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Neurons at rest can exhibit diverse firing activities patterns in response to various external deterministic and

random stimuli, especially additional currents. In this paper, neuronal firing patterns from bursting to spiking, induced

by additional direct and stochastic currents, are explored in rest states corresponding to two values of the parameter Vi

in the Chay neuron system. Three cases are considered by numerical simulation and fast/slow dynamic analysis, in which

only the direct current or the stochastic current exists, or the direct and stochastic currents coexist. Meanwhile, several

important bursting patterns in neuronal experiments, such as the period-1 “circle/homoclinic” bursting and the integer

multiple “fold/homoclinic” bursting with one spike per burst, as well as the transition from integer multiple bursting

to period-1 “circle/homoclinic” bursting and that from stochastic “Hopf/homoclinic” bursting to “Hopf/homoclinic”

bursting, are investigated in detail.
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1. Introduction

Abundant neuronal firing activities are of funda-
mental importance to reveal the mechanism of neu-
ronal coding, and many dynamical models have been
studied to explore different firing patterns as well as

their dynamical behaviours.

Bursting, as a significant firing pattern, was in-
vestigated in many experiments!! % and theoretical
studies,®18] and its dynamical behaviour can be de-
scribed as a transition between a rest state corre-
sponding to a stable equilibrium and a state of repet-

itive spiking corresponding to a limit cycle attractor.

A systematic theoretical analysis of bursting was
pioneered by Rinzel,l’] where it was analysed by sep-
arately considering the fast behaviour modulated by
the slowly changing parameters. The bursting oscilla-
tion is generated as the evolution of the slow variables
switches the fast dynamics between steady state and
oscillatory state. In the classification scheme first pre-
sented in Ref.[6] three types of bursting oscillations

were described, i.e. Type I bursting in pancreatic (-

cells,[”l Type II parabolic bursting in neuron Ris; of
the abdominal ganglion of Aplysia,[ and Type III
bursting in cardiac ganglion cells of the lobster. ]
Many mathematical models of burster can
be written in the following singularly perturbed

form:[8:11]

T = f(w,u), (1)
U= ug(xvu)7 (2)

where pu < 1 represents the ratio of the fast and slow
time scales. * € R™ is the fast variable responsible
for repetitive spiking, and u € R is the slow variable
modulating the spiking.

When considering the fast subsystem & = f(z,u)
and treating the one-dimensional slow variable u as
a bifurcation parameter, there are two important bi-
furcations of the fast subsystem associated with burst-
ing: the bifurcation of a rest state leading to repetitive
spiking and that of repetitive spiking leading to a rest
state. These two bifurcations of the fast subsystem

reveal explicitly how the spike-generating mechanism
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interacts with the slow dynamics to produce burst-
ing behaviour and provide a complete classification
scheme for periodic fast-slow bursting, see Table 4 in
Ref.[11]. In contrast with bursting, periodic repetitive
spiking depends on the existence of a large stable limit
cycle and always lies near it.

Some authors have had a discussion on the effects
of the external stimuli on an individual neuron, caused
by various neurotransmitters with excitatory or in-
hibitory synaptic inputs. A study of Hodgkin—Huxley
(HH) neuron under an external sinusoidal stimulus
was presented in Ref.[19]. In Ref.[20], the character-
istics of the critical amplitude of sinusoidal stimulus
in the Morris—Lecar model were investigated numeri-
cally. Reference [21] studied the nonlinear firing and
signal transduction of a neuron subject to both a con-
stant stimulus and a weak periodic signal. Further-
more, random factors play an important role in fir-
ing activities of real neurons. Noise-induced burst-
ing often occurs in excitable neuronal systems ow-
ing to the effect of noise on deterministic subthresh-
old oscillations.[?2=27] Investigated in Ref.[28] was the
ability of signal detection and transduction of the HH
neuronal systems, associated with rhythmic oscilla-
tions in the presence of external modulations.

