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The field entropy can be regarded as a measurement of the degree of entanglement between the light field and the

atoms of a system which is composed of two-level atoms initially in an entangled state interacting with the Schrédinger

cat state. The influences of the strength of light field and the phase angle between the two coherent states on the field

entropy are discussed by using numerical calculations. The result shows that when the strength of light field is large

enough the field entropy is not zero and the degrees of entanglement between the atoms and the three different states

of the light fields are equal. When the strength of the light field is small, the degree of entanglement is maximum in

a system of the two entangled atoms interacting with an odd coherent state; it is intermediate for a system of the two

entangled atoms interacting with the Yurke—Stoler coherent state, and it is minimum in a system of the two entangled

atoms interacting with an even coherent state.
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1. Introduction

Quantum entanglement is one of the most striking
features of quantum mechanics. A number of entan-
glement measures have been discussed in the litera-
ture, such as the von Neumann reduced entropy, the
relative entropy of entanglement.!!) The quantum en-
tropy has been used to study the dynamic character-
istics of two-level atom interacting with light field.[?
It is shown that the quantum entropy is a useful
physics quantity for measuring pure degree of entan-
glement state. Field entropy has been studied in many
papers.[3719 However, these works are limited to the
cases of single atom being initially in a single state or
two atoms being initially in a product state interacting
with single mode field or two mode fields. Recently,
two two-level atoms in entangled state has aroused
huge research interest. The entangled state indicates
the quantum nonlocal properties and is widely applied
in the quantum computation, quantum cryptography,

[11-14] Ty order to be

quantum teleportation and so on.
close to the fact of experiment, and lead to a better

understanding of basic quantum phenomena in the en-

vironment, we have formulated the entanglement in a
system of two entangled atoms interacting with a co-
herent light field in a Kerr medium, and have shown
that the entanglement can be controlled by the cou-
pling constant of dipole—dipole interaction between
atoms and the coupling strength of the Kerr medium

with the light field.[*"]

The purpose of this paper is to study the entropy
dynamics of the light field, we consider the situation
of two two-level atoms being initially in an entangled
state interacting with the Schrédinger cat state. The
influences of the strength of light field and the phase
angle between the two coherent states on the field en-

tropy are discussed by using full quantum theory.

2.The model and its solution

We consider two two-level atoms A and B are si-
multaneously injected into a single mode light cavity,
the dipole interaction between atoms can be neglected.
There are same couplings of the two atoms as interact-

ing with a field, under these conditions. The Hamil-
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tonian of the system can be written as (h = 1)

B B
H=witatw Y SI+g) (a"5 +asl), (1)
Jj=A Jj=A

where aT and @ are the creation and annihilation op-
erators of the monochromatic photons with frequency
w respectively, wg denotes the atomic transition fre-
quency, S’; and S'ft (j=A, B) denote the inversion and
transition operators of the jth atom respectively, g
describes the coupling constant of the field and the
atom.

If we consider that at time ¢ = 0 the two atoms
and the field are decoupled, and assume that the two

atoms are initially in an entangled state:

12a(0)) ::;}EueAng>-+|gA,eB>>, (2)

the field is initially in a superposition of two coher-
ent states |a) and |—a), namely the Schrodinger cat
state[16]

|0£(0)) = |, 0) ={2[1 + cos wexp(=2|a|*)]} */
x [lo) + €' |—a)], (3)

where

ja) = D() 0) = 3 Fuln),
F, = exp( [af? /2)(Jaf" /n!)"?exp(ing),

|—a) =Y FlIn),
n=0

F,, = exp(=a|* /2)(= || /n!)!/exp(ing),

D(a) =exp(aa® — a*a),

with |0) being the vacuum state of a harmonic oscil-
lator and |n) the n-particle eigenstate. ¢ is the phase
angle between the two coherent states |a) and |—a),
D(a) is a displacement operator, a = |a| e is a com-
plex parameter, ¢ and |«| represent the direction an-
gle of the excitation and the strength of light ﬁeld,‘

respectively (for simplicity, we suppose ¢ = 0), coher-
ent states |«) and |—a) are 180° out of phase with
respect to each other.

Obviously, if ¢ = 0, then Eq.(3) describes the
even coherent state:!

