqueness is
larger, the external magnetic field modifies the soli-
ton collision property significantly. The effect of dust
temperature on phase shift is also shown in Fig.2. We
can find that the effect of dust temperature on phase

shift is weak, especially, for small obliqueness.

0.08

0.06 1

< 0.044

0.02 1

0.00 T g r N
0 20 40 60 80

6/(°)

Fig.1. Phase shifts against propagation angle for dif-
ferent w.q 04=0.1, 0¢=0.1, p=0.25, e=0.1, A=0.1.

0.08

0.06

< 0.04

0.024

0.00

0 20 40 60 80
6/(°)

Fig.2. Phase shifts against propagation angle for dif-
ferent o4 (0t=0.1, p=0.25, w.q=0.1, e=0.1, A=0.1).

In summary, the phase shifts and the trajectories
describing the collision of two dust acoustic solitary
waves in a magnetized warm dusty plasma with adi-
abatic dust charge fluctuation are derived by the ex-
tended PLK method. It is shown that the properties
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of soliton collision are influenced significantly by the

obliqueness and magnitude of the external magnetic

field. With reference to the present study, we can

have a more profound understanding of the properties

of dust acoustic solitary wave collision.
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