Because neuronal firing patterns are crucial in the
neuronal information processing, the dynamical be-
haviour and transitions of bursting and spiking due to
the direct current I and the stochastic current &(t),
are investigated in the Chay neuron system by using
numerical simulation and fast/slow dynamic analysis
as a typical example here. This paper is organized as
follows. Section 2 presents the Chay model with addi-
tional direct and stochastic currents. The distinct pro-
cesses from bursting to spiking induced by the addi-
tional direct and stochastic currents in two rest states
for the parameter Vx = —83mV and —61 mV are dis-
cussed in Sections 3 and 4, respectively. Finally, a

conclusion is given in Section 5.

2.Chay model with additional di-

rect and stochastic currents

Many neurons or excitable cells possess calcium
Ca?*-dependent potassium KT channels and the in-
tracellular calcium concentration regulates the firing
patterns via the calcium-dependent potassium chan-
nels. The Chay model'? is a minimal excitable cell
model based on a slowly inactivating Ca?t current,
and it can simulate many experimental firing pat-

terns of (-cells, neurons, sensory terminals, neuronal

pacemakers and cold receptors, where the calcium-
dependent potassium channels play an important role.
At the same time, many excitable cells exhibit com-
plex bursting and spiking phenomena in response to
various external stimuli. As a consequence, neuronal
firing patterns, as well as their dynamical behaviours,
are studied here by applying the Chay system with

additional direct and stochastic currents.

v, X
Fry mi hoe (Vi = V) + g, v(Vk — Vn!
C
rao—— V=V

+9K,01+C( K )

+ (Vi = V) +1+£(1), (3)
dn ne —n
> 4
de T (4)
dC
O zp[miohoo(Vc — V) — kcC], (5)

where three dynamical variables are V (the membrane
potential), n (the probability of opening the voltage-
sensitive KT channel) and C (the intracellular concen-
tration of Ca2t ions). Vk and Vi are the reversal po-
tentials for Kt and Ca2T channels, respectively, and
V1, and V] are those for other ionic channels. The ex-
plicit expressions for mqg, hoo, Moo and 7, are the same
as those in Ref.[12]. I denotes the direct current, and
&(t) is the stochastic current with the characteristic
of Gaussian white noise (GWN). The statistical prop-
erties give (£(t)) = 0 and (£(t),&(¢')) = 2D6(t — t')
where the noise density D is chosen as 0.005 and §(-)
is the Dirac delta-function. The Chay model is stud-
ied for V¢ fixed at 336 mV, and both Vi and I being
changeable as control parameters. The values of other
parameters used here are identical to those in Ref.[12].

In the Chay system, the fast/slow dynamics anal-
ysis is used on the basis of the fact that p is usually a
small quantity, and then C' varies much more slowly
than the other variables. The fast subsystem (FS) is
given by

dv
S =grmi b (Vi V) + gty (Vic — V)’
C
ro—— V=V

+9K,01+C( K )

+9r(Vi = V) +1, (6)
dn ne —n
-0 e T 7
dt T (7)

The nullcline of the slow variable C' is given by

C = [m3,(V)hoo(V) (Ve = V)] /kc. (8)

oo

It can be obtained that Vx ~ —82.386 mV and

Vk ~ —61.027mV are subcritical and supercritical
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Hopf bifurcation points of the Chay model without
additional currents, respectively. Now consider the ef-
fects of the additional direct and stochastic currents
in two rest states for two values of Vi, i.e. =83 mV and
—61mV, and three cases are discussed as follows: (1)
only the direct current exists, i.e. I # 0 and £(¢) = 0;
(2) only the stochastic current exists, i.e. I = 0 and
&(t) # 0; (3) both the direct and stochastic currents
exist, i.e. I # 0 and £(t) # 0.

3. Bursting and spiking due to the
additional direct and stochas-

tic currents at the rest state for
VK = —-83mV

3.1. From period-1 “circle/homoclinic” burst-
ing to repetitive spiking when I # 0 and
£(t)=0
When only the direct current I exists for Vg =

—83 mV, period-1 firing pattern arises and its inter-

spike interval (ISI) turns smaller with the additional

direct current I increasing as a bifurcation parame-
ter, which can be seen from the bifurcation diagram

constructed by ISI series vs I (see Fig.1).