@), = {2[1 + exp(=2]al*)]}"/3(ja) + |-a));
when ¢ = 7, then Eq.(3) is equal to the odd coherent

state:

@), = {2[1 — exp(=2|a*)]}/*(Ja) — [~a));

and, finally, for ¢ = 7/2, the state (3) is equal to the
Yurke-Stoler coherent state:[1”]

ja)ys = (2)7%(lo) +i[~a)).

Then the initial state vector of the system is
1
|0s(0)) = E(leAagEJ +lga,en)) @l 0).  (4)

We only consider resonance situation, namely,
transition frequency of atom and effective action res-
onance frequency of the field satisfy w, = w. Then,
along with time evolution, the state vector of the sys-

tem at any time t > 0 is given by

os(t) =Y [An(t) lea, e, — 1) + By(t) ea, g5, )
+ Cn(t)|ga,en,n)
+Dn(t) |gA7gB7n+ 1>] (5)

Based on the initial condition

the solution of Schrodinger equation in the interaction

representation is given by

An(t) = A(D)(F, + FLe#){2[1 + cos pexp(=2 |af*)]} /2,
Bu(t) = Cu(t) = B(t)(Fa + Flei#){2[1 + cos pexp(~2[af)]}71/2, (7)
Do (t) = D(t)(Fy + FLe#){2[1 + cos pexp(=2 |af*)]} /2,

where

A(t) = i,/ ——— sin[\/2(2n + 1)gt],

ot
B(t)=C(t) = % cos[\/2(2n + 1)gt], (8)

D(t) = —iy/ 2’;111 sin[,/2(2n + 1)g1].
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The properties of the quantum entanglement be-
tween two entangled atoms and Schrodinger cat state
field will be discussed in the next section by using

above results.
3. Field entropy

We use the von Neumann entropy as a measure-
ment of the degree of entanglement between the field
and the two atoms of the system under consideration.
The von Neumann entropy S of a system is defined
as[18]

S(t) = ~Te(p(t) In 5(1)), (9)
where p is the density operator for a given quantum
system. For a system in which both the entangled
atoms and light field start from pure states, the en-
S(t) = 0.
Therefore the entropies of two interacting subsystems
Sa(t) = Se(t). In the follow-

ing, we only consider the time behaviour of the field

tropy of the system is always zero, i.e.,
are precisely equal, i.e.,
entropy S¢(t). In order to derive a calculation formal-

ism of the field entropy, we must obtain the eigenval-

ues of the reduced field density operator. From Eq.(5),

we have the reduced field density operator

pi(t) =Tratom|[A(t)]
= () ()] + [v1(2)) (1 (2)]
+ [v2(t)) (v2(B)] + [7(8)) ((2)]
= () ()] + [v(2)) (v(®)] +[7(2)) (=(2)], (10)
where

(11)

with |5 (t)) = |vi(t)) = Z C,.(t) |n). We assume that

the eigenstate of the reduced field density operator can

be written in the following form:

me(8)) = Av[p(t)) + A2 [v(2)) + As|7(2)) . (12)

If we apply the density matrix given by Eq.(10)
to the state equation (12), we find that

AS () (1)) + i— <T<t>|u<t>>) X (1)) (13)

Consequently, for |m¢(t)) to be an eigenstate of p¢(t) we must have the relation

() = (O lue) + 32

(@) + 3~ <u(t)|T(t)>>

— (o) + 3 G+ 3 eoi)

- <<r<t>|r<t>> " i— (r(t) () + i— <r<t>u<t>>) , (14)

where m¢(t) is an eigenvalue of the density operator pe(t).

field are given by

6, 2
(1) = =

91 1
m (1) =

01 1

Then the eigenvalues of the density matrix of the

- = —(02 — 36,)2 cos 3,
(92 — 365)% (cos B + v/3sin §), (15)

(92 — 302)%(cosﬂ — \/gsinﬂ),
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where ) ¢
6= 3 arccos <g> ,
€ = 90,0, — 207 — 270, (16)
= 2(63 - 36,)>,
with
01 = — ((n(®)|pu(t)) + (w(B)|v(2)) + (7 (O)|7(2))),
02 = (u(t)[u(t)) (r(t)|7(2))
+ (u(@) () (w(B)|v(t))
+ (O)|v() (r(O)|7(1)) = (@) (1))
= (@I O)* = 1w @) @),
Os = (u(t)|u(t)) (v ()| () (7(2)|7(2))
+ (u(®) v (2)) (T (1) u(t)) (v ()| (2))
— (u(t) () [ v (2) [ ()
= ((O(0)) (&) (D)
R UOIONMOIIONE
The field entropy St(t) may be expressed in terms of

the eigenvalues i (t) (i=1, 2, 3) for the reduced field

density operator as

Se(t) = — {mi (t) Infm ()] + 7f (¢) In[m7 (£)]
+mf (t) In[r7 (6)]}- (17)