10

ISI/s

0 50 100 150
I/mA

Fig.1. Bifurcation diagram constructed by ISI vs the
additional direct current I for Vx = —83mV in the
Chay model when I # 0 and £(t) = 0.

The dynamical behaviour of the period-1 firing
pattern induced by the direct current I for Vx =
—83mV can be explored by the fast/slow dynamics
analysis. Without loss of generality, only period-1 fir-
ings for the parameter I = 70mA and 100mA will be
separately discussed here. The equilibrium points of
FS (that is, Eqgs.(6) and (7)) with respect to C' form
the left and the right zigzag curves for these two val-
ues of I in the (C,V)-phase plane, respectively(see
Fig.2(a)). On the upper branch of the curves, the sta-

ble foci of F'S becoming unstable via the Hopf bifurca-
tions (H;) and (Hz), and the stable limit cycles occur-
ring around the unstable focus, are plotted with the
maximum and minimum of the membrane potential
V' (the solid curve). The middle and lower branches
are composed of saddles (the dashed curve) and sta-
ble nodes (the solid curve), respectively. The nullcline
of the slow variable C' (the dot-dashed curve) is in-
variant to I, and the equilibrium points of the whole
Chay system (3)—(5) for I = 70mA and I = 100mA
are the intersections of the left and the right zigzag
curves with the nullcline, respectively. Figure 2(b)
is the magnification of the long-dashed rectangular
frame in Fig.2(a). Moreover, the trajectories of the
period-1 firings for I = 70mA and 100mA, respec-
tively, are also appended to Fig.2(b) along with the
corresponding left and right zigzag bifurcation curves
of FS.

When the direct current I = 70mA, the time pe-
riod of the stable limit cycle of FS grows infinitely
for C = 0.834493 x 10 %mol/m? in Fig.2(c). Fur-
thermore, the stable limit cycle is actually a homo-
clinic orbit at C = 0.834493 x 10 %mol/m?, in that
it passes through the saddle-node point LP1 as shown
in Fig.2(d).

spiking state via a saddle-node homoclinic bifurcation

Therefore, the rest state transits to a

(or saddle-node bifurcation on invariant circle) at the
point LP1. The trajectory of the system experiences
only one spike rather than several spikes, and then hits
the middle branch composed of saddles in this spiking
process. Therefore, the spiking state disappears via a
saddle homoclinic bifurcation, and the trajectory re-
turns to the rest state on the lower branch. Since
the rest state disappears via a saddle-node homoclinic
bifurcation (or saddle-node bifurcation on invariant
circle) and the periodic spiking disappears via a sad-
dle homoclinic orbit bifurcation, the period-1 firing for
I = 70mA can be classified as the “circle/homoclinic”
bursting with one spike per burst.

When the direct current I = 100mA, it can also
be seen from Fig.2(b) that the trajectory of the system
does not hit the middle branch and should actually be
repetitive spiking corresponding to a stable limit cy-
cle.

Detailed fast/slow bifurcation analysis confirms
that the period-1 firing pattern induced by the direct
current I when Vg = —83 mV, which fires a spike peri-
odically by all appearances, actually undergoes a slow
transition from period-1 “circle/homoclinic” bursting

to repetitive spiking about at I ~ 89.5mA.
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3.2. Integer multiple “fold/homoclinic” burst-

Vk = —83mV, integer multiple firing arises as shown
in Fig.3, where (a) is the time course of the membrane and the peak decays with ISI increasing.
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Fig.2. Fast/slow dynamics of period-1 firing for I = 70mA and 100mA when Vk = —83mV in the Chay model.