If S¢(t) takes its minimum value 0, the two coherent
fields and the two atoms are in the disentangled state.
If St(t) takes its maximum value 1, the two coherent
fields and the two atoms are in the maximum entan-
gled state.

Figures 1, 2 and 3 present the numerical results of
the time evolution of the field entropy for two param-
eters p and |af, respectively. It is shown that the field
entropy is strongly dependent on ¢, the phase angle
between the two coherent states and the strength of
the light field ||. In Figs.1-3, the ordinates represent
(a) S¢+8, (b) S¢+6, (c) Sr+4, (d) St +2, (e) St

In Fig.1 is shown the influence of the strength
of the light field on time evolution of the field entropy
St(t) in a system in the Yurke—Stoler coherent state of
the light field interacting with entangled atoms. The
result tells us that for different ||, the time evolution
of the field entropy St(t) is quite complicated. When
|| is small, the field entropy S¢(t) is the change of or-
derliness, the atoms and the light field are alternating
between the entangled and disentangled states. With
increasing |a/|, the field entropy S¢(t) is not the change
of orderliness, but the increase of the degree of entan-

glement between the light field and the two atoms.

When |a| is large enough, the atoms and the light

field are always in the entangled state.
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Fig.1. Time evolution of the field entropy for ¢ =

w/2. (a) |a] = 0.1,
ol =2, (¢) |a] = 5.

(b) lal = 05, () |af = 1, (d)

In Fig.2 is shown the influence of the strength of
the light field on the time evolution of the field entropy
St(t) in a system in the odd coherent state of the light
field interacting with entangled atoms. We can see
that when |a| is small, the amplitude of vibration of
the field entropy S¢(t) shows periodicity. It is obvious
that the atoms and the light field are always chang-
ing alternately between the maximum entangled state
and the disentangled state. With increasing |a|, the
field entropy St(t) increases gradually, and the degree
of entanglement between the light field and the atoms
is rising, the atoms and the light field are always in

the entangled state.
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Fig.2. Time evolution of the field entropy for ¢ = 7
(a) la| = 0.1, (b) |a| = 0.5, (c) |af = 1, (d) |a| = 2,
(e) laf = 5.
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In Fig.3 is shown the influence of the strength of
light field on the time evolution of the field entropy
St(t) in a system in the even coherent states of the
When

|| is small, the amplitude of vibration of the field en-

light field interacting with entangled atoms.

tropy St(t) presents periodicity, and resembles Fig.1.
With increasing |a|, the field entropy S¢(t) increases
gradually, also. When |a] is large enough, the atoms
and the light field may be in the same entangled state
as the Yurke—Stoler coherent state, and the even co-

herent state interacting with entangled atoms.
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Fig.3. Time evolution of the field entropy with ¢ =0
(a) la| = 0.1, (b) |a| = 0.5, (c) |a| =1, (d) |a| =2,
(e) lo] = 5.

4. Conclusion

In conclusion, the time evolution of the field en-
tropy has been studied on a system of two entangled
atoms interacting with light field, where the two two-
level atoms are initially in an entangled state inter-
acting with the Schrodinger cat state. The influence
of the phase angle of the two coherent states and the
strength of the light field on the field entropy by us-
ing numerical calculations is discussed. The result
shows that the field entropy is not zero, and the de-
grees of entanglement between the atoms and three
different light fields are equal when the light field is
large enough. However, when the light field is small,
the degree of entanglement is maximum for a system
of the two entangled atoms interacting with odd co-
herent state of the light field, and it is intermediate
for the system of the two entangled atoms interact-
ing with the Yurke—Stoler coherent state of the light
field, and it is minimum for a system of two entangled
atoms interacting with an even coherent state of the
light field. This result is important for experimental

realization of the preparation of entangled states.
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