(a) The bifurcation diagrams of FS with respect to the slow variable C are two zigzag curves. The slow variable’s
nullcline intersects these two zigzag curves. (b) The magnification of the long-dashed rectangular frame in (a),
moreover, the phase portraits of these two period-1 firings are also appended to (b). (c) The period of the stable
limit cycle via the Hopf bifurcation with respect to the parameter C for I = 70mA. (d) The stable limit cycle passes
through the saddle-node point LP1 when C = 0.834493 x 10~ %mol/m? for I = 70mA.

potential V of the firing pattern and the interspike in-

ing when £(t) #0 and I =0 tervals histogram (ISTH) is shown in (b). It possesses

When only the stochastic current £(t) exists for the characteristics: (1) most ISIs are located in inte-
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Fig.3. The integer multiple firing for Vx = —83mV in the Chay model when £(¢) # 0 and I = 0:
(a) the time evolution of the membrane potential V; (b) the interspike interval histogram (ISIH).

ger multiples of a basic ISI; (2) ISIH is multimodal,
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Since GWN can be considered as a random com-
bination of uncountable weak independent pulses, the
occurrence of GWN-induced integer multiple firing is
owing to the response of the corresponding determin-
istic system to the weak random pulses of GWN.[22:23]
The dynamical behaviour of integer multiple firing in-
duced by the stochastic current £(¢) can be explored
by the fast/slow dynamic analysis under the action of
weak pulses of GWN as presented in Fig.4.

The bifurcation curve of F'S with respect to C' is
a zigzag curve (see Fig.4(a)). On the upper branch, a
stable limit cycle occurs at the point H, and the mid-
dle and lower branches are composed of saddles and
stable nodes, respectively. The trajectory of the inte-
ger multiple firing for Vx = —83mV is appended to
Fig.4(b), which is the magnification of the long-dashed
rectangular frame in Fig.4(a).

It can be seen from the phase portrait of the in-
teger multiple firing in Fig.4(b) that most of the weak
pulses provided by GWN only give rise to small ampli-

tude subthreshold oscillations around the stable focus.
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Subject to certain pulses with proper timing in GWN,
however, the trajectory of integer multiple firing can
experience a large excursion leading to a spike. Obvi-
ously, more emphasis should be focused on this kind

of trajectories with large excursions.

In Figs.4(a) and 4(b), the middle and lower
branches of the zigzag bifurcation curve of F'S coalesce,
and a fold bifurcation (off limit cycle) occurs at the
point LP1 for C = 0.34989 x 10 %mol/m?, since the
saddle-node point (LP1) is situated outside the stable
limit cycle for C = 0.34989 x 10~ ®mol/m? in Fig.4(c)
and the time period of the stable limit cycle tends to
infinity when C' = 0.35031 x 10 %mol/m? in Fig.4(d).
In this way, the stable rest state on the lower branch
disappears via a fold bifurcation at LP1 and transits
to a spiking state as the parameter C' decreases. The
trajectory hits the saddle on the middle branch of the
zigzag curve and becomes a homoclinic orbit. There-
fore, the spiking state returns to the rest state via a

saddle homoclinic bifurcation subsequently.
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Fig.4. (a) The fast/slow dynamics for GWN-induced integer multiple firing when Vkx = —83mV. (b) The
magnification of the long-dashed rectangular frame in (a), where the phase portrait is appended. (c) The
stable limit cycle (the red solid curve) and the saddle-node point LP1 for C' = 0.34989 x 10~%mol/m3. (d)
The period of the stable limit cycle via Hopf bifurcation tending to infinity when C' = 0.35031 x 10~%mol/m3.
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Nevertheless, whether the trajectory of the sys-
tem can make large excursions for successive transi-
tions depends on the timing of proper random pulses
of GWN, and this means that this process is stochas-
tic. Since in this transition process the rest state dis-
appears via a fold bifurcation and the spiking state
disappears via a saddle homoclinic orbit bifurcation,
the integer multiple firing is actually the stochastic
“fold /homoclinic” bursting with only one spike per

burst.

3.3. From integer multiple bursting to period-
1 “circle/homoclinic” bursting, and to
repetitive spiking when I £ 0 and &£(t) # 0

When both the direct current and the stochas-
tic current exist for Vg = —83mV, it can be seen
from the bifurcation diagram constructed by ISI se-
ries vs the parameter I in Fig.5 that the Chay system
experiences a transition from integer multiple burst-
ing to period-1 “circle/homoclinic” bursting, and to
repetitive spiking, and the ISI turns smaller with the

additional direct current I increasing.

100

80|
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ISI/s
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Fig.5. Bifurcation diagram of ISI vs the additional
direct current I for Vk = —83 mV in the Chay model
when I # 0 and &(t) # 0.

4. Bursting and spiking due to the
additional direct and stochas-
tic currents at the rest state for
Vk = —61mV

4.1. The abrupt transition from periodic
“Hopf/homoclinic” bursting to continuous
spiking when I # 0 and £(t) =0

When only the direct current exists for Vkx =

—61mV, a distinct bursting is evoked between I =

—65mA and —56mA, and then transits abruptly to
continuous spiking as presented in Fig.6 (a), which is
completely different from that for Vx = —83 mV pre-

sented in Section 3.1.

80 -

40 -

ISI/s

201

I/mA

Fig.6. Bifurcation diagram of ISI vs the parameter I for
Vk = —61mV in the Chay model when I # 0 and £(t) = 0.

Consider a typical example of bursting for I =
—60mA in Fig.7(a) by the fast/slow bifurcation anal-
ysis in Fig.7(b). The bifurcation diagram of the equi-
librium points of F'S with respect to the slow variable
C consists of an L-shape curve and a parabola-shape
curve. The upper and lower branches of the parabola-
shape curve, which correspond to saddles (the dashed
curve) and stable nodes (the solid curve), respectively,
coalesce via a fold bifurcation at the point LP. As C
increases, the stable focus (the solid curve) on the L-
shape curve becomes unstable (the dashed curve) via
a Hopf bifurcation at the point H. At the same time, a
stable limit cycle of FS arises around the unstable L-
shape curve, and then it meets the saddle on the upper
branch of the parabola-shape curve and disappears at
C = 3.63141 x 10 %mol/m>. The rest states of the
whole Chay system (3)—(5) are given by the intersec-
tions of the two bifurcation curves with the nullcline
of the slow variable C' (the dot-dashed curve).

It can be seen from Fig.7(b) that there are two
rest states (that is, the up-state and the down-state)
appearing in this bursting process, which correspond
to the stable foci on the L-shape curve and the sta-
ble node on the lower branch of the parabola-shape
curve, respectively. The down-state on the parabola-
shape curve makes a transition to the up-state on the
L-shape curve via a fold bifurcation at the point LP.
A small decaying oscillation before the Hopf bifurca-
tion results in the trajectory of bursting converging
gradually to the stable focus. And then the up-state
disappears, leading to repetitive spiking via a Hopf

bifurcation. After several spikes, the repetitive spik-
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ing hits the upper branch of the parabola-shape curve
composed of saddles. Therefore, the repetitive spiking
disappears via a saddle homoclinic bifurcation, and
the trajectory of bursting returns again to the down-
state on the lower branch of the parabola-shape curve.

Summarily, the down-state transits to the up-

state via a fold bifurcation, and the up-state tran-

-10
(a)

—20 |-

V/mV

—60 I
120 130 140

t/s

sits to the state of repetitive spiking via a Hopf bi-
furcation, and repetitive spiking terminates and re-
turns to the down-state via a saddle homoclinic bifur-
cation. Accordingly, the bursting for I = —60mA can
be classified as the “Hopf/homoclinic” bursting via a

“fold/homoclinic” hysteresis loop.

-10

‘20 | —

V/mV

-5 5 15

C /(107 %mol/m?)

Fig.7. The time evolutions of the membrane potential V' for the bursting when I = —60mA (a) and

the fast/slow dynamics analysis on the bursting (b).

4.2. Continuous spiking when £(¢t) #0 and I =0

When only the stochastic current exists for Vi =
—61mV, instead of integer multiple firing, continuous

spiking occurs as shown in Fig.8.

-10

-20

“so {WAAAAARMAAMAAN A

V /mV

50 51 52 53 54 55
t/s

Fig.8. The time evolution of continuous spiking for
Vk = —61mV when &(t) # 0 and I = 0.

4.3. From stochastic “Hopf/homoclinic” burst-
ing to periodic “Hopf/homoclinic” burst-
ing to continuous spiking when I # 0 and
§(t) #0
When both the direct current and the stochas-

—61mV, it can be

seen in Fig.9(a) that the stochastic current ex-

tic current exist for Vg =

pands the range of bursting, which appears be-
tween I = —67mA and —49mA. A transition from
stochastic “Hopf/homoclinic” bursting to periodic
“Hopf/homoclinic” bursting and then abruptly to
continuous spiking is generated in Fig.9(a), and
the stochastic “Hopf/homoclinic” bursting for I =
—67mA is shown in Fig.9(b).

250

200

150

ISI/s

100

50 LR

Fig.9. (a) Bifurcation diagram of ISI vs the additional di-
rect current I for Vx = —61mV in the Chay model when
I # 0 and £(t) # 0; (b) the stochastic “Hopf/homoclinic”

bursting for ] = —67mA occurring in (a).

5. Conclusion

In the neural systems, neurons are always located

in an excitatory or inhibitory environment.The effect
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of many factors, including fluctuations of synaptic in-
put, dendritic or soma membrane parameters, and so
on, can be regarded as an external modulation of the
environment to the neurons. Therefore, bursting and
spiking due to additional direct current I and stochas-
tic current £(¢) in the Chay system, as well as their
dynamical behaviour, are studied in this paper by nu-
merical simulation and fast/slow dynamic analysis.

Since Vk ~ —82.386 mV and Vi ~ —61.027mV
are two Hopf bifurcation points in the Chay model
without additional currents, the effects of the addi-
tional currents are discussed in two rest states near
Hopf bifurcations with Vk being -83 mV and 61 mV.
Three cases are considered as follows: (1) only the di-
rect current I exists; (2) only the stochastic current
&(t) exists; (3) the direct current I and the stochastic
current £(t) coexist.

When only the direct current increases gradually,
the firing activity for Vkx = —83 mV undergoes a slow
transition from period-1 “circle/homoclinic” bursting
to repetitive spiking, even though it fires a spike peri-
odically by all appearances. When only the stochas-
tic current exists, integer multiple “fold/homoclinic”
bursting with one spike per burst occurs and is anal-
ysed by fast/slow dynamic analysis with the charac-
teristic of weak pulses of GWN. When both the direct
and the stochastic currents exist for Vx = —83mV,
it can be seen that the Chay system experiences a

transition from integer multiple bursting to period-1

“circle/homoclinic” bursting, and then to repetitive
spiking. Moreover, ISI turns smaller with the direct

current increasing as a bifurcation parameter.

In contrast with the case of Vx = —83mV, when
only the direct current exists, the firing pattern for
Vk = —61mV experiences an abrupt transition from
“Hopf/homoclinic” bursting via “fold/homoclinic”
hysteresis loop to continuous spiking. However, con-
tinuous spiking occurs when only the stochastic cur-
rent exists. When both the direct and the stochastic
currents exist for Vx = —61 mV, the existence of the
stochastic current expands the range of bursting. A
transition from stochastic “Hopf/homoclinic” burst-
ing to “Hopf/homoclinic” bursting to continuous spik-

ing can be seen with the direct current increasing.

In conclusion, the induced firing patterns of the
Chay model at rest states are distinct and different un-
der the effects of the additional direct and stochastic
currents. Since the additional currents are essential
for the occurrence of various neuronal firing patterns,
the present results about the Chay model are also in-
structive to the understanding of the complexity in
neuronal firing activities in response to abundant ex-

ternal stimuli in neurons other than the Chay model.
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